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Abstract

An amplitude analysis of the 4-body charmed decay D0 → K+K−π+π− has been per-

formed using data collected from symmetric electron-positron collisions at the CLEO

experiment. Both flavour tagged and CP tagged data are utilised in the analysis, making

it unique among amplitude analyses performed at other experiments and providing extra

sensitivity to the phases of the amplitude components. This analysis uses a data driven

regularisation method to determine which of the multitude of possible amplitude com-

ponents to include in the amplitude model. The dominant contributions are found to be

D0 → φ(1020) ρ0(770), D0 → K−K1(1270)+ and D0 → K−K1(1400)+. Tests for CP

violation in the D system are performed using the amplitude model; no evidence for CP

violation is found. The amplitude model obtained is crucial input for a model-dependent

measurement of the CP -violating phase γ using B± → D(→ K+K−π+π−)K± decays,

which remains one of the least constrained parameters of the Standard Model. Signif-

icant progress has been made towards this measurement using the full Run 1 LHCb

dataset corresponding to 3 fb−1 of integrated luminosity. This includes: data selection

including the use of a multivariate classifier, fits to mass distributions to obtain event-

by-event signal and background weights and an investigation into potential biases in the

extraction of γ from B± → D(→ K+K−π+π−)K± decays using the control channel

B± → D(→ K+K−π+π−)π±.
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Chapter 1

CP -violation in the Standard

Model

The observed imbalance between matter and antimatter in the universe, formally known

as the baryon asymmetry problem, remains one of the most fundamental problems in

physics, bridging cosmology and particle physics. Baryon number distinguishes between

matter and antimatter with baryons, such as the proton, being assigned baryon number

B = 1 and anti-baryons, such as the anti-proton, being assigned B = −1. Immediately

after the big bang the universe is thought to have been baryon-symmetric, with baryon

number B = 0. Since, there has been a baryon excess generated where B > 0. The

creation of a baryon asymmetry with B > 0 from an initial B = 0 state is referred to as

Baryogenesis. At this point we introduce three discrete transformation operators C, P

and T . The charge conjugation operator C interchanges a particle with its antiparticle.

The parity transformation with operator P inverts the spatial coordinates a of a system

Pψ(x, y, z, t) = ψ(−x,−y,−z, t).

Finally the time reversal operator T reverses the time coordinate

Tψ(x, y, z, t) = ψ(x, y, z,−t).

1
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The combination of these operators, CPT , is believed to be an exact symmetry of nature

based on fundamental assumptions such as Lorentz invariance and causality. Experi-

mentally, no violation of CPT symmetry has been observed.

In the paper Violation of CP invariance, C asymmetry, and baryon asymmetry of the

universe (1967) [4] Sakharov described a minimal set of conditions for baryogenesis:

1. At least one B-violating process

2. C- and CP -violation

3. Interactions outside of thermal equilibrium

The first of the Sakharov conditions insists on a process

X → Y Z

that has an overall positive gain in baryon number in order to break the initial baryon

symmetry i.e. B(X) < B(Y + Z). If however, C remains a symmetry then the decay

rate of this process and its charge conjugate decay are equal

Γ(X → Y Z) = Γ(X̄ → Ȳ Z̄).

This leads to any increase in B being negated by an equal decrease in B. Consider

further if the B-violating process decays to left handed particles X → YLZL. If CP is

a symmetry then the CP conjugate of this decay X̄ → ȲRZ̄R proceeds at the same rate

and we again find that the net change in B is zero. Hence not only C but CP must be

violated for baryogenesis. Note that the violation of CP symmetry implies violation of

T symmetry. The final condition considers interactions in thermal equilibrium. For a

process in thermal equilibrium the rate of the forward reaction is equal to the rate of

the inverse reaction

Γ(X → Y Z) = Γ(Y Z → X).

Therefore for baryon asymmetry to be established processes must occur outside of ther-

mal equilibrium.
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This thesis will focus on the second Sakharov condition, CP violation. Fifty years on

from Sakharov’s paper current knowledge of CP violation in the Standard Model fails

to accommodate the observed baryon asymmetry by several orders of magnitude [5].

This suggests additional sources of CP -violation beyond the Standard Model of particle

physics.

1.1 The Standard Model of particle physics

The Standard Model (SM) of particle physics is the current, best theory to describe

fundamental particles and their interactions. It is a Quantum Field Theory that inter-

prets physical particles as excitations of underlying fields. The connection between the

symmetries of a system and conservation laws was first established by Noether in the

paper Invariante Variationsprobleme (1918) [6]. The SM is a gauge theory based on the

symmetry group SU(3)⊗SU(2)⊗U(1), the enforcement of which derives the electromag-

netic, strong and weak interactions with corresponding conservation of electric, colour

and isospin charge. Table 1.1 shows the fundamental particles of the SM grouped into

quarks, leptons and bosons. Quarks and leptons are known as fermions with spin 1/2

and are divided into three generations. Each quark generation has an up-type and a

down-type quark with electric charge +2/3 and −1/3 respectively, whilst lepton gen-

erations each have an electron-type and neutrino-type particle with charge −1 and 0

respectively. Quarks also carry colour charge and so partake in strong interactions.

Bosons have integer spin and are the force carriers of the SM; 8 massless gluons couple

to colour charge C and mediate the strong interaction, one massless photon couples to

electric charge Q and mediates the electromagnetic interaction and three massive bosons;

W± and Z, couple to a combination of weak isospin T and hypercharge Y mediating

the weak interaction [7]. A spin-0 boson known as the Higgs boson completes the model

and is responsible for the masses of fundamental particles.
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I II III
Quarks u c t

d s b

Leptons e µ τ
νe νµ ντ

Bosons γ Z W± H

Table 1.1: Fundamental particles of the Standard Model

1.1.1 Quantum Electrodynamics: U(1) abelian local gauge theory

The Dirac Lagrangian density describes free, relativistic, spin-1
2 particle fields. The

Dirac spinor, ψ, represents a particle field with mass m and with Lagrangian density

L = ψ̄(iγµ∂µ −m)ψ. (1.1)

where ψ̄ = ψ†γ0 and where γµ are the four Dirac matrices. All physical quantities of

ψ such as charge density current qψ̄γµψ are invariant under local phase transforma-

tions where ψ → ψ′ = eiqθ(x)ψ and ψ̄ → ψ̄′ = ψ̄e−iqθ(x), also known as a local U(1)

gauge transformation. The Lagrangian must also be invariant under such local phase

transformations, however the derivative ∂µψ transforms as

∂µψ → (∂µψ)′ = ∂µ(eiqθ(x)ψ) = eiqθ(x)(∂µψ + iq∂µθ(x)ψ).

For local invariance we require a derivative term, Dµ, that transforms like the particle

fields ψ,

Dµ → D′µ = eiqθ(x)Dµ.

This can be achieved by introducing a spin-1 gauge field, Aµ, that transforms as Aµ →
A′µ = Aµ + ∂µθ(x) and a covariant derivative

Dµ = ∂µ − iqAµ (1.2)

The condition then for local U(1) gauge invariance is the interaction between the Dirac

particle field and the vector field Aµ which couple via q. This is the description of
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Quantum Electrodynamics (QED) and therefore QED is the result of U(1) abelian local

gauge theory [7]. To describe the free propagation of the electromagnetic field we add a

gauge-invariant kinetic term for Aµ, Fµν = i
q [Dµ, Dν ] = ∂µAν − ∂νAµ where Fµν is the

electromagnetic field strength. Finally we have the QED Lagrangian density,

L = ψ̄(iγµDµ −m)ψ − 1
4
FµνF

µν (1.3)

A mass term for the gauge field of the form ∝M2AµAµ would break the gauge invariance

and so M = 0 i.e. the photon is predicted to be massless. By applying the Euler-

Lagrange equation for fields

∂L
∂ψn

− ∂µ
(

∂L
∂(∂µψn)

)
= 0

to the Lagrangian density in 1.3 we can derive the Dirac equation for a particle in an

electromagnetic field [8]

(iγµ∂µ −m)ψ − qγµAµψ = (iγµDµ −m)ψ = 0. (1.4)

1.1.2 Electroweak theory: SU(2)⊗U(1) local gauge theory

The symmetry group SU(2)⊗ U(1)1 is used to describe the electroweak interaction; the

unified description of electromagnetism and the weak interaction. In the electroweak in-

teraction left-handed L, and right-handed R, fermions behave differently. For this reason

left-handed up-type and down-type quarks are arranged together in SU(2) doublets and

right-handed up-type and down-type quarks are arranged in SU(2) singlets. Analogous

terms exist for left-handed neutrinos and electrons and for right-handed electrons2[10],
1The S of SU(2) stands for special meaning the generators of the group have determinant equal to 1.
2Right-handed neutrinos have not yet been observed, however their existance could be responsible

for phenomena such as neutrino oscillations for which there is no explanation within the SM [9].
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QLi =

 uLi

dLi

 (uRi) (dRi)

LLi =

 νLi

eLi

 (eRi)

(1.5)

where the index i runs over the 3 fermion generations. As with QED we wish to have

invariance under local U(1) gauge transformations for SU(2) doublets and SU(2) singlets.

As well as invariance under local U(1) gauge transformations, β(x), we now also demand

invariance under SU(2) gauge transformations, ααα(x), for the SU(2) doublets such that

ΨL → Ψ′L = eiYLβ(x)eiτττααα(x)ΨL

ψR → ψ′R = eiYRβ(x)ψR.

(1.6)

where the generator Y is known as the hypercharge and τττ = σσσ
2 where σσσ are the 3

generators of the SU(2) group i.e. the Pauli matrices

 0 1

1 0


 0 −i

i 0


 1 0

0 −1

 (1.7)

Following the prescription above this requires the replacement ∂µ → Dµ where Dµ is a

covariant derivative acting on ΨL and ψR

DµΨL = (∂µ − igW̃µ − ig′YLBµ)ΨL

DµψR = (∂µ − ig′YRBµ)ψR
(1.8)

Bµ is the gauge field needed for U(1) invariance with coupling g′ and hypercharge Y .

W̃µ(x) ≡ τττWWWµ(x) denotes three SU(2) gauge fields with coupling g and weak-isospin

charge TTT = τττ [11]. The values of hypercharge are fixed such that the sum of hypercharge

and the third component of weak-isospin charge gives the electric charge of the fermion,

Q = T 3 + Y . For a left handed doublet T 3 = ±1
2 and for right handed singlets T 3 = 0
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(the reason for this will become clear later). Table 1.2 gives the values of Y , Q and T 3

for the fermion singlets and doublets.

Table 1.2: Values of hypercharge Y , weak isospin T 3 and electric charge Q for fermions
of the Standard Model.

Y T 3 Q

Doublets
uL +1/6 +1/2 +2/3
dL +1/6 −1/2 −1/3
νL −1/2 +1/2 0
eL −1/2 −1/2 −1

Singlets
uR +2/3 0 +2/3
dR −1/3 0 −1/3
eR −1 0 −1

As before, the covariant derivative must transform like the particle field and so, defining

UL(x) ≡ eiτττααα(x) for brevity, the gauge fields must transform as

Bµ → B′µ = Bµ +
1
g′
∂µβ(x)

W̃µ → W̃ ′µ = UL(x)W̃µU
†
L(x)− i

g
(∂µUL(x))U †L(x)

(1.9)

To describe propagation of the 4 gauge fields we need gauge invariant kinetic terms for

the fields. As for QED

Bµν =
i

g′
[Dµ, Dν ] = ∂µBν − ∂νBµ.

However due to the non commutation of W̃ν and W̃µ (SU(2) is a non-abelian group) the

SU(2) case yields

W̃µν =
i

g
[Dµ, Dν ] = ∂µW̃ν − ∂νW̃µ − ig[W̃µ, W̃ν ]

which can be written in component form

W̃µν = [∂µW i
ν − ∂νW i

µ + gεijkW j
µW

k
ν ]τi = W i

µντi
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where εijk is the antisymmetric tensor. Noting the analogy between this and the U(1)

case a gauge invariant kinetic term can be written ∝W i
µνW

µν
i . The total Lagrangian is

then given by

L = ψ̄(iγµ(∂µ − igτiW i
µ − ig′Y Bµ)ψ)− 1

4
W i
µνW

µν
i −

1
4
BµνB

µν (1.10)

Notice again that in the Lagrangian of 1.10 there can be no mass terms for the gauge

bosons. Mass terms for the fermions are also forbidden in the Lagrangian as a term

such as mψ̄ψ = m[(ψ̄L + ψ̄R)(ψL + ψR)] = m(ψ̄LψR + ψ̄RψL) causes mixing of right

handed particles that transform as SU(2) singlets and left handed particles that trans-

form as SU(2) doublets. A term like this is not therefore invariant under SU(2)⊗U(1)

transformations.

1.1.3 The Higgs mechanism

To obtain massive Z and W bosons we introduce the Higgs mechanism and spontaneous

symmetry breaking [12]. The Goldstone theorem states that for each broken generator of

a global symmetry group a massless spin-zero particle will appear, known as a Goldstone

boson. This theorem is integral to the following. Consider an SU(2) doublet of complex

scalar fields known as the Higgs field

φ(x) ≡

 φ+(x)

φ0(x)

 (1.11)

with hypercharge of 1/2 and a potential V (φ) = −µ2(φ†φ) + λ
4 (φ†φ)2. The Higgs field’s

contribution to the Lagrangian is

LHiggs = (Dµφ)†(Dµφ)− V (φ) (1.12)

where Dµ is the covariant derivative in equation 1.8. In the case where λ > 0 and

µ2 > 0, the potential the has a Mexican hat shape whereby there is a local maximum

at φT (x) = (0, 0) and an infinite number of degenerate minima. The classical minimum
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of this potential is at points where (φ†φ)min = 2µ2/λ ≡ v2/2 which has the quantum

interpretation of a vacuum expectation value (vev) of 〈0|φ†φ|0〉 = v2/2 where |0〉 is

a ground state. The choosing of a particular ground state causes the SU(2)⊗ U(1)

symmetry to be spontaneously broken. The ground state suggested by Weinberg [7] is

φ0(x) ≡

 0

v/
√

2

 .

It should be noted that although the SU(2)⊗ U(1) generators are broken by the vev, the

combination of generators (T 3 +Y ) remains unbroken as (T 3 +Y )φ0(x) = Qφ0(x) = 0 3

[13] (this will later be associated to the photon, the carrier of electromagnetism). Hence

after symmetry breaking we have SU(2)⊗ U(1)→U(1).

Expansion about the ground state can be parameterised as

φ(x) = eiζζζ(x)·τττ/2v

 0

1√
2
(v +H)

 (1.13)

where the 3 ζ fields together with H are the 4 degrees of freedom of the Higgs field.

However by using an appropriate choice of local gauge transformation under SU(2)

(known as the unitary gauge) the ζ components can be eliminated. Letting ααα(x) =

ζζζ(x)/v the ground state to expand around becomes

φ(x)→ e−iααα(x)τττ/2φ(x) =

 0

1√
2
(v +H)

 .

The mass terms of the fields in the Lagrangian in equation 1.12 become

Lmass = −µ2H2 +
v2

8

[
g2(W 1

µW
1µ +W 2

µW
2µ) + (gW 3

µ − g′Bµ)2
]
.

The first term shows that the scalar field H has developed a mass, this corresponds to

the Higgs boson discovered by the ATLAS and CMS experiments in 2012 [14], [15]. We

3If a transformation is invariant then eiαZφ = φ where Z is the generator of the transform. For
infinitesimal transformations (1 + iαZ)φ = φ and so αZφ = 0.
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can define the charged W± bosons as superpositions of W 1
µ and W 2

µ and the neutral Aµ

and Zµ bosons as superpositions of the W 3
µ and Bµ,

W±µ =
1√
2

(W 1
µ ∓ iW 2

µ)

Aµ =
1√

g2 + g′2
(g′W 3

µ + gBµ)

Zµ =
1√

g2 + g′2
(gW 3

µ − g′Bµ)
(1.14)

By examining 1.10, W±µ couple to weak isospin and now Aµ and Zµ couple to the

combination of the third component of weak isospin and hypercharge. We can rewrite

Lmass in terms of the physical gauge bosons W±, Z and A,

Lmass = −µ2H2 +
v2

8

[
g2(W+

µ )2 + g2(W−µ )2 + (g2 + g′2)Z2
µ + 0 ·A2

µ

]
.

The W± and Z have acquired a mass and the photon has remained massless. The masses

of the bosons arise from the 3 degrees of freedom that were gauged away in 1.13 using the

local symmetries of the group. The 3 ζ fields represent the massless Goldstone bosons

arising due to the broken symmetry group, the use of the unitary gauge gauged away

these Goldstone bosons that then reappeared as a longitudinal degree of freedom for the

3 weak gauge bosons and as such they acquire a mass. It is said that the Goldstone

bosons have been eaten by the gauge fields to become massive.

1.1.4 Yukawa couplings

As discussed, a mass term mψ̄ψ for fermions is forbidden in the Lagrangian as it would

not be gauge invariant [12]. However using the Higgs doublet introduced previously we

can form a singlet that is invariant under SU(2)⊗U(1). Taking the quark doublets and

singlets,

LdYukawa = −λd[Q̄LiφdRi + d̄Riφ̄QLi]
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where λd is known as the Yukawa coupling. This term only gives mass to down-type

fermions however. Defining φ̃c = −iσ2φ
∗ we can also write a term

LuYukawa = −λu[Q̄Liφ̃cuRi + ūRi
˜̄φcQLi]

giving mass terms to up-type fermions. Most generally, the Yukawa couplings are ma-

trices, after spontaneous symmetry breaking the quark mass term of the Lagrangian for

the 3 generations of quarks can be written using Yukawa coupling matrices Yij as

LYukawa = −Y d
ij

1√
2
Q̄Li

 0

(v +H)

 dRj − Y u
ij

1√
2
Q̄Li

 (v +H)

0

uRj + h.c (1.15)

where h.c stands for hermitian conjugate. Not only does this give rise to the desired

fermion mass terms Y d
11(v/

√
2)d̄d but also to mixed mass terms such as Y d

12(v/
√

2)d̄s. In

order to relate fields to physical particles there must be well defined mass terms. From

above we have that

LYukawa = − v√
2
Y d
ij d̄LidRj −

v√
2
Y u
ij ūLiuRj + h.c+ higgs interaction terms

≡ −d̄LiMd
ijdRj − ūLiMu

ijuRj + h.c+ higgs interaction terms
(1.16)

Diagonalising the matrices Md and Mu with unitary matrices4 V so that Md
diag =

V d
LM

dV d†
R and Mu

diag = V u
LM

uV u†
R gives

−LYukawa = d̄LiV
d†
L V d

LM
d
ijV

d†
R V d

RdRj + ūLiV
u†
L V u

LM
u
ijV

u†
R V u

RuRj + h.c+ higgs interaction terms

= d̄massLi (Md
ij)diagd

mass
Rj + ūmassLi (Mu

ij)diagu
mass
Rj + h.c+ higgs interaction terms

(1.17)

where we have defined

dmassLi = (V d
L )ijdLj , dmassRi = (V d

R)ijdRj
4The unitarity condition is required to conserve the sum of the quark coupling probabilities
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and

umassLi = (V u
L )ijuLj , umassRi = (V u

R )ijuRj .

The mass eigenstates are now linear superpositions of the interaction or weak eigenstates

and only terms of unmixed mass eigenstates are present.

CP -violation in the SM is possible through weak charged current interactions which mix

the up and down type weak quark states. The interaction term of the Lagrangian that

gives rise to charged-current interactions for quarks is

LCC = gQ̄Liγ
µτττWWWµQLi

where

τττWWWµ =
1
2

[ 0 1

1 0

W 1
µ +

 0 −i
i 0

W 2
µ +

 1 0

0 −1

W 3
µ

]

=
1√
2

 √
2W 3

µ (W 1
µ − iW 2

µ)

(W 1
µ + iW 2

µ) −√2W 3
µ


=

1√
2

 √2W 3
µ W+

µ

W−µ −√2W 3
µ


(1.18)

which results in a term

LCC =
g√
2

[
ūLiγ

µW+dLi + d̄Liγ
µW−uLi

]
.

This describes quark mixing within weak eigenstate generations. Rewriting this in terms

of mass eigenstates we have quark mixing between mass generations

LCC =
g√
2
ūmassLi (V u

L V
d†
L )ijγµW+µdmassLj

+
g√
2
d̄massLi (V d

LV
u†
L )ijγµW−µumassLj

(1.19)

We are free to allow uLi = umassLi and dLj = (V u
L V

d†
L )ijdmassLi , where the matrix (V u

L V
d†
L )ij

is known as the Cabibbo-Kobayashi-Maskawa (CKM) matrix. The charged current
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interaction term can now be written as

LCC =
g√
2

(ūL, c̄L, t̄L)massγµW+
µ (V CKM )


dL

sL

bL


mass

+
g√
2

(d̄L, s̄L, b̄L)massγµW−µ (V CKM )†


uL

cL

tL


mass

(1.20)

clearly displaying that the up type quarks couple to a superposition of down type quarks,

with couplings proportional to the elements of the CKM matrix. Complex Yukawa

couplings allow CP -violation in the Standard Model. Taking 1.20 and performing a CP

transformation gives

LCPCC =
g√
2
d̄L

mass
γµW−µ (V CKM )TumassL +

g√
2
ūmassL γµW+

µ (V CKM †)TdmassL (1.21)

and so the Lagrangian remains invariant under CP transformations if and only if Vij =

V ∗ij . If there are complex terms in (VCKM ) however there can be CP -violation in the

weak sector of the SM.

1.1.5 Quantum Chromodynamics: SU(3) non-abelian local gauge the-

ory

The final component of the SM, responsible for the strong interaction, is born out

of enforcing local gauge invariance of the SU(3) group, the generators of which are 8

3× 3 Gell-Mann matrices [16]. This introduces 8 new massless bosons known as gluons

which couple to SU(3) triplets of colour charge that comes in 3 types; red, green and

blue. Quarks and gluons carry colour charge and are SU(3) triplets whereas leptons

have no colour charge and so are SU(3) singlets. All physical states are required to be

colourless and so quarks are never observed in isolation due to the colour confinement
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principle, rather they are grouped together to form colourless hadrons. To understand

the colour confinement principle consider a quark and antiquark in a bound state. Due

to gluon-gluon interactions as the separation between the two is increased there comes

a point at which it is energetically favourable for a new quark-antiquark pair to form.

This results in 2 quark-antiquark pairs. This process is known as hadronisation and is

how jets of mesons and baryons are formed in particle detectors. Before 2009 the only

observed hadrons were quark-antiquark pairs known as mesons and quark or antiquark

triplets known as baryons. In 2013 however both the BES III collaboration and the Belle

experiment confirmed the first observation of a tetraquark, formed of two quarks and

two anti-quarks, in the J/ψπ± channel, now known as ZC(3900) [17][18]. Later in 2015

LHCb found evidence for pentaquarks; composed of four quarks and one antiquark, in

the study of Λ0
b decays[19].

1.2 The CKM matrix

The CKM matrix shown in equation 1.22 transforms the quarks from their weak eigen-

states into their physical mass eigenstates and, as demonstrated in 1.20, describes the

strengths of flavour changing weak decays or quark-mixing.


d

s

b


weak

= VCKM


d

s

b


mass

=


Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb




d

s

b


mass

(1.22)

A complex n × n matrix has 2n2 real parameters. The unitarity condition, V V † = I,

imposes n2 constraints on these parameters; n for the condition on diagonal elements

and n2−n for the condition on off-diagonal elements. For the CKM matrix specifically,

where n is now the number of quark generations, all observables are invariant under

phase changes of the quark fields [20]. Hence one phase of the CKM matrix can be

absorbed into each of the quark fields, however there remains one overall common phase

that is unobservable and so only 2n − 1 free parameters are removed from the CKM

matrix. This leaves (n − 1)2 free, real parameters of which n(n − 1)/2 are magnitudes
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and (n− 1)(n− 2)/2 are phases. For 3 quark generations we have 3 magnitudes and a

single phase; it is this phase that permits CP -violation in the standard model. It should

be noted that 3 generations is the minimum required for CP -violation in the standard

model as 2 generations results in zero phases and therefore no complex Yukawa couplings.

This insight led Kobayashi and Maskawa to predict the existence of a third generation

of quarks following the observation of CP -violation in the decays of kaons.

There are various parameterisations of the CKM matrix [21], a standard representation

uses 3 Euler angles denoted θ12 (the Cabibbo angle), θ23 and θ13 and one complex CP -

violating phase δ13. Cosines and sines of the angles are denoted cij and sij respectively.

VCKM =


c12 s12 0

−s12 c12 0

0 0 1




c13 0 s13e
−iδ13

0 1 0

−s13e
iδ13 0 c13




1 0 0

0 c23 s23

0 −s23 c23



=


c12c13 s12c13 s13e

−iδ13

−s12c23 − c12s23s13e
iδ13 c12c23 − s12s23s13e

iδ13 s23c13

s12s23 − c12c23s13e
iδ13 −c12s23 − s12c23s13e

iδ13 c23c13


(1.23)

Experimentally it is found that sij are small and that s12 > s23 > s13. Wolfenstein

proposed the approximate parameterisation

s12 = λ, s23 = Aλ2, s13e
−iδ13 = Aλ3(ρ− iη)

where A, ρ and η are of order unity and λ is the sine of the Cabibbo angle and ap-

proximately 0.23[22]. The CKM matrix to O(λ3) in the Wolfenstein parameterisation

is

VCKM =


1− λ2/2 λ Aλ3(ρ− iη)

−λ 1− λ2/2 Aλ2

Aλ3(1− ρ− iη) −Aλ2 1

+O(λ4). (1.24)
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This parameterisation is particularly popular as it clearly indicates the relative strengths

of the Yukawa couplings.

Using the unitarity property of the matrix we can obtain six orthogonality relationships

between the couplings. Relevant to this analysis is the relation

VudV
∗
ub + VcdV

∗
cb + VtdV

∗
tb = 0. (1.25)

Dividing 1.25 through by |VcdV ∗cb| results in a relation that when represented in the com-

plex plane forms the CKM unitarity triangle with one side along the real axis normalised

to unity. This gives rise to three CKM phases; α, β and γ as shown in figure 1.1, where

the apex of the triangle (ρ̄, η̄) is

ρ̄+ iη̄ ≡ ρ(1− 1
2
λ2) + iη(1− 1

2
λ2)

and the angles α, β and γ are

α ≡ arg
[
− VtdV

∗
tb

VudV
∗
ub

]
, β ≡ arg

[
− VcdV

∗
cb

VtdV
∗
tb

]
, γ ≡ arg

[
− VudV

∗
ub

VcdV
∗
cb

]
.

It should be noted that the sides of this triangle are all of comparable size resulting

in large α, β and γ angles which is experimentally advantageous. In the Wolfenstein

parameterisation to O(λ3) the elements Vub and Vtd have complex components and

VcdV
∗
cb is negative. Using the CKM triangle it can be seen that −arg(Vtd) = β and

−arg(Vub) = γ and hence the CKM matrix can be given as

VCKM =


|Vud| |Vus| |Vub|e−iγ

−|Vcd| |Vcs| |Vcb|
|Vtd|e−iβ −|Vts| |Vtb|

+O(λ4). (1.26)

The Standard Model does not give predictions for Yukawa couplings, all the elements

of the CKM matrix must be determined experimentally. Constraining all parameters of

the CKM unitary triangle allows for a test of the unitarity condition. A deviation from

this would indicate evidence of new physics not described by the Standard Model. The
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Figure 1.1: The CKM unitary triangle arising from the orthogonality relation VudV ∗
ub+

VcdV
∗
cb + VtdV

∗
tb = 0 divided through by |VcdV ∗

cb| which normalises one of the sides to
unity. Taken from reference [23].

current constraints on the CKM triangle are shown in figure 1.2. The CKM phase γ

remains the least well constrained of the CKM parameters. As can be seen in the figure

the error on γ prevents the determination of whether or not the CKM parameters form

a closed triangle i.e. conform to the unitarity condition.

γ

γ

Kε

Kε

α
α

dm∆

sm∆ & dm∆

ubV

βsin 2

(excl. at CL > 0.95)
 < 0βsol. w/ cos 2

excluded at C
L > 0.95
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βγ
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-0.5
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0.5

1.0

1.5
excluded area has CL > 0.95

ICHEP 16

CKM
f i t t e r

Figure 1.2: The CKM unitary triangle with global average constraints on parameters
as determined by the CKM Fitter group. Taken from reference [24].
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The phase γ is unique from the other CKM parameters in that it can be measured

entirely from tree level amplitudes as well as from processes including loop amplitudes

such as B0
s → K0

Sπ
+π−. Amplitudes involving loops are highly sensitive to the effects of

new physics as particles at mass scales far greater than those accessible in direct searches

can enter into the loops as virtual particles 5 [25]. Exclusively tree level measurements of

γ (such as the one presented in this thesis) are expected to be unaltered by new physics.

A precision tree level measurement of γ can act as a Standard Model standard candle

to which measurements involving loop processes can be compared [26]. A significant

difference between the two measurements will be strong evidence of new physics.

Another sign of new physics would be a discrepancy between the direct and indirect

measurements of γ. Whereas direct measurements measure γ in the fit, indirect mea-

surements determine γ from measurements of the phase β and sides of the CKM triangle

assuming the SM holds. The current best indirect measurement of γ is γ = 65.33+0.96
−2.54[24]

degrees whilst the current best direct measurement is γ = 72.1+5.4
−5.8. Therefore to compare

the two measurements the uncertainty on the direct measurement must be significantly

reduced.

1.3 Measuring CP -violation in the D system

This thesis focuses on decays of D mesons. There are three ways in which CP -violation

in the D system can manifest; direct, indirect via mixing and indirect via interference

between mixing and a decay. Direct CP -violation occurs when a decay and its CP

conjugate decay have different decay amplitude magnitudes. The decays must have

contributions from two amplitudes with different CP conserving strong phases and CP -

violating weak phases [27]. For instance, consider a decay D → f with amplitude

A = |A|eiδeiθ where δ is a strong CP conserving phase and θ is a weak CP -violating

phase. The amplitude for the decay D̄ → f̄ is Ā = |A|eiδe−iθ, however any physical

quantity that is measured for either decay is proportional to |A|2. Now let there be two

indistinguishable paths to the same final state that can interfere with each other such
5Virtual particles are referred to as off mass-shell as they do not obey the energy-momentum rela-

tionship E2 − p2 = m2
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that

A = |A1|eiδ1eiθ1 + |A2|eiδ2eiθ2

and

Ā = |A1|eiδ1e−iθ1 + |A2|eiδ2e−iθ2 .

Now the difference in decay rates between the two decays is

|A|2 − |Ā|2 = −4|A1||A2| sin(θ1 − θ2) sin(δ1 − δ2) (1.27)

which can be observed by experiment [21].

Indirect CP -violation arises from particle-antiparticle oscillation through weak interac-

tions in the D0 − D̄0 system, also known as mixing. The Feynman diagram for this

process is shown in figure 1.3.

c̄

u c

ū
W

W

b, s, d b, s, dD̄0 D0

Figure 1.3: Feynman diagram of mixing in the D0 − D̄0 system.

The physical eigenstates |D1,2〉 are a linear combination of the interaction eigenstates

|D1〉 = p|D0〉+ q|D̄0〉

|D2〉 = p|D0〉 − q|D̄0〉

where p and q are complex mixing parameters with CP -violating phases and ratio

q

p
=
∣∣∣∣qp
∣∣∣∣ e−iφ.
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CP -violation in mixing occurs if the probability for D0 → D̄0 is different to that of

D̄0 → D0 [28] i.e. if ∣∣∣∣qp
∣∣∣∣ 6= 1.

Mixing can also cause CP -violation through its interference with a decay where D0 and

D̄0 have access to the same final state f . A D0 meson can decay to f via two possible

paths; directly by D0 → f or by mixing to D̄0 and then decaying D0 → D̄0 → f , with an

analogous argument for D̄0 → f̄ decays[29]. As shown in equation 1.27 it is then possible

for a difference in decay rates between D0 → f and D̄0 → f̄ if φ+arg
( A ¯

D0→f
AD0→f

)
6= 0. The

contribution of mixing to CP -violation in the D0 system is predicted to be unobservably

small and so any observed CP -violation in D decays is expected to be dominated by

direct contributions.

Singly Cabibbo suppressedD meson decay amplitudes are sensitive to direct CP -violation

[30]. These amplitudes are dominated by c → s or c → d transitions occurring at tree-

level and involving only the first two generations of quarks, this results in CP conserving

amplitudes. However, direct CP -violation can occur in the SM through interference with

loop amplitudes containing virtual b quarks in gluonic penguin diagrams as shown in

figure 1.4 for D0 → K+K− decays. These amplitudes involve c → uq̄q transitions that

are suppressed by the CKM matrix element V ∗cbVub [31]. The standard model prediction

for CP -violation in D meson decays is of the order 10−3, a level that is currently exper-

imentally unobservable. The loop diagrams however are sensitive to the effects of new

physics that can enhance the level of CP -violation, hence any measured CP -violation is

a clear indicator of physics beyond the SM. These penguin contributions cannot affect

the Cabibbo favoured c → sd̄u or doubly Cabibbo suppressed c → ds̄u decays and no

CP -violation is predicted by the SM for these decays.

Direct CP -violation in the D system can be observed in the following two ways. First,

the global direct CP asymmetry can be measured using decay rates,

ACP ≡ Γ(D0 → f)− Γ(D0 → f̄)
Γ(D0 → f) + Γ(D0 → f̄)

. (1.28)
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ū ū

c s

u

s̄

D0 K−

K+

ū ū

D0

K−

K+

c u

s̄

s

b

Figure 1.4: Singly Cabibbo suppressed D0 → K+K− tree-level diagram (top) and
penguin diagram (bottom).

In this measurement CP -violating effects can be diluted as they are integrated over

phasespace. The second method searches for CP -violation at the amplitude component

level by studying the intermediate states via which decays and their CP conjugate decays

proceed. For this an amplitude analysis (as described in section 2) is performed on both

the decay and its CP conjugate decay. Asymmetries in the fitted amplitude model

parameters for a decay and its CP conjugate decay are indicative of CP -violation.

1.4 CKM phase γ from B± → D(→ f)K± Decays at LHCb

This thesis uses input from the amplitude analysis of D meson decays to make a mea-

surement of the CKM phase γ. The precision measurement of γ is a main goal of the

LHCb experiment [32]. The phase γ can be measured using the interference between

b → u(cs̄) ∝ VubV
∗
cs and b → c(us̄) ∝ VcbV

∗
us quark transitions, the former of which

is sensitive to γ. Colour favoured B− → D0K− and colour suppressed B− → D̄0K−

decays where the D decays6 to the same final state f are studied [33][34][35]. These
6Here and throughout this thesis D denotes either D0 or D̄0
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decays are shown in figure 1.5. B± → DK± decays are favourable as they have the the-

oretically cleanest SM determination of γ with |δγ| < 10−7, as they only have tree-level

amplitude contributions and not loop (penguin) amplitude contributions [36]. They are

also produced in large amounts at the LHCb experiment.

ū ū

b c

s

ū

B− D0

K−

ū ū

b u

s

c̄

B−

K−

D̄0

Figure 1.5: Feynman diagrams for the B− → D0K− decay (top) and B− → D̄0K−

decay (bottom).

Using the CKM matrix representation in 1.26 the ratio of the colour favoured and

colour suppressed decays can be most generally written, separating the strong and weak

contributions, as

A(B− → D̄0K−)
A(B− → D0K−)

=
|AB→D̄0K |eiδB→ ¯

D0K

|AB→D0K |eiδB→D0K
· |Vcs||Vub|e

−iγ

|Vcb||Vus|

where A and δ are the magnitude and phase of the strong part of the amplitudes re-

spectively. We can absorb the magnitudes of the CKM elements into the A parameters

and let

rB =
|AB→D̄0K |
|AB→D0K |

δB = δB→D̄0K − δB→D0K
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such that rB is the ratio of the magnitudes of the amplitudes and δB is the difference in

the strong phases of the amplitudes.

For final states of 3 or more particles the amplitude of the decay D0 → f is dependent on

the position of the final state particles in phasespace, p. Different intermediate resonant

states are accessible depending on the final state p and hence the amplitude of D0 → f

is a function of p. The full amplitude for the B− → D0(→ f)K− decay is then

A(p)− = AD0(p) + rBe
i(δB−γ)AD̄0(p).

Under a CP transformation the strong parameters of the decay remain invariant, however

as shown in section 1.1.4 the Yukawa coupling is conjugated and so for a B+ meson the

full amplitude is given by

A(p)+ = AD̄0(p) + rBe
i(δB+γ)AD0(p).

Therefore, if we can assume no CP -violation in the D decay (an assumption that can

be confirmed from an amplitude analysis), by using amplitude models for D0 → f and

D̄0 → f as a function of p and by fitting |A+(p)|2 and |A−(p)|2 to B+ → D0(→ f̄)K+

and B− → D0(→ f)K− decays respectively, values for rB, δB and γ can be obtained.

The analysis presented in this thesis uses a 4 body generalisation of the Giri-Grossman-

Soffer-Zupan (GGSZ) method [37] which uses a self-conjugate final state f . TheK+K−π+π−

final state is chosen[38], this final state is particularly suited to LHCb due to the ex-

cellent kaon and pion identification provided by the Ring Imaging CHerenkov (RICH)

detectors.

The following thesis comprises two parts. Section 4 details the amplitude analysis

of D0 → K+K−π+π− decays with new physics searches performed in the study of

CP -violation in the D system. In section 5, using the amplitude model from section

4, an assessment of potential biases in the model-dependent measurement of γ using

B± → D(→ K+K−π+π−)K± decays is performed. This is achieved by performing the

measurement on a control channel for which the value of rB is an order of magnitude

smaller than that in B± → D(→ K+K−π+π−)K± decays, as such we expect to see
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no CP -violation for this channel. The following section will introduce the formalism

used for the amplitude analysis and section 3 will describe both the CLEO and LHCb

detectors from which the data used in these analyses is collected.



Chapter 2

Amplitude analyses

This section describes the formalism used in the amplitude analysis presented in this

thesis as well as the MINT amplitude fitter package used.

2.1 Differential decay rates

The differential partial decay rate (or decay width) of a D meson decaying to n final state

pseudoscalar particles can be given as a function of any set of ν independent variables

xxx = (x1, ..., xν) by

dΓ ∝ |AD|2dΦn (2.1)

The differential element dΦn is given by

dΦn = φn(xxx)dνx

where φn(xxx) is the density of states in the phasespace element dνx. The term AD

is the amplitude of the decay, it contains all of the decay dynamics [39]. A decay

D → f can proceed directly (a non-resonant decay) or, more commonly, via various

intermediate states. Relevant examples are D0 → φ(1020) (π+π−) where φ(1020) →
(K+K−), D0 → ρ0(770) (K+K−) where ρ0(770)→ (π+π−) and D0 → φ(1020) ρ0(770),

where φ(1020) → (K+K−) and ρ0(770) → (π+π−). Here, φ and ρ here are known

25
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as resonance states. An amplitude analysis is the study of the relative contribution

of intermediate resonance states via which a decay can occur. An amplitude analysis

attempts to parameterise AD.

2.2 The 3-body case

Consider the 3-body decay, D → abc, where a, b and c are pseudoscalar particles. This

decay can occur via 2-body resonances such as D → rc, r → ab [40]. Similar to Young’s

double slit experiment where light particles with multiple possible paths to a position in

space produce quantum mechanical interference effects on a screen, so too do multiple,

indistinguishable decay paths to the same final state f due to phase differences in the

contributing decay path amplitudes. These interference effects can be seen as regions of

higher (constructive interference) and lower (destructive interference) population density

in the phasespace of the final state particles. For three body decays these effects are

commonly illustrated on a Dalitz plot.

2.2.1 Dalitz plots

A Dalitz plot is a visual representation of the resonant substructure of the decay of a spin-

less particle to three spin-less particles. It is a scatter plot with axes equal to the square

of invariant mass combinations of the final state particles. The Dalitz plot traditionally

refers only to the 3-body decay case (however in this thesis its use is extended to 4-body

decays). For a 3-body decay only 2 independent invariant mass variables are needed to

fully describe the decay as can be seen by the relation

m2
ab +m2

bc +m2
ac = m2

D +m2
a +m2

b +m2
c

where m2
ab = (pa + pb)2. As such the Dalitz plot for a 3-body decay is 2-dimensional.

The number of independent variables needed to describe an n-body decay i.e. the value

of ν in 2.1, can be explained through

• 4n variables for each particle’s 4-momentum
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• -n for the known masses of the final state particles

• -4 for conservation of energy and momentum in the decay

• -3 for arbitrary rotation

This generalises to 3n-7 independent variables. The boundaries of the allowed phases-

pace for a decay are dictated by the conservation of 4-momentum between the decaying

particle and the decay products, this is what gives the Dalitz plot its unique shape.

For example, for D → abc, the kinematically allowed values of m2
bc are in the range

(mb + mc)2 ≤ m2
bc ≤ (mD − ma)2 with the minimum and maximum value occurring

when b and c are parallel or anti-parallel, respectively

m2
bc = (pb + pc)2 = m2

b +m2
c + 2EbEc − 2pb · pc.

A Dalitz plot can be used to infer the resonances present in a decay, the interference

(phase difference) between resonances and also a resonance’s spin. Consider a single

amplitude component contributing to a decay with amplitude A(p) = A1(p)eiθ1(p). The

observable as seen on the Dalitz plot will be |A1(p)|2 and hence we will be able to infer

its presence by a band of higher event population - a resonance band. However, we

have lost all information about the phase of the decay. Consider now the case of two

contributing amplitude components that can interfere. Now the Dalitz plot will show

contributions of

|A(p)|2 = |A1(p)|2 + |A2(p)|2 + 2|A1(p)||A2(p)| cos(θ1(p)− θ2(p)).

Here we have access to phase information of the amplitude components which manifests

in constructive interference and destructive interference. To see how we can infer the

spin of a resonance we introduce some more formalism. The decay D → rc, r → ab has

an amplitude, AD(p), which is normalised relative to all other amplitudes for the decay

of D → abc. AD(p) consists of

• A term Z describing the angular distribution of the decay accounting for conser-

vation of total angular momentum
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• A form factor, BL, for each decaying particle to account for finite size

• A propagator or lineshape, TR, to represent each unstable (resonance) particle

These factors combine to form,

A(p) = Z(J, L, l, p̄, q̄)BD
L (|p̄|)Br

L(|q̄|)Tr(mab) (2.2)

Here, J is the total angular momentum (sum of orbital momentum and spin) of the D0

particle which is zero. Between the resonance r and final particle c there can exist an

orbital angular momentum L and between final state particles a and b there can exist

an orbital angular momentum l. The momenta of c and a are given in the rest frame of

r as p̄ and q̄ respectively.

For pseudoscalar to pseudoscalar decays the orbital angular momentum between r and

c, denoted L, is necessarily the spin of r. The quantum mechanical orbital angular

momentum operator, L̂2, has eigenfunctions equal to the spherical harmonics Y m
l (θ, φ)

[41]. The first 3 spherical harmonics (up to a relative D wave) have the form

Y 0
0 (θ, φ) =

1
2

√
1
π

Y 0
1 (θ, φ) =

1
2

√
3
π

cosθ

Y 0
2 (θ, φ) =

1
4

√
5
π

(3cos2θ − 1)

(2.3)

Defining θ as the angle between particle a and c in the rest frame of the resonance we can

see how spin S of the resonance r contributes a cosS(θ) dependence to the amplitude.

Hence the spin of a resonance can be inferred by gaps in the Dalitz plot resonance band.

The Dalitz plot for the decay D0 → K0
Sπ

+π− can be seen figure 2.1 with axes s+ =

m2
+=(pKS + pπ+)2 and s− = m2

−=(pKS + pπ−)2 [42]. Bands of high density indicate the

presence of intermediate resonance states, the D0 → K∗(892)−(→ K0
Sπ
−)π+ resonance

decay is clearly visible as a band at constant m2
−. In the D0 → K∗(892)−(→ K0

Sπ
−)π+
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decay there must be a P (L=1) relative wave between the K∗(892)− and the bachelor

π+ to conserve total angular momentum. A single gap in the resonance band can be

seen.

Figure 2.1: Dalitz plot for D0 → K0
Sπ

+π−. Taken from reference [42].

The amplitude in equation 2.2 is phenomenological and as such there exists different

formalisms for Z, BL and Tr. The next section details how these are formulated in this

analysis for 4-body decays.

2.3 The 4-body case

There are several complications in 4-body Dalitz analyses that are not present in the

3-body case. In 4-body decays 5 independent variables are required to describe the

decay kinematics, the 4-body generalisation of the Dalitz plot is then 5 dimensional. In

the following analyses we use the labelling scheme j = 1, 2, 3, 4 corresponding to the

K+, K−, π+, π− of the D decay respectively. The 5 independent variables chosen are

s12 = (pK+ +pK−)2, s23 = (pK−+pπ+)2, s34 = (pπ+ +pπ−)2, s123 = (pK+ +pK−+pπ+)2

and s234 = (pK−+pπ+ +pπ−)2. In the 3-body case the parity operation can be expressed

simply as a rotation of the decay plane and so there are no parity violating kinematic

observables (assuming rotational invariance in decays). For 4-body decays however,

where there is no such single decay plane, these parity even invariant-mass-squared
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variables are not sufficient to unambiguously describe a decay. For the construction of

the amplitudes however we use the 4-momenta of the final state particles rather than

these 5 variables which are used primarily for showing projections of the 5 dimensional

D decay phasespace.

Unlike for 3-body decays the phasespace density for 4-body decays is not uniform in any

set of 5 variables, rather it is proportional to the reciprocal of the square root of the

Grahm determinant [1], where xij = pi · pj ,

φ4 =
dΦ4

ds12ds23ds34ds123ds234
=

π2

32m2
D


−

∣∣∣∣∣∣∣∣∣∣∣∣∣

x11 x12 x13 x14

x21 x22 x23 x24

x31 x32 x33 x34

x41 x42 x43 x44

∣∣∣∣∣∣∣∣∣∣∣∣∣



− 1
2

During the normalisation process of Probability Density Functions (PDFs) used to fit

the data this varying phasespace density must be taken into account and is denoted as

R4(p) in the following where p is a point in the D decay phasespace.

For 3-body pseudoscalar to pseudoscalar decays only single resonance decays are possible

and each has only one possible orbital angular momentum configuration. For 4-body

decays there can be:

• Single resonance decays eg. D0 → φ(1020) (π+π−)S

• Double resonance decays eg. D0 → φ(1020) ρ0(770)

• Cascade decays eg. D0 → K− [K1(1270)+ → π+K∗0(892)]

The double resonance and cascade decay is illustrated in figure 2.2. These decays can

have multiple associated amplitudes depending on the orbital angular momentum state

involved. For instance in the double resonance decay D0 → φ(1020) ρ0(770) the inter-

mediate particles are vector particles (spin 1) and as such they can be in an S, P or D

relative wave, each of which has its own amplitude to consider [1]. These are denoted in

the following as D0[S, P,D] → φ(1020) ρ0(770). Particles that do not originate from a

resonance like the two pion system in D0 → φ(1020) (π+π−)S , can also be in a state of
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relative orbital angular momentum. We refer to these as non-resonant states and denote

them by surrounding the particles with brackets and indicating the partial wave state

with a subscript. For example, for this decay (π+π−)S refers to a non-resonant 2 pion

system in a relative S wave.

D0

R2

R1

P4

P3

P2

P1

D0

R1

P4

P3

P2

P1

R2

Figure 2.2: A double resonance decay (top) and cascade decay (bottom) of a D meson
to 4-final state particles where dashed lines represent unstable resonance particles.

2.4 Isobar model

The Isobar model is used to parameterise an amplitude model for D0 → K+K−π+π−

decays in the form AD0(p) = |AD0(p)|eiδD(p) where δD(p) describes the phase motion

over the D decay phasespace. The isobar model assumes that 4-body decay amplitudes

can be factorised into sequential two-body decay amplitudes. Recalling equation 2.2,

consider the processes D → R1(→ ab)R2(→ cd) and D → d[R1 → c(R2 → ab)]). The

relative amplitude is expressed as

AD(p) = BD
L (p)[BR1

L (p)TR1(p)][BR2
L (p)TR2(p)]Z(p) (2.4)
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The parameterisations of these terms is described in the following, beginning with the

lineshape TR which includes a description of the 2 and 3-body energy dependent widths,

Γ(s).

2.4.1 Lineshape, TR

The resonance lineshape is by default given by the relativistic Breit-Wigner which is

suitable for describing resonances that are non-overlapping and far from the threshold

of other decay channels. Consider now, a resonance R decaying to particles R1 and R2.

The Breit-Wigner amplitude is given by

TR(s) =
1

m2
R − s− imRΓ(s)

(2.5)

where s = p2
R and mR is the pole mass of R. Γ(s) is known as the energy-dependent

width and has the form

Γ(s) = Γ0

(
q

qR

)2L+1(
mR√
s

)
BL(q)2

BL(qR)2
. (2.6)

Here, the particle width Γ0 is multiplied by factors representing the energy-dependent

2-body phasespace available to the decaying particle. These factors are normalised such

that for a resonance decaying at its pole mass, (s = m2
R) Γ(s) = Γ0. The parameter q

is the magnitude of the momenta of R1 and R2 in the resonance rest frame, also known

as the breakup momentum,

|q| =

√√√√√
(
s− (√p2

R1
+
√
p2
R2

)2)(
s− (√p2

R1
−
√
p2
R2

)2)
4s

. (2.7)

qR is the breakup momentum evaluated when s = m2
R. The orbital angular momentum

between R1 and R2 is represented by L and parameter BL is given in equation 2.11 and

discussed later.
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For the cascade topology, where either R1 or R2 is a resonance, the energy-dependent

width must take into account the full 3-body phase space available to the decaying

resonance R. It is also possible that m2
R <

(√
p2
R1

+
√
p2
R2

)2

whilst s ≥
(√

p2
R1

+√
p2
R2

)2

due to the width of R 1. Using the 2-body description for the energy dependent

width given above would result in an undefined breakup momentum. For cascade decays

then, the energy-dependent width of a 3-body decay can be found using the integral of

the differential partial width equation in 2.1 for all possible decay channels open to the

resonance. In other words the partial width

ΓR→f (s) =
1

2
√
s

∫
|AR→f (s)|2dΦ3

is found for each decay channel of R where the 3-body amplitude AR→f is parameterised

using the 3-body formalism. To find the total width we sum over all partial widths

Γ(s) =
∑
i

giΓi(s),

where gi is the coupling strength to channel i. The set of gi couplings for all decay

channels of a resonance R can be found from their branching fractions through a fit to

Bi =
∫ ∞
smin

gimR Γi(s)
|m2

R − s− imR
∑

j gj Γj(s)|2 ds. (2.8)

In the following analyses the resonant particles occurring in such cascade decays are

the K1(1270) and K1(1400) mesons and the K∗(1410) and K∗(1680) mesons. For the

K1(1270) and K1(1400) mesons the Kρ(770)0, K∗(892)π, K∗0 (1430)π, Kf0(1370) and

Kω channels are taken into account at the lowest possible angular momentum state

only. For the K∗(1410) and K∗(1680) mesons decay channels Kρ(770)0, K∗(892)π and

Kπ are considered. For the purpose of approximating Bi in equation 2.8 using measured

branching fractions the contributions are considered incoherent. For example the energy

dependent width of K∗(1680) is given by
1This is not possible in 2-body decays as R1 and R2 are final state particles where p2

R1 = m2
R1 and

p2
R2 = m2

R2
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ΓK∗(1680)(s) = gKρ(770)0ΓK∗(1680)→Kρ(770)0(s)

+ gKπΓK∗(1680)→Kπ(s)

+ gK∗(892)πΓK∗(1680)→K∗(892)π(s)

where the gi values are found from their respective branching fractions. These energy-

dependent width values are calculated once, before the amplitude fit, and stored in

histograms that are accessed at run time. The histograms are produced by scanning

over values of s and evaluating Γ(s), values can be taken for any value of s through

the interpolation of these results. Figure 2.3 and 2.4 shows the energy-dependent width

histograms used for the following analyses.
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Figure 2.3: Energy dependent width for a) K1(1270) and b) K1(1400) resonances. The
black line shows the total width, the partial widths of channels Kππ and Kω are shown
in dashed blue and red respectively. Taken from reference [2].

Besides the Breit-Wigner lineshape the Flatté distribution is used to model resonances

where a second decay channel opens close to the resonance such as the f0(980). In the

Breit-Wigner equation (2.5), Γ(s) is replaced by the sum of the partial widths to the ππ

and KK channels

Γf0(980)(s) = gππΓf0(980)→ππ(s) + gKKΓf0(980)→KK(s).
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Figure 2.4: Energy dependent width for a) K∗(1410) and b) K∗(1680) resonances. The
black line shows the total width, the partial widths of channels Kππ and Kπ are shown
in dashed blue and red respectively. Taken from reference [2].

The gππ and gKK values as well as the mass and width parameters needed for the

evaluation of Γf0(980)→ππ(s) and Γf0(980)→KK(s) (using the 2-body energy-dependent

width 2.6) are taken from a measurement performed by the BES collaboration [43].

For particles that do not originate from a resonance but are in a state of relative orbital

angular momentum the lineshape is set to unity.

2.4.2 Angular distribution component, Z

The angular distribution component, Z, (also known as the spin factor or spin ampli-

tude) is a Lorentz-invariant quantity that enforces total angular momentum conservation

and the correct parity transformation of the wavefunction. In quantum mechanics, the

total angular momentum of a particle, J̄ , is the vector sum of orbital angular momen-

tum, L̄ and spin angular momentum, S̄. Spin and orbital angular momentum must be

projected into the same subspace in order to ensure total angular momentum conserva-

tion. Following the isobar formalism, where 4-body decays are factorised into 2-body

decays, the construction of the spin amplitude for a decay R→ R1R2 involves 3 objects;

polarisation tensors, spin projection tensors and orbital angular momentum tensors.
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Polarisation tensors

A massive, spin-1 particle with momentum p and spin projection along the z axis, sz,

can be represented by a polarisation vector εµ(1)(p, sz). This vector must be orthogonal

to the momentum of the particle as spin is an angular momentum like quantity. The

time component, ε0
(1)(p, sz), must also be equal to zero as spin does not evolve over

time. Given these conditions there are 3 independent solutions for εµ(1)(p, sz) that for

illustration can be interpreted as the 3 polarisation states of a spin-1 particle along the

z-axis in the particle rest frame[44]; the longitudinal polarisation

εµ(1)(0) = (0, 0, 0, 1)

and transverse polarisations, analogous to left and right circular polarisation states for

plane waves

εµ(1)(±1) = ∓ 1√
2

(0, 1,±i, 0).

This analysis also considers particles of spin 2. For spin-2 and higher particles, polarisa-

tion tensors must meet two more conditions forming the set of three Rarita-Schwinger

conditions [45]. These state that the polarisation tensor for a spin-S particle must be:

• Orthogonal to the momentum of the particle (as stated above)

εµ1...µs
S (p, sz)pµ1 = 0

• Symmetric

ε
...µi...µj ...
S (p, sz) = ε

...µj ...µi...
S (p, sz)

• Traceless

gµiµjε
...µi...µj ...
S (p, sz) = 0

A particle of spin-S has 2S+1 degrees of freedom (or spin projections), the Rarita-

Schwinger conditions reduce the 4S elements of the polarisation tensor to 2S+1 inde-

pendent elements.
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Spin projection tensors

The spin-L projection operator, Pµ1...µL
(L) (pR), projects any 4-vector into the spin-L

subspace spanned by the 2L+1 polarisation vectors orthogonal to pR. For L = 0,

P(0)(pR) = 1. For L = 1,

Pµν(1)(pR) = −gµν +
pµRp

ν
R

s
=
∑
sz

εµ(pR, sz)ε∗ν(pR, sz)

where gµν is the Minkowski metric. For the L = 2 case,

Pµ1µ2ν1ν2

(2) (pR) =
1
2

[
Pµ1ν1

1 (pR)Pµ2ν2
1 (pR) + Pµ1ν2

1 (pR)Pµ2ν1
1 (pR)

]
− 1

3

[
Pµ1µ2

1 (pR)P ν1ν2
1 (pR)

]

Orbital angular momentum tensor

The orbital angular momentum tensor[46] projects the rank-L relative momenta tensor,

qν1
R ...q

νL
R , where qR = pR1 − pR2 , onto the spin-L subspace orthogonal to pR using again

the spin-L projection operator

Lµ1...µL
L (pR, qR) = (−1)LPµ1...µLν1...νL

L (pR)qRν1 ...qRνL

The polarisation tensors, spin projection tensors and orbital angular momentum tensors

are contracted to form a Lorentz scalar for each decay vertex [2]. The steps to form

the spin amplitude for a decay R → R1R2 with relative wave, L, between the decay

products are

• Assign a polarisation tensor to the decaying particle R and to each decay product

R1 and R2 (for decay products the complex conjugate of the polarisation tensor is

taken)
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• Project the polarisation tensors of the decay products onto the spin-L subspace

that is orthogonal to pR using the spin-L projection operator

• Project the relative momenta tensor qν1
R ...q

νL
R onto the same spin-L subspace using

the orbital angular momentum tensor

• Contract all of the above with the polarisation tensor of the decaying particle to

give a Lorentz scalar.

A specific example relevant to this analysis is the decay of a pseudoscalar particle D to

vector particles R1 and R2, D → R1R2, followed by the subsequent decay of R1 and R2

to pseudoscalar particles, R1 → ab and R2 → cd. This is the form of decays such as

D0[S, P,D] → φ(1020) ρ0(770). There are 3 orbital angular momentum configurations

possible for this decay where the relative wave between particles R1 and R2 can be L=[0,

1, 2], each has its own associated spin amplitude. The construction of these will now be

shown.

For the initial D → R1R2 decay a complex conjugated polarisation vector is assigned to

each decay particle,

ε∗a(1)(pR1 , sR1z
)ε∗b(1)(pR2 , sR2z

).

The decaying particle has no spin component and thus no polarisation tensor. In the

case of L = 0, there is no relative orbital angular momentum to consider so we simply

contract the polarisation vectors of the decay products together.

Z〈D→R1R2|L=0〉 =
∑

sR1z
,sR2z

ε∗a(pR1 , sR1z
)ε∗a(pR2 , sR2z

)

In the case of L = 1, we must also consider the parity of the R1R2 system which is given

by

η = (−1)LηR1ηR2

where η is the eigenvalue of the parity operator. The parity of this system is odd

(η = −1) and as such it’s wavefunction must behave as an odd eigenstate of the parity

operator. The antisymmetric Levi-Civita tensor contracted with the 4-momentum of D,
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εαβγδp
δ
D, is used to ensure the correct parity transformation of the total wavefunction.

For the L = 1 case then,

Z〈D→R1R2|L=1〉 =
∑

sR1Z
,sR2Z

L1e(pD, qD)P ea(1)(pD)εabcdε∗b(pR1 , sR1z
)ε∗c(pR2 , sR2z

)pdD

and finally for the L = 2 case,

Z〈D→R1R2|L=2〉 =
∑

sR1Z
,sR2Z

L2ab(pD, qD)P abcd(2) (pD)ε∗c(pR1 , sR1z
)ε∗d(pR2 , sR2z

)

The spin amplitudes of the subsequent decays, R1 → ab and R2 → cd are far simpler to

evaluate. The relative wave between two pseudoscalar decay products must always be

equal to the spin of the decaying particle, in this case spin-1. The decay products have

no polarisation tensor and the decaying particle has polarisation tensor ε∗µ(1)(pR1 , sR1z
).

This is simply contracted with the angular momentum tensor that projects the relative

momentum between the decay products onto the spin-1 subspace

Z〈R1→ab|L=1〉 =
∑
sR1Z

εµ(pR1 , sR1z
)L1µ(pR1).

For brevity we introduce the following notation,

ε(S)(R) ≡ ε(S)(pR, sRz),

P(S)(R) ≡ P(S)(pR),

L(L)(R) ≡ L(L)(pR, qR). (2.9)

and for each value of L we can write the spin factor for the decay D → R1(→ AB)R2(→
CD) as
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∑
sR1Z

,sR2Z

SD→R1R2(p|LR1R2 ; sR1Z
, sR2Z

)SR1→AB(p|LAB; sR1Z
)SR2→CD(p|LCD; sR2Z

),

(2.10)

where

SD→R1R2(p|LR1R2 ; sR1Z
, sR2Z

) = L(LR1R2
)(D)P(LR1R2

)(D)ε∗(SR1
)(R1)ε∗(SR2

)(R2)

(for L = 1 we also include the Levi-Civita tensor) and

SR1→AB(p|LAB; sR1Z
) =

∑
sR1Z

ε(SR1
)(R1)L(LAB)(R1)

SR2→CD(p|LCD; sR2Z
) =

∑
sR2Z

ε(SR2
)(R2)L(LCD)(R2)

The full set of spin amplitudes used in this analysis along with particle orderings is given

in appendix A.1.

2.4.3 Barrier factors, BL

A form factor or barrier factor is assigned to each decaying particle and takes the form

given by Blatt and Weisskopf [47]. These factors depend on the break-up momenta of

the decay products as well as the impact parameter d (or meson radius) which is taken

as 5 GeV−1 for the D meson and 1.5 GeV−1 for all other particles. The barrier factors

for resonances with relative angular momentum L between decay products are given by

BL(q)(L = 0) = 1

BL(q)(L = 1) =

√
1

1 + (qd)2

BL(q)(L = 2) =

√
1

9 + 3(qd)2 + (qd)4

(2.11)
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2.5 Amplitude construction

The full amplitude AD in equation 2.1 for D0 → K+K−π+π− decays can be expressed

as AD0(p) = |AD0(p)|eiδD(p) where δD(p) describes the phase motion over the D decay

phasespace. AD0(p) is the coherent sum over all intermediate state amplitudes, Ai(p),

also known as isobars. The amplitudes Ai(p) are weighted by complex factors, ai =

|ai|eiφ, describing their relative contribution to the decay, as shown,

AD0(p) =
∑
i

aiAi(p) (2.12)

The complex factors, ai, are determined from a fit to data where for one isobar (the

anchor isobar) a = 1 and all other ai are determined relative to this. The CP conjugate

amplitude to Ai(p), Āi(p), is given by

Āi(p) = Ai(p̄)

where p̄ is the CP transformed phasespace point p, obtained by swapping particle charges

and reversing 3-momenta. For the total amplitude of the D̄0 decay

AD̄0(p) =
∑
i

āiĀi(p) =
∑
i

āiAi(p̄).

Unless stated otherwise, we assume that there is no CP -violation in the D0 decay such

that āi = ai and so

AD̄0(p) =
∑
i

aiAi(p̄).

2.6 Fit fractions and interference fractions

The real and imaginary parts (or magnitude and phase) of the complex coefficients,

ai, are difficult to interpret in terms of physically meaningful parameters. They are

dependent on the parameterisation/formalism used for the amplitude model and are

only relative to all other ai parameters. To provide insightful and meaningful quantities,
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fit fractions and interference fractions are constructed. The fit fraction of an amplitude

component is defined as

Fi ≡
∫ |aiAi(p)|2 R4(p)dp∫ |AD0(p)|2 R4(p)dp

, (2.13)

and can be interpreted as the branching fraction of amplitude i if no interference effects

between amplitude components are considered. The interference fraction is given by

Iij ≡
∫

2<[aia∗j Ai(p)A
∗
j (p)]R4(p)dp∫ |AD0(p)|2 R4(p)dp

, (2.14)

which measures the interference between amplitude components i and j and can take

positive (constructive interference) or negative (destructive interference) values. Because

of interference effects the fit fractions of an amplitude model will not necessarily sum to

unity. However it can be seen that

∑
i

Fi +
∑
j<k

Ij,k = 1

must hold.
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2.7 MINT package

The analyses in this thesis use the Minuit INTerface package known as MINT [3]. MINT

is a 3- and 4-body decay event generator and amplitude model fitter. This section will

explain how MINT normalises PDFs and generates events for a 4-body amplitude model

given the complexities detailed in section 2.3.

2.7.1 Normalising PDFs: Monte Carlo Integration

Monte Carlo integration exploits the fact that the integral of a function f(x) in the

region x1 < x < x2 can be expressed as the average of the integrand

I =
∫ x2

x1

dxf(x) = (x2 − x1)〈f(x)〉 ≈ (x2 − x1)
1
N

N∑
i=1

f(xi) (2.15)

where xi are N points distributed randomly in the region x1 < x < x2 [48]. This method

is governed by the Central Limit theorem with an error that scales as ∝ 1/
√
N . The

advantage of Monte Carlo integration over other numerical integration methods is that

its convergence remains as ∝ 1/
√
N in extensions to higher dimensions d. This makes

it faster than other methods for large d, for instance, the trapezium rule has an error

that scales with ∝ 1/N2/d so for d > 4 the Monte Carlo integration technique is more

efficient. We use Monte Carlo integration for the normalisation of PDFs in the fitting

routine. The normalisation term can be estimated using N Monte Carlo events as

∫
|A(p)|2R4(p)dp ≈ V

N

N∑
i=1

|Afit(pi)|2
|AGen(pi)|2 (2.16)

where V represents the volume of allowed phasespace, Afit(pi) is the value of the am-

plitude at phasespace point pi and AGen(pi) is the value of the amplitude that the MC

event with phasespace point pi was generated with. Consider now that the amplitudes

in this analysis are of the form A(p) =
∑

j ajAj(p), then the normalisation term is
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V

N

N∑
i=1

1
|AGen(pi)|2 |

∑
j

ajAj(pi)|2 =
V

N

N∑
i=1

1
|AGen(pi)|2 ×

∑
j

∑
k

[
a∗jakA

∗
j (pi)Ak(pi)

]

=
V

N

∑
j

∑
k

[
a∗jak ×

N∑
i=1

A∗j (pi)Ak(pi)
|AGen(pi)|2

]

The value of V is a constant which will affect only the scale of the likelihood distribution

and not the shape. Therefore V is not required and instead we use relative rather

than absolute PDF normalisations. To improve the efficiency of the normalisation, for

amplitude pairs Aj and Ak the value of

N∑
i=1

A∗j (pi)Ak(pi)
|AGen(pi)|2

can be calculated on the first fit interaction and saved to be used in all subsequent fit

iterations; only the complex coefficients ai change each fit iteration.

The integration error can be reduced by sampling more phasespace points where the

PDF is largest, a technique known as importance sampling. Considering again equation

2.15 it is clear that when f(x) is a constant the approximation becomes an equality,

the more constant the integrand over the integration domain the smaller the integration

error for the same number of events N . More specifically suppose a function g(x) such

that h(x) = f(x)/g(x) is approximately constant over the integration range. Then

∫
f(x)dx =

∫
f(x)
g(x)

g(x)dx =
∫
h(x)g(x)dx

and we can integrate f(x) by sampling h(x) using events drawn from a non-uniform

distribution g(x). The MC events we use are generated according to an approximate,

preliminary amplitude model for D0 → K+K−π+π− decays. Referring back to equation

2.16 this has the effect of flattening the integrand

f(x) =
|Afit(pi)|2
|AGen(pi)|2 .
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2.7.2 Monte Carlo Event generation

Due to the presence of peaking structures such as the narrow φ resonance and the effects

of interference, the amplitude model for D0 → K+K−π+π− has extreme values which

deviate far from the average PDF value. Simple accept-reject methods whereby events

are accepted or rejected based on whether random numbers generated between zero and

the maximum PDF height are above or below the PDF curve are very inefficient for event

generation. To overcome this, Monte Carlo events are generated for an approximate PDF

based on the incoherent sum of simple Breit-Wigners. This approximates the peaking

structure of the full coherent PDF. These events are weighted by the ratio of the full

coherent amplitude model divided by the approximate incoherent amplitude model.

Accept-reject methods can be used on these weighted events with far greater efficiency.

This process is as follows.

It can be shown that the integral over n-body final state phasespace can be expressed in

terms of integrals over two-body final state phasespaces such as Φ2(M2
A;m2

B,m
2
C) which

is the integral over the final state phasespace for the decay A → BC [1]. For cascade

decays

Φ4 =
∫

Φ2(M2
D; s234,m

2
1)Φ2(s234; s34,m

2
2)Φ2(s34;m2

3,m
2
4)ds234ds34

and for all other decays

Φ4 =
∫

Φ2(M2
D; s12, s34)Φ2(s12;m2

1,m
2
2)Φ2(s34;m2

3,m
2
4)ds12ds34.

Therefore referring back to left-hand side of equation 2.16 we can write the probability for

an event with invariant mass squared values between (s12, s34) and (s12+ds12, s34+ds34)

as proportional to

|A(s12, s34)|2ds12ds34Φ2(M2
D; s12, s34)Φ2(s12;m2

1,m
2
2)Φ2(s34;m2

3,m
2
4). (2.17)
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Consider the decay of a resonance with mass M and decay width Γ where the amplitude

squared |A|2 can be approximated by a Breit-Wigner PDF

BW (s)ds =
k

M2Γ2 + (s−M2)2
ds.

Using the co-ordinate transformation s→ ρ,

s = MΓ tan ρ+M2

which has the Jacobian

J =
∣∣∣∣∂s∂ρ

∣∣∣∣ = MΓsec2ρ

the Breit Wigner can be expressed in terms of the new co-ordinate ρ as

BW (s)ds→ kMΓsec2ρ

M2Γ2 tan2 ρ+M2Γ2
dρ =

k

MΓ
dρ.

The probability 2.17 can now be expressed as

1
MΓ

dρ12dρ34Φ2(M2
D; s12, s34)Φ2(s12;m2

1,m
2
2)Φ2(s34;m2

3,m
2
4).

In order to generate events according to 2.17 then, ρ values ρ12 and dρ34 are ran-

domly and uniformly selected from the region −π/2 < ρ < π/2, the correspond-

ing distribution of sij values follow a Breit-Wigner distribution. These events are

then multiplied by a factor 1/MΓ and by the product of 2-body phasespace terms

Φ2(M2
D; s12, s34)Φ2(s12;m2

1,m
2
2)Φ2(s34;m2

3,m
2
4). The final state particles’ momenta for

each of the two-body decays in the chain can then be generated. This of course only

accounts for one intermediate state, in fact we sum over the contributions from all res-

onances for each choice of ρ values and use this value to weight the event. The events

are then reweighted by the value of the full coherent PDF divided by this approximate

incoherent PDF value and the accept-reject method can be applied on these weights

with far greater efficiency. A component that is flat in phasespace is also generated to

ensure there are events present in all regions across the phasespace.



Chapter 3

Particle detectors

The analyses presented in this thesis use data collected by two different particle detectors;

CLEO and LHCb. Particle detectors measure the kinematic properties of particles

through their interaction with the detector material i.e. their energy loss in the material.

Incident particles lose energy when traversing material via several mechanisms detailed

below which particle detectors exploit. The lost energy must be measurable through

either the production of photons or induced electrical signals.

3.1 Energy loss in particle detectors

Ionisation/excitation

Charged particles lose energy through electromagnetic interactions with the atomic elec-

trons of the detector material, this results in either excitation or ionisation of the atoms.

Energy losses per interaction are small with 90% less than 100 eV. The mean energy loss

per unit length, 〈dE/dx〉, for heavy, charged particles of mass M1 and 0.1 . βγ . 1000,

traversing materials with intermediate atomic number Z, is well-described by the Bethe-

Bloch formula [23]
1M � me where me is the mass of the electron

47
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−
〈
dE

dx

〉
= Kz2Z

A

1
β2

(1
2

ln
2mec

2β2γ2Tmax
I2

− β2 − δ(βγ)
2

)
(3.1)

Parameter A is the atomic mass and I the mean excitation energy of the detector

material, K is a constant related to electron properties and δ(βγ) is a density correction

factor depending only on β. Tmax is the maximum kinetic energy the traversing particle

can transfer to a free electron in a single collision, it has a dependence on M that only

becomes significant at very high energies. Figure 3.1 shows −〈dE/dx〉 for positive muons

traversing copper as a function of βγ and the Bethe-Bloch region (0.1 . βγ . 1000)

where the formula applies. The value of 〈dE/dx〉 is independent of the incident particle’s

mass in this region and depends only on the velocity v of the particle. This can be used

for the identification of charged hadrons; a determination of v along with a momentum

measurement allows the mass of the particle to be found from

M = p

√
1
v2
− 1
c2
.

Pair production

Pair production is the dominant interaction of high energy photons in matter. In the

presence of a nucleus (to conserve momentum) the energy of a high energy photon can

convert to an electron-positron pair.

Strong interactions

Charged and neutral hadrons interact inelastically with the nuclei of the detector mate-

rial via the strong interaction, producing showers of secondary particles through multiple

interactions. These nuclear interactions can be used to identify hadrons.

Bremsstrahlung

The Bethe-Bloch equation (equation 3.1) does not describe the energy loss of electrons

in matter, electrons lose significant energy due to bremsstrahlung (breaking radiation).
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Figure 3.1: Mean energy loss per unit length, −〈dE/dx〉, for positive muons in copper
as a function of βγ. The Bethe-Bloch region is indicated. Taken from reference [23].

All high energy charged particles undergo bremsstrahlung; the radiation of photons due

to deceleration in the electromagnetic field of a nucleus. The rate of energy loss depends

on the atomic mass and number of the detector material and has a 1/M4 dependence

meaning less massive incident particles such as electrons suffer Bremsstrahlung at a

greater level.

Cherenkov radiation

Exploited by the RICH detectors of CLEO III, CLEO-c and LHCb for particle iden-

tification purposes is the effect of Cherenkov radiation. Charged particles traversing a

medium of refractive index, n, with velocity v > c/n emit a cone of photons centred

around the particle’s trajectory with opening angle θc. This angle is related to the

particle’s velocity (v) by

cos(θc) =
c

nv
(3.2)

The associated energy loss is small and although the effect occurs in all materials, only

some are transparent to the Cherenkov light produced.
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Multiple Coulomb Scattering

Multiple Coulomb scattering is the many, small angle deflections/scatters of an incident

charged particle by the electric field of nuclei in the detector material. Although the

energy transfer is small due to the mass difference between the nuclei and the incident

particle, each scatter adds a small deviation to the particle’s trajectory, the cumulative

effect being a smearing of the particle’s momentum direction. This effect is larger for

thicker materials and those of higher atomic number, Z. Multiple coulomb scattering

ultimately limits the precision with which the momentum of a particle can be determined.

Particle detectors therefore have to limit the material in the detector acceptance for

tracking and particle identification (PID) purposes. The amount of material in the

path of incident particles is known as the material budget and is quantified in units of

radiation length and nuclear interaction length.

Radiation length and nuclear interaction length

Materials can be described by their ability to attenuate the energy of incident particles.

The radiation length, X0, is the length of a material required to reduce the mean energy

of incident electrons to 1/eth (37%) of its initial value through radiation losses. It is

also equal to 7/9 of the mean free path for pair production by a high energy photon.

The nuclear interaction length, λi, is the thickness of material at which a hadron has

a 1/eth probability of not having had a nuclear interaction and so is a measure of the

probability that a hadron is absorbed by a material.

Calorimeters are designed to absorb all the energy of incident particles (full contain-

ment of particle showers) so a measurement of the incident particle’s energy can be

made. Electromagnetic calorimeters measure the energy of incident particles that in-

teract primarily through electromagnetic interactions and so consist of many radiation

lengths. Hadronic calorimeters measure the energy of incident particles that interact

primarily via strong interactions and so consist of many nuclear interaction lengths.

Prior to these subdetectors the amount of material, measured in both radiation lengths

and nuclear interaction lengths, should be minimised.
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Figure 3.2: A schematic of the B± → D(→ K+K−π+π−)K± decay at LHCb showing
the primary vertex (PV) of the p− p collision, and the secondary vertices (SV) of the
B and D decays.

3.2 Reconstructing D and B decays

Decays of D and B particles have distinctive features upon which one can select events.

Precise reconstruction of decay vertices is essential. The primary vertex (PV) is the

position of the particle collision. At LHCb reconstructed vertices of D and B candidates

are significantly displaced from the PV [49] due to their long lifetime; they typically

travel 1 cm in the detector before decaying and so their decay vertices are spatially

displaced from the PV (known as a secondary vertices). A schematic of the B± → D(→
K+K−π+π−)K± decay at LHCb can be seen in figure 3.2 showing the primary vertex

of the p−p collision, and the secondary vertices (SV) of the B and D decays. It is useful

to introduce some of the variables used to select B and D decays and although many

of these are presented in regard to B± → D(→ K+K−π+π−)K± decays they are also

relevant for selecting D0 → K+K−π+π− decays.

Impact Parameter (IP)

The impact parameter (IP) of a track is found by extrapolating the track back towards

the PV and determining the distance of closest approach of the track to the PV. This

parameter is shown in figure 3.3. The χ2
IP of a track is defined as the difference between
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PV
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D0

K−

IP

Figure 3.3: A schematic of the IP parameter for the D track in a B± → D(→
K+K−π+π−)K± decay.

the χ2 goodness-of-fit measure for the PV reconstructed with and without the track of

interest. A track with small IP and χ2
IP values is likely to have originated from the

PV and so these parameters can be used to select B decays and prompt D decays [50].

On the other hand, a large IP with respect to the associated PV for the D meson in

B± → D(→ K+K−π+π−)K± is required in order to suppress prompt charm decays.

Generally, the products of heavy flavour decays have a large impact parameter with

respect to the PV so this parameter can also be used to select the daughter particles

[51].

DIRA

DIRA is defined as the cosine of the angle, θ, between a particle’s momentum vector (as

defined by its decay products) and a vector from the primary vertex to the particle’s

origin vertex. This parameter is particularly useful to select particles with displaced

vertices such as the B and D. Figure 3.4 shows the DIRA angle.
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PV
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Figure 3.4: A schematic of the DIRA parameter for the D track in a B± → D(→
K+K−π+π−)K± decay.

Flight distance χ2 and D flight distance significance

The flight distance, FD, of a particle is the distance between its production vertex and

its decay vertex. The flight distance χ2, χ2
FD, is this distance squared divided by its

uncertainty squared; the uncertainty arises from the determination of the positions of

the vertices,

χ2
FD =

FD2

σ2
FD

.

Closely related to this but only applicable for the selection ofB± → D(→ K+K−π+π−)K±

decays is the D flight distance significance, FDsig. This is defined as the difference be-

tween the z positions of the D vertex and the B vertex divided by the uncertainties on

these positions added in quadrature

FDsig =
zD vtx − zB vtx√
σ2

D vtx + σ2
B vtx

.

This parameter is used to suppress charmless background in the selection of B± → D(→
K+K−π+π−)K± decays. Charmless backgrounds have the same final state as the signal

decay but do not decay via a D particle. A high value of FDsig indicates that a decay

is less likely to be charmless.
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pT asymmetry

The pT asymmetry isolation variable, as its name suggests, considers how isolated a par-

ticle is within a cone of 1.5 radians constructed around its decay vertex. The difference

divided by the sum of the pT of the B candidate, BpT , and the vector sum of pT values

for charged tracks not involved in the signal decay,
∑

pT is found,

BpT − (
∑

pT )
BpT + (

∑
pT )

.

The B pT asymmetry isolation variable can select vertices with a higher chance of correct

reconstruction. A value closer to 1 means less charged spectator tracks and so a vertex

is less likely to be misreconstructed [52].

There are broadly three stages to the selection of B and D decays of interest, each

more effective but crucially more time-consuming than the last. The crudest, but most

importantly, fastest selection criteria for a B or D decay is the presence of tracks with

a high transverse momentum. Particles resulting from a B or D decay tend to have

higher transverse momentum than those resulting directly from the PV due to their

large mass. Calorimeter information can be used to select particles with high transverse

momentum and can be read out from the detector extremely quickly with a latency

(the time between the particle collision and the readout) in the order of microseconds.

The next selection criteria for B and D decays is the presence of tracks with significant

IP with respect to the PV which is indicative of displaced vertices. For this the whole

of the detector readout is required to reconstruct tracks through the detector. Finally

the most complex form of selection is based on the full reconstruction of primary and

secondary vertices. It will be explained how the LHCb trigger utilises these three stages

of selection in section 3.4.2.

The rest of this section will describe the CLEO and LHCb detectors in more detail and

the accelerators used for particle collisions.
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3.3 The CLEO Detector

The amplitude analysis of D0 → K+K−π+π− decays uses data collected by the CLEO

detector. The CLEO detector was stationed at the Cornell Electron Storage Ring

(CESR), a 768m circumference symmetric e+ - e− collider located at Cornell University,

USA. CLEO collected data from these collisions between 1979 and 2008 at centre of

mass energies ranging from 3.5–12.0 GeV [53]. The detector was originally designed for

the study of the Υ (Upsilon) system (bound states of a b and b̄ quark) and for precision

measurements of B mesons, this required collision energies in the region of 10 GeV [54].

In its later stages (CLEO-c), focus turned to the study of charm mesons requiring lower

collision energies at or slightly above the charm production threshold, 3.77 GeV, with

a luminosity of 1–5×1032 cm−2s−1. During this time the detector underwent several

major upgrades. Relevant to this analysis are the CLEO II.V (1995), CLEO III (1999)

and CLEO-c (2003) incarnations of the CLEO detector.

3.3.1 Cornell Electron Storage Ring (CESR)

The Cornell Electron Storage Ring (CESR) (which is still in commission) is based at

the University of Cornell, USA, providing symmetric e+ - e− collisions. Electrons are

produced by an electron gun - a heated cathode that creates an electron stream via

thermionic emission. Upon production, electrons are formed into bunches and accel-

erated down a 30m long vacuum pipe by an electric field, this is know as the linear

accelerator or Linac. At an intermediate point along the Linac, at energies of ≈140

MeV, some of these electrons are deflected to strike a tungsten plate, producing a shower

of electrons, positrons and X-rays from which positrons can be extracted, focused and

also accelerated down the Linac. The Linac produces electrons with energies up to 300

MeV and positrons with energies 150-200 MeV. Electron and positron bunches are then

injected into the synchrotron which provides further acceleration via 4 superconducting

radio frequency (RF) cavities to 5 GeV. Dipole magnets keep the particle bunches ro-

tating around the synchrotron, clockwise for positrons, counter-clockwise for electrons.

Once the desired collision energies are reached the bunches are deflected via transfer
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Figure 3.5: Cornell Electron Storage Ring (CESR) complex. Taken from reference [55].

lines into the storage ring (CESR) which encompasses the accelerators. This forms two

counter rotating beams, one of electrons and one of positrons, which can be held in the

storage ring for several hours. The energy lost via synchrotron radiation is restored by

RF cavities and the beams are focused by quadrupole and sextuple magnets. These

three main components can be seen in the diagram in figure 3.5.

3.3.2 CLEO

While the CLEO detector underwent several major upgrades, many systems are common

to all incarnations. Closest to the interaction point is the tracking systems consisting of

a silicon vertex locator (ZD detector) and drift chamber for CLEO II.V and CLEO III

(CLEO-c). Following this is the particle identification system: a RICH detector (Time
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of Flight detector) used in conjunction with dE/dx information from the drift chambers

for CLEO III onwards (CLEO II.V). Surrounding the tracking and PID systems is the

superconducting solenoid magnet and finally, furthest away from the collision point, the

muon chambers. These detector components are described further in the following, a

schematic of the CLEO III detector can be see in figure 3.6.

Figure 3.6: Schematic of the CLEO III detector. Taken from reference [53].

Superconducting coil

A 3.5 m superconducting coil provides a magnetic field that runs parallel to the beamline.

The radius of curvature, r, of a charged particle track (charge z) caused by the bending

power of the magnet, B, is related to its momentum, p, by

r[m] =
p[GeV/c]sinθ

0.3zB[T]
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where θ is the angle between the particle’s velocity vector and the beamline. Charged

particle tracks where θ 6= 0 are helical.

The magnetic field was 1.5 T for CLEO II.V and CLEO III. For CLEO-c, lower en-

ergy collisions result in particles with a lower average momentum which experience a

higher degree of track bending. These particles may only traverse a small region of the

drift chamber before curling back on themselves towards the interaction point. For low

momentum particles to penetrate far enough into the drift chambers to allow recon-

struction, and then escape the drift chambers for particle identification, the strength of

the magnetic field was reduced to 1.0 T for CLEO-c.

Tracking System

The tracking system for CLEO II.V and CLEO III consists of the silicon vertex detector

and the drift chamber.

The silicon vertex detector provides r−φ and z track position measurements for charged

particles close to the interaction point, where r is the perpendicular distance from the

beam line, φ is the azimuthal angle relative to the vertical and z is the distance along

the beam line from the interaction point. It consists of concentric detection layers (three

layers for CLEO II.V and four thereafter) centred around the beamline and made up of

5.0 cm× 2.5 cm×300 µm double-sided silicon strip detectors, where the strips on one

side are perpendicular to the strips on the other. Each double-sided silicon strip detector

has strips every 50 µm along φ on one side (the side facing away from the centre) to

measure r − φ and every 100 µm along z on the reverse to measure r − z. The layers

occupy the region 25 mm to 110 mm radially from the collision point. As seen in figure

3.7 the layers have increasingly more silicon strip detectors in φ and z where, in the case

of the CLEO III detector, the layer closest to the interaction point has 7 detectors in φ

and 3 in z. It covers 93% of the solid angle [56] and is essential for vertex reconstruction.

The resolution is < 11 µm in r − φ and < 24 µm in z.

The principle of all drift chambers is that, when traversing an enclosed gas, charged

particles cause the ionisation of the gas atoms, liberating electrons. An electric field
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Figure 3.7: CLEO III silicon vertex detector, end-view and side-view. Taken from
reference [57].

created by a potential difference between an anode and cathode attracts the electrons to

the anode. Close to the anode the electric field is sufficiently strong that the electrons

ionise more atoms, creating more free electrons, (an electron avalanche) causing a pulse

of current in the anode. The timing of this pulse combined with the timing of a collision

allows a measurement of the distance of closest approach of a charged particle to a

particular anode. Current information from all anodes builds the trajectory of the

charged particle through the drift chamber.

The drift chamber spans the radial region 132 < r < 790 mm from the beamline,

providing charged particle track measurements in r−φ and z essential for measurements

of momentum. The drift chamber contains a 3:2 ratio of helium and propane gas selected

for its long radiation length and is divided into 9796 cells. Each cell consists of a central

gold-plated tungsten anode sense wire surrounded by 8 gold-plated aluminium field wires

running parallel to the beam arranged in a square formation 14mm across. Between

the sense wire and the field wires a 2.1kV potential difference is applied. There is an

initial radial region comprising 16 layers of axial cells which runs exactly parallel to

the beamline. This is followed by a region of 31 layers of stereo cells that provides

information about the z position of tracks. Here, the ring of wires at one end of the

drift chamber is twisted relative to the ring at the other end creating a small offset angle

relative to the beamline. The offset is approximately 25mrad in φ and each 4 layers the
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offset alternates between clockwise/anti-clockwise. The outer wall of the drift chamber

is lined with cathode strips such that a final position measurement can be made [58].The

drift chamber of CLEO III has a position resolution of 85 µm and momentum resolution

of 40 MeV for particles with p >5.3 GeV.

Pertinent to this analysis is the ability to measure the slow pion in the decay D∗+ →
D0π+

s . The excellent spatial resolution of the silicon vertex detector allows for the

D∗+ −D0 mass difference (a key selection parameter in the analysis to follow) to have

a resolution of 0.19 MeV.

ZD detector

For CLEO-c the silicon vertex detector was replaced by a smaller inner drift chamber

called the ZD detector to provide position information for charged particles close to the

interaction point. The silicon vertex detector experienced an unexpected, non-uniform

loss in efficiency, the upgrade to the ZD detector also allows a reduction in material

within the detector. The silicon vertex detector contributes approximately 1.6% of

a radiation length (X0) between the beampipe and the drift chamber, while the ZD

detector contributes approximately 1.2%. The replacing of the silicon vertex detector

with the ZD provides almost equivalent momentum resolution due to a reduction in

the material budget with ∆p/p = 0.6% for charged particles at 1 GeV [59]. The ZD

detector uses the same gas mixture as the drift chamber and is located in the radial

region 41.0 < r < 117.0mm from the beamline. It comprises six layers of a total of 300

anode wires surrounded by field wires with cells configured as described for the drift

chamber. It should be noted that at the energies of CLEO-c D particles are produced

almost at rest. The resulting flight distances are smaller than even silicon trackers are

capable of measuring and so vertexing through very precise position resolution is not an

important feature of the ZD detector.
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Particle Identification

Particle identification is provided by the drift chamber as well as dedicated PID subsys-

tems.

PID using tracking system

As explained in section 3.1, for particle energies of those seen in CLEO, dE/dx depends

only on the value of β for the particle.

The drift chamber provides a measurement of dE/dx from the relative strength of the

electrical signals from the sense wires along the particle’s trajectory. Figure 3.8 shows a

plot of momentum against dE/dx for pion, kaon and proton tracks measured in CLEO

III. Particularly relevant to this analysis is the ability to distinguish pions from kaons. It

can be seen that below 700MeV this is possible using information from only the tracking

system. For each particle a metric is formed based on the number of standard deviations

the dE/dx measurement lies from that expected from a pion or kaon, σ,

∆χ2
dE/dx = σ2

K − σ2
π.

Particles with ∆χ2
dE/dx < 0 are more likely to be kaons than pions and vice versa.

Ring Imaging CHerenkov (RICH) detector

For CLEO III a Ring Imaging CHerenkov (RICH) detector was installed for increased

PID performance, particularly between kaons and pions, covering 83% of the solid angle.

The velocity of a charged particle can be determined from the opening angle of the ring

of Cherenkov photons it radiates and the mass (identity) of a particle can be inferred. A

likelihood (L) can be constructed for each particle hypothesis from the photons which lie

within 5 standard deviations of the expected ring size for that hypothesis. For reliable

identification it is also required that at least three photons lie within three standard
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Figure 3.8: Values of dE/dx as a function of momentum for pions, kaons and protons
in the CLEO III detector. Taken from reference [53].

deviations of the expected ring size. The likelihood difference is found

∆χ2
RICH = −2ln(LK)− (−2ln(Lπ))

such that kaons are expected to take negative ∆χ2
RICH values [60].

The subdetector is located between the drift chambers and the calorimeter; therefore the

detector is restricted to being only 20 cm in radial thickness and 2.5m in length, as well as

having a small material budget. The radiator chosen is a 17 mm thick layer of low density

solid lithium fluoride crystals (LiF) (n=1.5), transparent to much of the Cherenkov
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light produced. The ring of Cherenkov photons then traverses a 16 cm thick volume

of nitrogen gas, known as the expansion gap, within which the ring expands allowing

for better resolution of opening angles. For particles with near normal track incidence,

total internal reflection occurs at the boundary between the radiator and the expansion

gap. For this reason a small region of the boundary around the interaction point (θ

close to 90 degrees) has a sawtooth shape ensuring that the photons arrive at an angle

to the interface. Beyond the expansion gap are multi-wire proportional chambers filled

with a methane-triethylamine gas mixture. Cherenkov photons convert to electrons via

the photo-electric effect. The signal is amplified by the avalanche mechanism described

above and the position of the photon conversion is determined via the induced charge

on an array of cathode pads. It is this array on which the image of the photon ring

is built. The configuration, including the saw-tooth shape of the interface between the

radiator and the expansion gap can be seen in figure 3.9

The momentum ranges for which the dE/dx and RICH PID systems are effective are

complementary. Figure 3.10 shows the ∆χ2
dE/dx distributions from the tracking system

and ∆χ2
RICH distributions from the RICH for simulated kaons as a function of momen-

tum. This shows that dE/dx information performs at lower momentum values and the

RICH at higher momentum values. Information from both systems can be combined

into a single metric

∆χ2 = −2ln(LK)− (−2ln(Lπ)) + σ2
K − σ2

π.

The RICH is capable of identifying kaons with a 92% success rate for tracks with mo-

mentum between 0.7 and 2.7 GeV. CLEO II.V has no RICH system and instead has

a Time Of Flight (TOF) detector (using thick bars of Bicron scintillator) immediately

after the drift chamber able to measure the time of flight to within 150ps. The particle

identification capabilities of this system are significantly less than that of the RICH

system.
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Figure 3.9: The RICH detector in CLEO III.Taken from reference [53].

Calorimeter

The CLEO calorimeter provides the primary identification for electrons and photons

and is essential in the reconstruction of π0 mesons. It covers 93% of the solid angle and

is built from 7800 5 × 5 × 30 cm thallium-doped CsI scintillating crystals. Calorime-

ters convert the energy of incident particles into showers of particles with progressively

reduced energies. The total energy of electrons and photons entering the calorimeter

is absorbed and measured. High energy incident electrons mainly lose energy in the

calorimeter via bremsstrahlung, producing secondary photons, and photons incident on

the calorimeter produce secondary electrons and positrons via pair production. These

secondary particles produce more (lower energy) particles by the same mechanisms until
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Taken from reference [57].

energies fall below a critical level. At this point the energy of the particles is absorbed by

atomic electrons through ionisation and band promotion rather than particle generation.

The subsequent de-excitation of atomic electrons between valance bands and conduction

bands (scintillation) produces photons. In CLEO these photons are detected by silicon

photo-diodes on the back of each crystal; the intensity of the signals is used to determine

the total energy of the shower. Doping the CsI crystals introduces energy states between

the valance and conduction bands, de-excitation via these extra energy states prevent

the emitted photons being reabsorbed by atomic electrons. The calorimeter is capable

of photon energy resolutions of σE/E=1.5% at 5 GeV, 4% at 1000 MeV and 7% at 30

MeV.
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Muon tracking chambers

Muons experience minimal interaction with the detector material before the muon cham-

bers. The muon chambers are located outside of the main detector body between layers

of iron (which also act as the magnetic yoke) to stop any other type of particle from

traversing the muon system. The muon detector is a straw-tube drift chamber. Similar

to the drift chamber described above, it consists of three layers of anode wires each

at the centre of a plastic tube (forming the cathode) filled with gas. The anode wires

conduct electrical signals produced by the ionisation of the gas atoms by the incident

muons. It has a 85% solid angle coverage.

Trigger, data recording and reconstruction for physics analysis

The Data AQuisition (DAQ) system writes event information from the detector to disk

for analysis. Events occur at too high a rate to read out the full detector information

and many events are not of interest for later analysis. The level 1 trigger is used to

determine which events contain interesting physics and should be saved. Eight different

trigger lines containing multiple selection requirements on tracks in the drift chamber

and energy deposits in the calorimeter are used to select events of interest for different

types of physics analysis without the need to fully reconstruct the event.

Events that have the full detector information saved to disk undergo full off-line re-

construction. From calibration constants determined at run time, particle tracks, PID

information and short lived particles are reconstructed. From this point the data can

be used for offline physics analysis.

Monte Carlo (MC) simulation data

Monte Carlo (MC) simulation data is used extensively in this analysis to determine the

impact of efficiency effects, model backgrounds and establish fits to the signal data. The

simulation data must describe both the particle decays and the interaction and response

of the detector. The initial e+ − e− collision and decays of subsequent particles are
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simulated using the EvtGen [61] (QQ [62] prior to CLEO-c) software for given beam

conditions. The user is able to define the branching fractions of decays through a decay

file.

The GEANT [63] package uses the resulting 4-momenta information to simulate the

detector interactions and detector response using the same calibration information as

for the real data taking. This produces data identical in format to that stored in the

DAQ for real events and thus it can be run through the same reconstruction. The power

of MC data is the access to the truth information for events which is stored from the

output of EvtGen.
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3.4 The LHC and LHCb detector

The second part of this thesis analyses data collected by the LHCb experiment from

proton-proton collisions in the LHC, CERN. This section begins with a description of

the LHC and then details the different components of the LHCb detector.

3.4.1 Large Hadron Collider (LHC)

The Large Hadron Collider (LHC) is a 27km circumference proton-proton collider lo-

cated on the Swiss-French border approximately 100m underground. At four interaction

points along the collider counter-rotating proton beams are crossed and focused for col-

lisions, these are the locations of the four main detectors. ATLAS and CMS are the

general purpose detectors that were responsible for the discovery of the Higgs boson

in 2012, ALICE focuses on collisions of heavy-ions in the LHC and LHCb is designed

for precision measurements of beauty and charm hadrons, which are produced in vast

quantities in proton-proton collisions at the LHC.

The LHC is currently the world’s most powerful particle accelerator designed to collide

protons with a collision energy of
√
s = 14 TeV. The collider uses 1232 superconducting

dipole magnets cooled using liquid helium to keep protons circulating in the LHC ring.

The dipole magnets house two beampipes, subject to opposite magnetic fields creating

the two counter-rotating beams of protons.

The acceleration process begins (as it does in CESR) in a linear accelerator known as

LINAC2. Bunches of protons (hydrogen ions) are accelerated to 50 MeV where they

enter a series of synchrotrons; the Proton Synchrotron Booster (PSB) where protons

reach 1.4 GeV, the Proton Synchrotron (PS) where protons reach 25 GeV and the

Super Proton Synchrotron which is the last accelerator before they enter the LHC at

450 GeV. Proton bunches are injected into the LHC’s two beampipes and accelerated up

to collision energy by eight radio frequency cavities. The bunches in the beampipes are

focussed by superconducting quadrupole magnets and made to cross at the interaction

points creating p− p collisions. The design center-of-mass collision energy for the LHC

is
√
s = 14 TeV, the data used in this analysis however was collected during the Run
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Figure 3.11: A schematic diagram of the LHC accelerator complex at CERN. Taken
from reference [65].

1 phase where
√
s=7 TeV and

√
s = 8 TeV [64]. Figure 3.11 shows a schematic of the

accelerator complex for the LHC.

As well as the collision energy another important parameter for particle colliders is the

number of collisions produced. The number of collisions produced per unit time and

unit cross section is the luminosity, it is the proportionality factor between the cross-

section and collision rate. The design luminosity of the LHC is 1034 cm−2s−1 [66], in

Run 1 a maximum luminosity of 7.7×1033 cm−2s−1 was achieved at the general purpose

detectors with approximately 1.6x1011 protons per bunch and a bunch spacing of 50

ns. LHCb however does not collect data at the highest luminosity available, reaching

a peak of only 4×1032cm−2s−1 in Run 1. This is done to reduce pile-up (multiple

p − p collisions per bunch crossing) which make events more difficult to reconstruct.

The luminosity is controlled and levelled by changing the lateral separation of the two

proton beams, as the number of protons per bunch decreases over the course of a run the

beams can be adjusted gradually to give a stable luminosity [67]. This also prolongs the
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Figure 3.12: Integrated luminosity collected by the LHCb detector over the course of
the Run 1 data taking period. The darker lines show the delivered values and the
lighter lines the recorded values. Reference taken from [64].

lifetime of sensitive detector components by reducing radiation exposure. The luminosity

integrated over time for LHCb over the course of Run 1 can be seen in figure 3.12.

3.4.2 LHCb

The LHCb detector is designed to search for evidence of new physics through precision

measurements of beauty and charm hadron decays and through the study of CP -violation

[68]. A key element of this is the precision measurement of the CKM phase γ. The LHCb

detector takes a very different form to the CLEO detector. LHCb is a single-arm forward

spectrometer with an acceptance of 15 < θ < 300(250) mrad in the horizontal(vertical)

plane where θ is the angle between the particle’s trajectory and the beamline (z). The

dominant production mechanism for b and b̄ hadrons2 is quark-antiquark pair production

via gluon-gluon fusion where the b and b̄ hadrons are produced in the same forward or

backward cone around the beamline. Figure 3.13 shows the Feynman diagram for the

dominant production mechanism of b and b̄ hadrons and the θ distributions for b and b̄

hadrons produced in p− p collisions of
√
s=14 TeV simulated with Pythia3.

2This also applies to cc̄ pairs
3Another parameter used to describe the acceptance of LHCb is the pseudorapidity defined as η =

−ln(tan θ
2
) for which LHCb has an acceptance range of 1.9 ≤ η ≤ 4.9
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hadrons from p− p collisions (top) and distribution of θ for b and b̄ hadrons produced
in p − p collisions of

√
s =14 TeV simulated with Pythia where θ = 0 corresponds to

the beamline (bottom). Figure taken from reference [69].
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Despite the difference in structural shape many of the detector subsystems of LHCb are

similar to that of CLEO. Immediately surrounding the collision or interaction point is

the VErtex LOcator (VELO); a silicon vertex detector vital for for the identification

of primary and secondary vertices such as that of the B meson. The first of two Ring

Imaging CHerenkov (RICH1) detectors follows for the identification of charged hadrons.

The rest of the tracking system begins with the Tracker Turencis (TT) with the LHCb

magnet separating this from three tracking stations (T1-T3). The total tracking sys-

tem has a momentum resolution from ∆p/p = 0.4% at 5GeV to ∆p/p = 0.6% at 100

GeV. The second RICH detector (RICH2) for the identification of higher momentum

hadrons precedes the Scintillator Pad Detector (SPD), Preshower (PS) and Electromag-

netic Calorimeter for identification and energy measurements of electrons and photons.

The Hadronic Calorimeter (HCAL) follows and finally the muon stations (M1-M5) are

located at the far end of the detector for the identification/measurement of muons. Fig-

ure 3.14 shows a schematic diagram of the LHCb detector with the interaction point on

the left. The beamline runs along the z axis, with y vertically upwards and x pointing

towards the centre of the LHC. The x− z plane is the bending plane; the plane within

which charged particle tracks are curved due to the magnet. The y − z plane is the

non-bending plane. We also define downstream as the direction from the VELO to the

muon stations. Within the LHCb cavern the beampipe is mainly made of Beryllium

(Z=4) in order to minimise the multiple Coulomb scattering experienced by charged

decay particles. In the main sections of the accelerator the beampipe is made from

stainless steel.

VErtex LOcator (VELO)

Hadrons containing a b-quark fly a distance before decaying due to their relatively long

lifetime. This creates secondary vertices displaced from the PV and is a key signature

used to identify b-hadron decays. The VELO is a silicon vertex detector designed for

precision measurements of particle tracks near the PV such that primary and secondary

vertices can be reconstructed and parameters such as particle lifetime and impact pa-

rameter found [70]. The VELO has an impact parameter resolution of < 35 µm for
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Figure 3.14: A schematic diagram of the LHCb detector. Taken from reference [68].

particles with pT > 1 GeV [71]. Semi-circular, double-sided silicon stripped detector

modules are paired and located at 21 stations along a 1 m section of the beampipe

under vacuum. One side of the detector module has strips running in a semi-circular

configuration and the other side has strips running radially to be sensitive to r and φ

respectively. The spacing of the 21 stations provides z measurements.

The VELO detector is the closest of any at the LHC to the beam. To protect the sensitive

electronics the semi-circular halves are retracted to a distance of 35 mm during beam

injection and ramp up and then moved in to just 7 mm from the beam when the beam

is stable for collisions. Figure 3.15 shows the VELO module stations and the modules

in an open and closed configuration. The VELO covers the full 15 < θ < 300mrad

acceptance, ensuring all tracks in this region cross 3 or more VELO stations.

Ring Imaging CHerenkov (RICH) detectors

Like for the CLEO detector, RICH detectors are fundamental to LHCb’s particle iden-

tification abilities and are particularly relevant to the decay of interest in this thesis due

to their capability to distinguish between hadronic multibody final states. LHCb has

two RICH detectors that cover complementary momentum ranges ranging from 2-150

GeV using three (in Run 1) different radiators with different refractive indices, n. The
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Figure 3.15: VELO stations along the beamline z and VELO silicon detectors in open
and closed configuration shown in the x− z plane. Taken from reference [70].

Cherenkov angle as a function of particle momentum for the radiators used in the RICH

detectors is shown in figure 3.16. It can be seen that the RICH detectors are effective

mainly for hadron identification. In order to minimise the amount of material in the

LHCb acceptance and protect the photodetectors from the magnetic field, the photode-

tectors are housed outside of the acceptance in iron shield boxes. The material budget of

RICH1 amounts to ≈ 8% of a radiation length and RICH2 ≈ 15% of a radiation length

[72].

RICH1 is located upstream of the magnet and uses silica aerogel (n=1.03)4 and C4F10

gas (n=1.0014). It is used for the identification of particles in the momentum range

2-40GeV with an acceptance of 25-300 mrad (vertical) and 25-250mrad (horizontal),

this is the full LHCb acceptance range with the lower limit being due to the size of the

beampipe. RICH1 is located prior to the magnet as these low momentum tracks may

be deflected out of the acceptance by the magnet. RICH1 uses tilted, spherical mirrors

to focus the Cherenkov light out of the detector acceptance and then planar mirrors to

reflect the image onto the photodetectors. The spherical mirrors of RICH1 are made
4This was removed at the beginning of Run 2 as it was found to be less effective at higher luminosities,

the benefits from a decreased material budget upon its removal were greater than the small improvement
in PID it provided
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Figure 3.16: Cherenkov angle, θc, as a function of particle momentum for the three
RICH radiators. The momentum thresholds, where particles begin to radiate Cherenkov
photons can be seen for each radiator as well as the saturation angle. Taken from
reference [73].

from Carbon Fibre Reinforced Polymer (CFRP) substrate whilst the planar mirrors that

are outside of the acceptance are made from a glass substrate.

RICH2 is located downstream of the magnet (after tracking) and has a CF4 (n=1.0005)

gas radiator with a limited acceptance of 15-120mrad (horizontal) and 15-100 mrad

(vertical). Higher momentum tracks have smaller polar angles as seen in figure 3.17

[74] which shows all tracks in simulated B0
d → π+π− events, therefore this limited

acceptance is suitable for the identification of particles with a momentum from 15GeV

to >100GeV. RICH2 uses tilted spherical mirrors and secondary flat mirrors to reflect

the Cherenkov photons out of the acceptance onto the photodetectors in order to reduce

the sub-detector length. All RICH2 mirrors are made from a glass substrate. Figure

3.18 shows RICH1 and RICH2.

The photodetectors used for both RICH detectors are cylindrical Pixel Hybrid Photon

Detector (HPDs) tubes each with 1024 2.5× 2.5mm pixels. They are hexagonally close

packed in two detector planes each consisting of 98 HPDs for RICH1 and 144 HPDs for

RICH2. A fit to photon rings allows the measurement of θc and determination of the

velocity of a particle.
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Figure 3.17: Polar angle θ with respect to the beam axis as a function of momentum
for simulated tracks in B0

d → π+π− events. Acceptance regions for RICH1 and RICH
2 are shown. Taken from reference [74].

For each track the photon rings from RICH1 and RICH2 are compared to that expected

for a pion, kaon, proton, electron or muon (X) to give a likelihood for each particle

hypothesis. The particle is assigned the identity of the particle hypothesis giving the

maximum likelihood. LHCb also uses a PID variable based on the likelihood for a

particular particle hypothesis, known as the Difference in Log Likelihood, DLL. The

difference in the likelihood of hypothesis X is taken with respect to the likelihood of the

pion hypothesis (the most abundant particles in p− p collisions)

DLLXπ = logLX − logLπ (3.3)

Magnet

Unlike the magnet in the CLEO detector the LHCb magnet, used to measure the mo-

mentum of charged particles, is not superconducting. It is a dipole magnet that creates
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Figure 3.18: Schematic diagrams of the RICH1 (left) and RICH2 (right) detectors.
Taken from reference [73].

a magnetic field perpendicular to the beamline. The magnet design allows regular re-

versals of the magnet polarity. By taking data where the magnetic field points upwards

and where the magnetic field points downwards in equal proportions, any asymmetric

acceptance effects that could affect measurements of CP -violating decays are removed.

The magnet provides an integrated field of 4 Tm.

Tracking

As well as the VELO for charged particle tracking there is the Tracker Turencis (TT);

a silicon microstrip detector, and three tracking stations, T1-T3.

The TT covers the full LHCb acceptance and is located upstream of the magnet. Down-

stream of the magnet low momentum particles are likely to have been bent out of the

LHCb acceptance, the TT allows reconstruction of these tracks as well as the reconstruc-

tion of longer lived particles that decay outside of the VELO such as the K0
S meson.

The tracking stations T1-T3 consist of an inner and outer tracker. The inner tracker is

a silicon detector and is a 120 cm wide and 40 cm high cross-shaped region surrounding
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the beampipe. The outer tracker is a larger straw-tube drift chamber covering the rest of

the LHCb acceptance. Silicon detectors have far greater granularity than drift chambers

and are therefore used where the particle flux is high (≈ 5 × 105 cm−2s−1 in the inner

tracker region). However they are expensive and so cheaper straw-tube detectors cover

the large areas of the tracking stations where the particle flux is lower.

The TT together with the inner tracker of T1-T3 is known as the Silicon Tracker (ST).

Silicon strips are pitched at 200 µm and each of the four ST stations has four detection

layers. The first and last layer have vertically aligned silicon strips measuring position

in x, and the second and third layers are rotated -5o and +5o respectively improving

the x measurement, while providing some sensitivity to y position. The ST has a hit

resolution of ≈50µm.

Each outer tracker station comprises four layers in the same alignment configuration

as the ST. Each layer has two sub-layers containing 4.9mm diameter straw tubes filled

with a gas mixture of 7:3 argon:carbon dioxide, chosen for its fast drift time. The hit

resolution for the outer tracker is 205 µm for tracks with p > 10 GeV. Figure 3.19 shows

the configuration of the TT and the inner and outer trackers in the tracking stations

T1-T3.

Figure 3.19: Cross shape of Inner Tracker (IT) sensors in the x−y plane with beampipe
in the center (left). Tracker Turencis (TT) closest to interaction point and T1-T3
stations consisting of IT and Outer tracker (OT) (right) Taken from reference [68].
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Calorimeters

The Calorimeter system comprises several subdetectors; the Scintillating Pad Detector

(SPD), the Pre Shower (PS), the Electromagnetic Calorimeter (ECAL) and finally the

Hadronic Calorimeter (HCAL). This system measures the energy of neutral particles as

well as providing PID information for electrons, photons and hadrons [75]. It is essential

input for the Level 0 trigger which provides a decision as to whether to keep an event

within 4 µs of the p− p collision. It is the only subdetector sensitive to neutral photons

and π0 particles.

Both the SPD and PS use ≈ 6000 15 mm thick scintillating pads. In between the two

lies a 2.5X0 lead converter. The SPD is designed to identify charged particles as only

they will deposit energy here [76], both incident electrons and photons will shower in

the lead converter and deposit energy in the PS and ECAL. The scintillation light is

transmitted via wavelength shifting fibres to Photo-Multiplier Tubes (PMTs).

The ECAL thickness is ≈ 25X0 for full containment of the particle showers and consists

of 66 layers of 2 mm thick lead absorber followed by a 4 mm scintillator pad interspersed

with wavelength shifting fibres.

In the HCAL hadrons interact with the nuclei of the material creating hadronic showers,

which consist mainly of pions. Like the ECAL, the HCAL uses layers of scintillating

pads and absorber, in this case 1 cm thick iron. The HCAL has a thickness of 5.6λi.

For all the subdetectors of the calorimeter system the granularity of the scintillator pads

is higher close to the beampipe where the particle density is highest.

Muon chambers

There is a total of 5 muon stations (M1-M5) which, like the calorimeters, provide infor-

mation for the Level-0 trigger. Each muon station is divided into four regions (R1-R4)

around the beampipe with varying granularity dependent on the expected particle den-

sity. This results in an occupancy that is approximately constant over the detector

plane. Figure 3.20 shows the muon stations M1-M5 and the regions R1-R4 on one of
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the stations. M1 is located prior to the calorimeter system and uses 274 chambers. The

chambers in R1 are triple-GEM (Gas Electron Multiplier) chambers chosen for their ra-

diation hardness as particle density in front of calorimeters is considerably higher than

behind [77]. M2-M5 are multiwire proportional chambers and are downstream of the

HCAL interspersed by 80cm iron planes. Only the minimally interacting muons reach

the muon stations as the iron planes prevent any high energy hadrons penetrating all

muon stations.

Figure 3.20: A side view of the muon subdetector (a) and the layout of regions R1-R4
on a muon station (b). Taken from reference [73].

Trigger systems

In the LHCb detector, visible interactions5 occur at a rate of ≈ 13 MHz. It is not possible

to readout the full detector at this rate. A two stage trigger uses the characteristics of

B decays to decide which events to save for further processing.
5Visible interactions contain at least two charged particles with hits in the VELO and T1-T3 such

that they are re-constructable
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The trigger system consists of a hardware Level-0 trigger (L0) that runs synchronously

with the bunch crossing frequency of the LHC and a software High Level Trigger (HLT)

that runs asynchronously on a computing farm. The trigger lines relevant for this

analysis are described in the following.

Level-0 trigger

The LHCb detector can be read out at a rate of 1 MHz, the L0 trigger reduces the event

rate from the 40 MHz bunch crossing to this level. As it must run synchronously with

the bunch crossings only a small component of the detector information is used. L0

trigger latency (the time between the p− p collision and the L0 decision) is 4 µs, half of

which is particle flight time and cable and front end electronics delays [78] .

Trigger lines either use information from the calorimeter or muon chambers, these sub-

detectors have fast readout times. The L0 Calorimeter triggers use information from

the whole calorimeter system to determine the transverse energy, ET (energy in the

x − y plane), of candidate particles in an event, this forms the L0-hadron, L0-photon,

L0-electron triggers. For the L0-hadron trigger a hadron candidate is associated to the

highest ET cluster in the HCAL. The hadron candidate’s ET value must be greater than

3.5(3.7)GeV for 2011(2012) running for the trigger to fire.

For the L0-photon trigger a photon candidate is associated with the highest ET cluster in

the ECAL which must have ET > 2.5(3.0)GeV for 2011(2012) running and also requires

hits in the PS. For the L0-electron trigger, electron candidates have the requirements of

a photon but with the added requirement of hits in the SPD.

There are also L0-muon and L0-dimuon triggers that use hit information from the muon

stations.

Together these L0 triggers are known as L0-global, should any of the above L0 triggers

fire the event is kept by the L0-global trigger.
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HLT trigger

To reduce the rate further so that events can be written to disk. The HLT uses a C++

application that runs on an Event Filter Farm (EFF) of 30,000 processing cores and has

access to the full detector information. It consists of two stages; HLT1 and HLT2.

At HLT1 an event is assigned an alley based on the L0 trigger that fired for the event.

HLT1 uses information from the tracking stations and VELO to confirm the L0 decision

by fully reconstructing the triggering candidate track in the tracking system and cutting

on parameters such as impact parameter and pT . For this analysis the trigger line

HLT1TrackAllL0Decision is used which is efficient for the selection of B decays. An

event passes this line if it contains a track with pT > 1.7GeV with impact parameter

>0.1mm [79].

HLT2 runs a full reconstruction of events passing HLT1 allowing the reconstruction of

tracks, vertices and PID information to which selection criteria can be applied. Ex-

clusive HLT2 algorithms such as those requiring fully reconstructed final states like

J/ψ → µ+µ− and inclusive algorithms requiring only partial reconstruction are used.

This analysis uses the inclusive HLT2TopoNBodyBDTDecision topological triggers. If

the distance of closest approach (DOCA) of two charged tracks with significant IP is less

than 0.2mm they are combined into a 2-body object. If there is an additional track with

a DOCA to the 2-body object less than 0.2mm a 3-body object is formed and so on. A

multivariate classifier (BDT, discussed in section 5.2) which uses a corrected mass vari-

able (accounting for decay products not included in the vertex) and kinematic variables

such as χ2
IP of the n-body vertex is then used to select events with 2, 3 or 4 body ver-

tices of charged tracks displaced from the PV. This BDT was trained on reconstructable

simulation data signal events and minimum-bias data background events.

A schematic of the LHCb trigger system is shown in figure 3.21.
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Figure 3.21: LHCb trigger flow sequence

LHCb software

Simulation

Simulation data is vital for physics analyses. The simulation of primary and secondary

particle decays and detector geometry/interactions are implemented using the same

software framework as in CLEO; EVTGEN [80] and GEANT [81], [82]. The p − p

collisions and subsequent creation of b-hadrons however is simulated using the PYTHIA

[83] program tuned for LHCb with parton density functions described in [84]. This part

of the simulation uses the LHCb GAUSS software [85].

The LHCb software package BOOLE simulates the LHCb sub-detector response to the

simulated particles using observed performance information and also simulates the L0

trigger [86]. Upon digitisation the simulated data readout is in the same format as the

real data readout with the addition of truth information. Henceforth both MC data and

real data can be treated in the same manner. Access to the truth information throughout

is invaluable for assessing detection/reconstruction and selection efficiencies.

Reconstruction

The HLT triggers are run using a software package called MOORE [87], online for real

data and offline for the simulated data. BRUNEL performs a final reconstruction of raw

hits into physics objects such as tracks, clusters and photon rings in the RICH, using

detector conditions recorded at run time [88]. It is these objects that are saved for final

analysis. The DAVINCI software package takes the output of BRUNEL and attempts
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to form user defined decay chains of particles upon which comprehensive offline selection

can take place [89].



Chapter 4

Amplitude analysis of

D0→ K+K−π+π−

This section presents the amplitude analysis of D0 → K+K−π+π− decays. This work is

a continuation of that presented in the paper Amplitude Analysis of D0 → K+K−π+π−

published by the CLEO collaboration in 2012 [1]. Part of the selection procedure in-

cluding the data tagging was kept for this analysis and is detailed at the beginning of

this section for completeness. All subsequent work reported from section 4.4 onwards

was performed by the author.

4.1 Introduction

The decay D0 → K+K−π+π− has a rich resonant structure, proceeding via many

intermediate states. An amplitude analysis of this 4-body, self-conjugate final state

decay is performed in order to disentangle these various contributions. The resulting

model can make important contributions to the determination of the CP -violating phase

γ using B± → D(→ K+K−π+π−)K± decays both in model-dependent and model-

independent measurements. This analysis uses data collected by the CLEO experiment

in symmetric electron-positron collisions at the Cornell Electron-positron Storage Ring

(CESR) between 1995 and 2008.

85
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4.1.1 Previous Results

Prior to CLEO only the FOCUS (E831) [90] and E791 [91] experiments at Fermilab

had conducted a fully coherent amplitude analysis of D0 → K+K−π+π− decays. The

FOCUS amplitude analysis was based on a sample size of approximately 1300 events

and included 10 amplitude components in the amplitude model. It was found that

the dominant contributions were that of (D → AP )1 D0 → K1(1270)K− and D0 →
K1(1400)K− decays as well as the (D → V V ) D0 → φρ decay. A sizable contribution

(≈ 15%) also came from the (D → SPP ) D → f0(980)ππ decay mode. No non-resonant

term was included in this model. The E791 experiment published an amplitude analysis

of D0 → K+K−π+π− based on approximately 150 events and included 7 amplitude

components in the amplitude model, including a non-resonant mode which was found to

dominate. In both these analyses no separation was made between D0 and D̄0 decays.

This analysis benefits from the ability to cleanly distinguish between D0 and D̄0 decays

and also from significantly higher statistics. As mentioned, an amplitude analysis of

D0 → K+K−π+π− decays has already been performed using the CLEO and CLEO-c

dataset [1], the analysis presented here however greatly benefits from improved formalism

and amplitude analysis techniques.

4.2 CLEO Datasets

The dataset for the following analysis spans three configurations of the CLEO detector

referred to as CLEO II.V, CLEO III and CLEO-c. The CLEO-c data has two distinct

centre of mass energies for e+ − e− collisions, namely CLEO-c 3770 and CLEO-c 4170.

The relative amounts of each dataset are as follows:

1. approximately 9 fb−1 taken at
√
s ≈ 10 GeV by CLEO II.V

2. 15.3 fb−1 taken by CLEO III at
√
s = 7.0− 11.2 GeV

3. 818 pb−1 taken at the ψ(3770) resonance energy by CLEO-c
1Here, A denotes an axial-vector particle, V a vector particle, S a scalar particle and P a pseudoscalar

particle



Amplitude analysis of D0 → K+K−π+π− 87

4. 600 pb−1 taken by CLEO-c at
√
s = 4170 MeV.

Due to the different CLEO detector configurations and collision energies each data sam-

ple is treated separately as described in the following sections. Detailed first are the

various D tagging methods used in the analysis followed by the basic selection criteria.

This is followed by further, improved selection criteria specific to this analysis including

specific decay vetoes and a re-determination of signal and background regions for the

datasets. Signal fractions and background models are discussed in section 4.6 and the

fit to the data from section 4.7 onwards.

4.2.1 Data tagging

Each event in the data sample must be tagged. This analysis uses both flavour tagged

(FT) and CP tagged data.

Flavor-tagged data

Flavour tagging refers to the determination of the signal D decay to be either D0 or D̄0.

The amplitude of the decay can then be modelled as AD0(p) or AD̄0(p) respectively. For

the CLEO II.V and CLEO III datasets the flavour of the signal D meson is determined

via the charge of the slow pion, πs, in the decay D∗+ → D0π+
s

2. The slow pion is named

as such due to the low momentum available to it given the small mass difference between

theD∗+ andD0 mesons. The two CLEO-c datasets are flavor tagged via the charge of the

kaon associated with the decay of the other D meson in the event. Presuming Cabibbo

favoured decays and by requiring only one possible tagging kaon in the event, a positive

tagging kaon indicates the signal decay is that of a D0 meson and a negative tagging

kaon implies that the signal decay is that of a D̄0 meson. This is possible as D0 → K−X

and D̄0 → K+X (where X is the other decay products and does not contain a kaon)

are Cabibbo favoured whereas the alternative decays are doubly Cabibbo suppressed.

There is a mistag rate, w, associated with both of these methods of flavor tagging. The

mistag rate is determined for each dataset separately through a data-driven method
2Charge conjugation implied
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using D0 → K−π+π−π+ decays, where the flavour of the D meson can be inferred

from the charge of the kaon it decays to. For CLEO-c the mistag rate is estimated at

(3.4±0.4)% and (7.5±0.7)% for CLEO-c 3770 and CLEO-c 4170 respectively, the main

cause of this being pions from the other D decay misidentified as kaons. For CLEO II.V

and III the mistag rate is at the sub-percent level.

CP tagged data

CP -tagging refers to the determination of a signal D decay to be in a specific state of CP .

The CLEO-c 3770 configuration produces D particles through the quantum correlated

e+e− → ψ(3770)→ D0D̄0 process which is a CP eigenstate with eigenvalue -1 (a CP odd

eigenstate). Therefore the D0 and D̄0 must subsequently decay into states of opposite

CP . This analysis uses the CP even and CP odd tagging decays shown in table 4.1. If

the other D in the event is tagged as decaying to a CP odd state the signal D must

necessarily decay to a CP even state and hence its amplitude is given by

Aeven =
1√
2

(AD0(p) +AD̄0(p)) (4.1)

Table 4.1: CP tagging decays

CP even tags CP odd tags
π+π− K0

sπ
0

K+K− K0
sω(π+π−π0)

K0
sπ

0π0 K0
sφ(K+K−)

KLπ
0 K0

sη(γγ)
KLω(π+π−π0) K0

sη(π+π−π0)
K0
sη
′(π+π−η)

This expression is derived from the antisymmetric matrix element that describes the CP

odd D0D̄0 decay system [92].

Aij ∝ AD0→iAD̄0→j −AD0→jAD̄0→i (4.2)
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If D0 → j is a CP odd tagging decay such that AD0→j = −AD̄0→j then the signal decay

amplitude D0 → i is described by 4.1. Alternatively if D0 → j is CP even so that

AD0→j = +AD̄0→j , the signal decay amplitude is given by

Aodd =
1√
2

(AD0(p)−AD̄0(p)) (4.3)

As well as flavour specific states and CP odd and even states, two further types of

D decay are utilised in this analysis for tagging purposes; D → K0
sπ

+π− and D →
K0
Lπ

+π−. Again using 4.2, by reconstructing D → K0
sπ

+π− or D → K0
Lπ

+π− as a

tagging decay the rate of the signal D decay is expressed as

Γ = Γt|As̄(p)|2 +Γt̄|As(p)|2−2
√

ΓtΓt̄[cos θt<(As(p)A∗s̄(p))+sin θt=(A∗s(p)As̄(p))] (4.4)

The subscript t refers to the tagging D → K0
S,Lπ

+π− decay and subscript s refers to

the signal decay. θt is the phase difference between At(p) and At̄(p) (or equivalently the

phase difference between the amplitudes At(p) and At(p̄) if we assume no CP -violation

in charm decays). The CLEO collaboration have performed a binned analysis of the

D → K0
sπ

+π− and D → K0
Lπ

+π− decays obtaining the signal yield and average values

〈cos θt〉 = Cb and 〈sin θt〉 = Sb in each Dalitz plot bin, b [93]. The binning scheme used

is shown in figure 4.1. Here, m2
+ = (pK0

S,L
+pπ+)2 and m2

− = (pK0
S,L

+pπ−)2 and the bins

are defined symmetrically along m2
+ = m2

− such that the upper left half of the Dalitz

plot contains bins 1 to 8 and the lower right half contains bins -1 to -8. For a point in

phasepace p that falls in bin b, its CP transformed phasespace point p̄ will fall in bin −b.
For this binning scheme S−b = −Sb, C−b = Cb and the number of D̄ → K0

S,Lπ
−π+ events

in bin b is equal to the number of D → K0
S,Lπ

+π− events in bin −b. We approximate

equation 4.4 in a Dalitz plot bin b by

Γ ∝ Nb|As̄(p)|2 +N−b|As(p)|2 − 2
√
NbN−b

[
Cb<(AsA∗s̄(p)) + Sb=(A∗sAs̄(p))

]
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Figure 4.1: Dalitz plot binning scheme used for the binned analysis of the D → K0
sπ

+π−

and D → K0
Lπ

+π− decays performed by the CLEO collaboration. Taken from reference
[93].

where Nb is the number of signal events in bin b divided by the bin area. Events that

are tagged and modelled in this way are known in the following as admixture tagged

events. Information about the final state of the tagging decay is required for these

events, namely the Dalitz bin occupied.

The addition of CP tagged events to the flavour tagged data sample means we have extra

sensitivity to the phase δD(p) of the amplitude model AD0(p). Taking the amplitude

squared of the CP odd and CP even tagged event amplitudes we obtain

|A|2CP even
CP odd = |AD0(p)|2 + |AD̄0(p)|2 ± 2|AD0(p)||AD̄0(p)| cos(δD(p)− δD̄(p)). (4.5)

It can be seen by the expressions 4.4 and 4.5 that the cross-term gives access to the

phase motion over the D decay phasespace, δD(p). This makes the CP tagged events a

particularly valuable dataset.
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4.3 Selection procedure

Events collected by the CLEO detector are extremely clean. Each dataset requires a

separate selection procedure due to differences in detector configuration and collision

energy. The background contamination in the datasets comes from two main sources;

the flat, combinatorial background arising from random combinations of kaons and pions

and the incoherent, peaking background D0 → K0
S(π+π−)K+K−. Whilst this decay has

the same final state as the signal decay, it does not interfere with other intermediate

resonance states as the K0
S lifetime is far greater than that of other resonances: it is

an incoherent process. The branching fraction of D0 → K0
sK

+K− is 4.5×10−3 with

K0
S → π+π− occuring approximately 70% of the time [23]. The branching fraction of

D0 → K+K−π+π− is 2.4×10−3 and as such D0 → K0
S(π+π−)K+K− is a significant

background to the signal decay.

CLEO II.V and CLEO III

Due to the flavour tagging method for the CLEO II.V and CLEO III data, the selection

procedure is optimised to select fully reconstructed D∗+ → D0π+
s decays where D0 →

K+K−π+π− and its charged conjugate. A cut is placed on the slow pion momentum;

150 ≤ pπs ≤ 500 MeV for the CLEO III dataset and 100 ≤ pπs ≤ 500 MeV for the CLEO

II.V dataset. The difference in lower limit is due to the lower collision energies for CLEO

II.V. To favour events where charm mesons are produced in the primary interaction and

remove those that are the result of a B decay for example, the D∗+ momenta must

be at least half of the maximum kinematically permitted. The final state particles of

the signal decay are required to have momentum values between 250 and 5000 MeV for

CLEO II.V and 200 and 5000 MeV for CLEO III.

Particle identification of kaons and pions is particularly important for multi-body, hadronic

final states. For CLEO III, tracks with p > 500 MeV are classified as kaons rather than

pions if they have 3 or more associated photons in the RICH detector and the fit to the

photon hits shows that the kaon hypothesis is more likely than the pion hypothesis. For

tracks with p < 500 MeV, tracks are classified as kaons if their dE/dX value is within
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2.1 sigma of that expected of a kaon. Tracks are classified as pions if they have a dE/dX

value within 3.2 sigma of that expected from a pion. There was no RICH detector in-

stalled for CLEO II.V, tracks are identified as kaons (pions) if their dE/dX value is

within 2.1 (2.5) sigma of that expected for a true kaon (pion). If ToF information can

be used candidates must also lie within 2.5 sigma of the values expected for the relevant

hypothesis.

A veto is applied to remove D0 → K0
S(π+π−)K+K− decays. The K0

S veto for CLEO

II.V and CLEO III requires that if the two final state pions have an invariant mass

consistent with that of the K0
S then the event is rejected if either:

• The flight distance of the K0
S candidate is greater than twice its uncertainty or

• Either of the two pions has an impact parameter greater than 1.5 mm.

Finally the selected events undergo a kinematic fit whereby the four daughter tracks of

the D candidate and the D candidate and the πs track are constrained to originate from

common vertices.

CLEO-c 3770 and 4170

For the CLEO-c datasets the standard CLEO-c track classification and selection is em-

ployed as described in [94]. For CLEO-c running at the ψ(3770) resonance, pairs of D0D̄0

mesons are produced at the primary interaction point via a virtual photon. For CLEO-c

data produced at a collision energy of 4170 MeV many higher energy charm pairs are

produced. Decays of D∗+D̄∗− and D∗0D̄∗0 where D∗+ → D0π+ and D∗0 → D0γ or

D∗0 → D0π0 are selected as they have the highest rate and best signal to background

ratio as illustrated by Monte Carlo studies in [95]. It should be noted that the bachelor

pion or photon in these decays does not need to be reconstructed, these events can be

selected based on their position in mbc and ∆E phasespace (see figure 4.6).

As described in section 4.2.1 CLEO-c events are flavour tagged using the decay of the

other D meson in the event to a kaon. Only events with a single tagging kaon candidate
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are considered. A lower momentum limit is put on the kaon used for tagging of 400 MeV

for CLEO-c 3770 and 600 MeV for CLEO-c 4170 (a higher value is used for CLEO-c 4170

due to more background being present in this sample), this is found to both increase

purity and suppress mistagged events.

The CLEO-c samples require a tighter K0
S veto than CLEO II.V/III as the flight distance

of any potential K0
S will be smaller as the D meson is produced closer to threshold. Here

the flight distance rejection criteria for a potential K0
S is reduced to greater than one

uncertainty and the impact parameter of either pion reduced to 1 mm.

For further background suppression the momentum of the D candidate in the CLEO-c

4170 dataset must exceed 450 MeV.

CP tagged data

CP tagged data is obtained from CLEO-c 3770 where both the signal D decay and the

other D decay in the event is fully reconstructed. Decays used for CP tagging that

involve a KL particle require use of the missing mass technique as the KL particle has

a significant lifetime and likely decays outside of the CLEO-c acceptance. The details

of the selection procedure for the CP even and odd tagging decays can be found in

reference [96] and for the D → K0
sπ

+π− and D → K0
Lπ

+π− tagging decays in reference

[93]. The signal side D decays are selected in the same way as for the flavour tagged

CLEO-c 3770 data.

Finally for all flavour and CP tagged events a kinematic fit is performed where the

daughters of the D candidate are constrained to originate from a common vertex and

have invariant mass equal to that of the D meson. This improves the resolution of the

4-vectors for use in the amplitude fit.

4.4 Further Selection

Further selection to that in [1], as well as the re-determination of signal and background

regions is performed.
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Figure 4.2: Invariant mass distribution of two pion system, mππ, with fit overlaid for
the previous amplitude analysis of D0 → K+K−π+π− decays using this dataset. Taken
from reference [1].

4.4.1 Further K0
S background removal

As explained above, a peaking background to the signal decay isD0 → K0
S(π+π−)K+K−.

The previous amplitude analysis of D0 → K+K−π+π− decays using this dataset em-

ployed a flight-distance significance cut that partially removed this background. The

remaining K0
S background could not be well described in the fit as shown in figure 4.2

taken from reference [1]. For this analysis the K0
S background is reduced to a negligi-

ble level by applying a veto on the invariant mass distribution of the two pion system,

mππ. This veto is taken into account as a region of zero efficiency in the fit. The size

of the mππ window cut on is dependent on the different detector configurations’ ability

to resolve the K0
S . To determine the window around the K0

S mass, mKS , to cut on for

each dataset, the original K0
S veto is reversed (deliberately selecting a sample of K0

S

events) and the mππ −mKS distribution fit with a Gaussian. For both CLEO-c 3770

and CLEO-c 4170 the fitted sigma value is found to be 3.0 MeV, figure 4.3 shows this

process for the CLEO-c 3770 dataset.

In this amplitude analysis the normalisations of the Probability Density Functions

(PDFs) are determined through a numerical MC integration technique using fully se-

lected MC events to take into account efficiency effects across phasespace (explained
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Figure 4.3: Distribution of mππ −mKS
for CLEO-c 3770 events failing the original K0

S

veto. The distribution is fit with a Gaussian where σ=3 MeV.

further in section 4.5.1). It is imperative that the same cuts are used on the normal-

isation MC events as on the data events. The pre-mass/vertex-constraint kinematic

variables are no longer available for these normalisation MC samples and therefore the

mππ mass veto cut must be made on the post-mass/vertex-constraint variables in both

data and MC. It is known that (since the K0
S is long lived) the vertex constraint will

smear the K0
S events in mππ. Therefore it is hypothesised that a 4 sigma cut on post-

mass/vertex-constraint mππ removes all the events that a 3 sigma cut on unconstrained

mππ would. This can be tested using the data samples for which both constrained and

unconstrained mππ variables are available. For CLEO-c 4170 this is found to be true

and for CLEO-c 3770 there is a possible contamination of 2 events. This is considered

negligible and a 4 sigma (12 MeV) window in post-mass/vertex-constraint mππ is used

in both data and MC. The CP -tagged data uses the same mππ cut as the CLEO-c 3770

flavour tagged data.

For CLEO III, figure 4.4 shows the mππ−mKS distribution for events failing the original

K0
S veto. Here the width of the Gaussian is much larger with a sigma value of 5.5 MeV

indicating that the mass resolution of the CLEO III detector is poorer than that of

CLEO-c. It is found that a 3 sigma cut aroundmKS made in post-mass/vertex-constraint

mππ removes all but 4 of the events removed by the same cut on unconstrainedmππ in the

data. Given that four events can be considered negligible and that further increasing

this window to remove these events significantly reduces the size of the dataset, a 3
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Figure 4.4: Distribution of mππ − mKS
for CLEO III events failing the original K0

S

veto. The distribution is fit with a Gaussian where σ=5.5 MeV.

sigma cut around mKS in post-mass/vertex-constraint mππ is used. It is assumed that

the CLEO II.V resolution will be similar to that of CLEO III.

The efficiencies of these mππ mass vetoes on signal are estimated at > 94%.

4.4.2 Determination of signal and background windows

Signal regions, as well as regions of background that accurately model the remaining

background within the signal regions must be established. The background regions

must exclusively select events where the D candidate mass is consistent with the actual

D mass, mD. If not the mass constraint applied to the D daughter particles as part of

the selection results in events migrating into the allowed phasespace. This creates an

excess of events at the edges of phasespace, which is not representative of the background

in the signal region.

For CLEO-c we define the beam-constrained mass, mbc,

mbc ≡
√
ECM

2

4
− pD2

and ∆E,

∆E ≡ ED − ECM
2
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Figure 4.5: Signal (middle) and background (left and right) regions for CLEO-c 3770
in mbc and ∆E space.

where ECM is the centre-of-mass energy of the e+−e− collision, pD is the reconstructed

3-momentum and ED the total reconstructed energy of the D candidate. Signal and

background regions are then selected in mbc and ∆E space. The signal and background

regions lie on a band where the mass of the D candidate is consistent with mD to within

some margin X MeV. The equation for this band is

∣∣∣√(∆E)2 + (∆E)ECM +mbc
2 −mD

∣∣∣ < XMeV. (4.6)

In the case of CLEO-c 3770 the signal and background regions are defined within the

band X = 15 MeV. The signal region is defined as |mbc − mD| < 5 MeV as with a

collision energy of 3770 MeV the D particles are primarily produced at the interaction

point and at threshold. Two background regions of 1.834 < mbc < 1.854 GeV and

1.876 < mbc < 1.89 GeV are defined. These regions are shown in figure 4.5. After full

selection the signal region contains 1300 events and the background region contains 441

events.
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Figure 4.6: Distribution of events in mbc and ∆E space for a Monte Carlo simulation
of CLEO-c data at

√
s = 4160 MeV. Taken from reference [95]

In the case of CLEO-c 4170 the signal and background regions are governed by the

use of D∗+D̄∗− and D∗0D̄∗0 decay chains as described in section 4.3. Figure 4.6 shows

charmed meson pair decays to D0 in mbc and ∆E space for a Monte Carlo simulation

of CLEO-c data at a collision energy of 4160 MeV [95]. The signal region is defined

using equation 4.6, where X = 10 MeV, and 2.005 < mbc < 2.030 GeV. (A tighter

band is chosen here compared to CLEO-c 3770 due to the higher level of background

present in this sample). The background region is chosen to lie within the same band

but avoiding the other charmed meson pair decays, the mbc range 1.880 < mbc < 1.920

GeV is chosen. Figure 4.7 shows these regions in mbc and ∆E space. After full selection

the signal region contains 598 events and the background region contains 180 events.
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Figure 4.8: Signal (lower) and background (upper) regions for CLEO III in mKKππ

and ∆M space.

For CLEO II.V and CLEO III, signal and background regions are defined in mKKππ

and ∆M space where mKKππ is the invariant mass of the D candidate and

∆M = mD∗ −mKKππ

is the mass difference between the reconstructed D∗ and the reconstructed signal D

candidate.

For the CLEO III signal region the mass of the D candidate is required to be within

the range +08.3
−11.2 MeV of the D mass and ∆M is required to be within +0.72

−0.80 MeV of

the accepted value. A background region is defined with the same D candidate mass

requirement as the signal but with 0.1485 < ∆M < 0.1600 GeV. Figure 4.8 shows

these signal and background regions within which there are 1163 signal events and 794

background events. For CLEO II.V a similar approach is taken where the signal window

is defined as |mKKππ − mD| < 5 MeV and ∆M is required to be within 0.8 MeV of

the accepted value. The background region is defined as |mKKππ −mD| < 5 MeV and

0.1485 < ∆M < 0.1600 GeV as shown in figure 4.9. A total of 237 signal events and

284 background events are selected.

For the CP-tagged data samples, there is not sufficient sideband data to define back-

ground regions. In this case background samples are taken from Monte Carlo data that

simulates the background in the signal regions.
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Figure 4.9: Signal (lower) and background (upper) regions for CLEO II.V in mKKππ

and ∆M space.

4.5 Likelihood fit

The set, a, of complex coefficients for the amplitude components included in AD0 are

determined through a maximum likelihood fit. The Likelihood (L) consists of signal

Probability Density Functions (PDFs); SD0(a, p) and SD̄0(ā, p), for D0 and D̄0 decays

respectively, and background PDFs; B(b, p) where b is the set of complex coefficients for

the background model, these are determined prior to the fit for a. The log likelihood is

given by

logL =
ND0∑

log[fs[(1− w)SD0(a, p) + wSD̄0(ā, p)] + (1− fs)B(b, p)]

+
N ¯

D0∑
log[fs[(1− w)SD̄0(ā, p) + wSD0(a, p)] + (1− fs)B(b, p)].

(4.7)

Here, w is the mistag rate and fs is the signal fraction. We assume no CP -violation

in the D system such that a = ā and perform a CP transformation on the final state

particles of D̄0 decays. This leaves the expression

logL =
all∑

log[fs[(1− w)SD0(a, p) + wSD̄0(a, p)] + (1− fs)B(b, p)]. (4.8)
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4.5.1 Efficiency effects

There are efficiency effects that vary over the D decay phasespace which can distort the

signal and background amplitude models. These must be taken into account in the fit.

The signal PDF (SD0(a, p)) is described by the following

SD0(a, p) =
ε(p)|AD0(a, p)|2R4(p)∫
ε(p)|AD0(a, p)|2R4(p)dp

, (4.9)

where ε(p) is the efficiency as a function of p and R4(p) is the phasespace density function

for 4-body decays. The efficiency function, ε(p), and phasespace density function, R4(p),

are only functions of p and not the fit parameters a. Therefore, within the numerator

they have no effect on the minimisation of SD0(a, p) with respect to a and can be

ignored. The terms ε(p) and R4(p) then appear only in the normalisation. Finding a

parameterisation for the efficiency function, ε(p), is non-trivial. Efficiency effects can

instead be accounted for by using Monte Carlo (MC) events that have been through

the full detector simulation and offline selection procedure that is applied to the data

to perform the normalisation of the signal and background PDFs. Monte Carlo events

are generated according to an approximate, preliminary signal model with amplitude

component coefficients agen,

|AD0(agen, p)|2R4(p)

This is to ensure the phasespace is populated in regions where we expect high event

density, a technique known as importance sampling which is fully described in section

2.7. The events are then passed through the GEANT-based CLEO detector response

simulation and the full offline selection procedure that is applied to the data. This gives

a distribution according to

ε(p)|AD0(agen, p)|2R4(p).

With this the normalisation term can be approximated by

∫
ε(p)|AD0(a, p)|2R4(p)dp ≈ 1

Nsel

Nsel∑
i

|AD0(a, pi)|2
|AD0(agen, pi)|2
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where Nsel is the set of fully selected MC events.

To allow ε(p) to factor out of both the signal and background terms of equation 4.8, the

background models are fit relative to the signal efficiency by using fully selected MC

events to normalise the PDF when establishing the set of amplitude coefficients. The

background models used in the likelihood are then

Bε(bε, p) =
B(b, p)
ε(p)

where bε is the set of amplitude coefficients when the model is fit relative to ε(p). The

background PDF given in 4.8 transforms as

B(b, p)R4(p)∫
B(b, p)R4(p)dp

→ ε(p)Bε(bε, p)R4(p)∫
ε(p)Bε(bε, p)R4(p)dp

allowing ε(p) to factor out of the PDF.

A initial sample of 1 million MC events is used for the CLEO III and the CLEO-c datasets

which are then subject to the detector response and full selection procedure relevant to

that detector configuration, including the K0
S background mass veto. CLEO II.V uses a

re-weighted CLEO III sample due to the similarity between the configurations. After full

selection the the MC samples for each configuration are in the order of 900,000 events.

The following sections will show the determination of signal and background models,

S(a, p) and Bε(bε, p) and signal fractions fs. The mistag rate w was discussed in section

4.2.1.

4.6 CLEO Background Sources

For the background that remains within the signal regions of the datasets, both the

background level and an amplitude model describing it must be found.
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4.6.1 Flavour tagged data background determination

After the mππ mass veto to remove the D0 → K0
S(π+π−)K+K− peaking background

only the combinatorial background source remains for the flavour tagged data.

Signal fractions

In order to establish the signal fraction within the signal region of the CLEO III data,

fits to the mKKππ and ∆M distributions are performed. By integrating fitted signal

and background PDFs within the signal regions of these variables the signal fraction can

be determined. Figure 4.10a shows the fit to the mKKππ distribution after the signal

cut on ∆M has been applied. A bifurcated Gaussian (a Gaussian with different width

values on either side of the peak) is used as the signal PDF along with an exponential

function for the background. Figure 4.10b shows the fit to the ∆M distribution after

the signal mKKππ cut has been performed. The signal PDF used here is the sum of

two bifurcated Gaussians with a common mean parameter. The background is modelled

with the RooDstD0BG empirical function which was designed to model the background

shape of mD∗ −mD0 distributions [97]. It is defined as


(1− exp(−x−x0

c ))( xx0
)A +B( xx0

− 1) : x > x0

0 : otherwise,
(4.10)

where the mass threshold, x0, is fixed to the pion mass and the shape parameters, A,

B and C, are fit parameters to be determined. The fit to mKKππ yields a purity of

(89.7±0.5)% and the fit to ∆M a purity of (89.9±0.4)%. As these are consistent an

average of the two values is taken. Similar fits for CLEO II.V are shown in figure

4.11. These too yield consistent signal fractions and the value taken for CLEO II.V is

(75.9±1.9)%.

For CLEO-c 3770 and CLEO-c 4170 a cut and count method is used to determine the

level of combinatorial background in the signal region. Within a region of phasespace

containing only combinatorial background events, the number of events present is scaled

to the relative area of the signal region compared to this counting region. It is obviously
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Figure 4.10: Fits to a) mKKππ (top) and b) ∆M (bottom) in CLEO III data after the
signal requirement on the other variable has been applied. The dashed green line shows
the background function, the solid red line shows the combined signal and background
PDFs and the blue dashed lines indicate the signal region.

important that the level of combinatorial background is consistent between the signal

and the counting region.

For CLEO-c 3770 data, figure 4.12 shows that for data lying within the selection band

(given in equation 4.6) the background level across mbc is flat up to approximately 1.878

GeV where there is a shoulder due to the kinematic limit. It is therefore possible to use

the background region of 1.834 < mbc < 1.854 GeV, shown in 4.5, for the cut and count

method. The signal fraction is determined to be (87.1±0.5)%.

For CLEO-c 4170 the situation in more complicated. It can be clearly seen from figure

4.7 that the event density in mbc and ∆E space grows with mbc. Therefore when using

the cut and count method, regions with the same mbc range as the signal must be used.
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Figure 4.11: Fit to a) mKKππ (top) and b) ∆M (bottom) in CLEO II.V data after the
signal requirement on the other variable has been applied. The dashed green line shows
the background function, the solid red line shows the combined signal and background
PDFs and the blue dashed lines indicate the signal region.

Bands that lie above and below the signal region are chosen, more specifically

∣∣∣∣√(∆E)2 + (∆E)ECM +m2
bc −mD

∣∣∣∣± 30MeV < 10MeV

with 2.005 < mbc < 2.030 MeV as for the signal region. The average number of events

in these two bands is 183 events. This gives a signal purity in the signal region of

(69.4±1.0)%.
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Figure 4.12: Distribution of mbc for CLEO-c 3770 events lying on the band defined in
equation 4.6 where X = 15 MeV.
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Background Model determination for flavour tagged samples

Amplitude models describing the combinatorial background are determined through fits

to the events in the chosen background regions detailed in section 4.4. These events are

not expected to feature a real D → K+K−π+π− decay but rather random combinations

of kaons, pions and sometimes resonances that happen to pass all selection criteria.

Because of this, the amplitude components are added incoherently as there should be

no interference between the intermediate states. Also, the angular distribution terms

are omitted as the final state particles are not expected to have originated from the

same D and therefore no conservation of angular momentum needs to be enforced.

This leaves only the lineshapes. The background amplitude models are determined

relative to efficiency corrected phasespace using fully selected Monte Carlo events for

the normalisation of the PDFs. A base set of 15 amplitude components are included in

the initial fit to the background samples, these amplitude components are shown in table

4.2. The component that is least significant relative to its uncertainty is removed and the

fit repeated, this process continues until all remaining components have a significance

greater than 2 sigma.

In the case of CLEO-c 4170, the background region lying on the signal band (bkg sample

1) (see figure 4.7) is likely to have a small contamination from real D → K+K−π+π−

events due to other charm meson pair decays. The background regions used for the

cut and count method (bkg sample 2) do not have the same mKKππ range as the sig-

nal events. In the absence of a single suitable region to describe the combinatorial

background in the signal region, both these regions are fit. The final amplitude fit is

performed using both amplitude models to describe this background and the difference

between the fit results is taken as a systematic.

Table 4.3 shows the fit fractions of the amplitude components in the background models

for the flavour tagged data. Large non-resonant components are seen as expected. Fig-

ures 4.13, 4.14, 4.15 and 4.16 show these fits in the 5 independent invariant mass squared

projections; s12, s23, s34, s123 and s234. In this thesis fits to the D decay phasespace are

plotted using the same Monte Carlo events that are used to normalise the PDFs during

the fit routine. Plots of the fit are not smooth due to limited statistics.
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Table 4.2: Base set of amplitudes for background models. If a decay is not self-conjugate
the conjugate decay is also included. The notation D0[X] → indicates that the sub-
sequent two-body systems are in a relative X wave. For two particles that do not
originate from a resonance but are in a relative partial wave state, the particles are
enclosed in brackets and the partial wave given as a subscript.

Amplitude component
D0 → K− [K1(1270)+ → π+K∗0(1430)]
D0 → K− [K1(1270)+ → π+K∗0(892)]
D0 → K− [K1(1270)+ → K+ ρ0(770)]
D0 → K− [K1(1400)+ → π+K∗0(892)]
D0[S]→ K∗0(892) K̄∗0(892)
D0[S]→ φ(1020) ρ0(770)
D0 → K∗0 (K−π+)S
D0 → φ(1020) (π+π−)S
D0 → ρ0(770) (π+π−)S
D0 → (K+K−)S (π+π−)S
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Figure 4.13: CLEO II.V background sample with fit projections overlaid.
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Figure 4.14: CLEO III background sample with fit projections overlaid.
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Figure 4.15: CLEO-c 3770 background sample with fit projections overlaid.
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Figure 4.16: CLEO-c 4170 background samples 1 and 2 with fit projections overlaid.
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4.6.2 CP tagged data background determination

The background is more complicated in the case of CP tagged data. Background does

not only arise from the signal side D decay but also from the reconstruction of the

tagging decay. In total 6 backgrounds are initially considered:

• Continuum background - this background arises from decays that are not via a

ψ(3770) resonance

• Flat signal side background - this is similar to the flat, combinatorial background

in flavour tagged data. It was determined from MC studies to be negligible in [1]

• Peaking signal side background - this is composed of specific decays that appear

in the signal region of the signal D decay. MC studies in [1] show this background

is solely D0 → K0
S(π+π−)K+K− decays which have now been removed from the

dataset

• Flat tag-side background - this is a combinatorial background of the tagging decay

but the event does contain a real D → K+K−π+π− signal decay

• Peaking tag-side background - this arises due to specific decays appearing in the sig-

nal region of the tagging decay but the event does contain a real D → K+K−π+π−

signal decay

• D+D− background - this background is from D+D− decays that are reconstructed

as D0D̄0

As the two types of tag-side background contain real D → K+K−π+π− signal decays

they are modelled in the same way and can be treated together. This leaves three

background types to consider; continuum, tag-side and D+D− background.

Signal fractions

The efficiency of the K0
S mass veto on the signal and on the different backgrounds in CP

tagged data is determined to be approximately constant. Because of this background
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levels are taken from [1] where the background levels were determined from large MC

samples. These levels are corrected to account for the different treatment of the back-

ground categories in this analysis and are given in table 4.4 for each of the CP tagged

datasets.

Table 4.4: CP tagged data background fractions

Dataset D+D− Continuum Tag-side backgrounds Total
CP-even 0.048±0.003 0.136±0.011 0.050±0.005 0.234±0.012
CP-odd 0.002±0.001 0.008±0.002 0.034±0.006 0.044±0.006
Ksπ

+π−

bin 1 0.014±0.005 0.062±0.021 0.011±0.009 0.087±0.023
bin 2 0.009±0.003 0.041±0.015 0.0 ±0.0 0.05 ±0.015
bin 3 0.004±0.004 0.018±0.017 0.004±0.004 0.026±0.018
bin 4 0.006±0.004 0.026±0.019 0.015±0.015 0.047±0.025
bin 5 0.004±0.002 0.017±0.007 0.005±0.006 0.026±0.01
bin 6 0.001±0.001 0.003±0.003 0.0 ±0.0 0.004±0.003
bin 7 0.001±0.001 0.004±0.004 0.015±0.015 0.02 ±0.016
bin 8 0.005±0.002 0.024±0.008 0.009±0.009 0.038±0.012
bin -1 0.014±0.003 0.065±0.016 0.015±0.015 0.094±0.022
bin -2 0.013±0.006 0.061±0.029 0.0 ±0.0 0.074±0.030
bin -3 0.003±0.002 0.015±0.01 0.0 ±0.0 0.018±0.010
bin -4 0.0 ±0.0 0.0±0.0 0.044±0.025 0.044±0.025
bin -5 0.003±0.001 0.015±0.005 0.0 ±0.0 0.018±0.005
bin -6 0.019±0.007 0.085±0.03 0.0 ±0.0 0.104±0.031
bin -7 0.009±0.005 0.04 ±0.023 0.044±0.024 0.093±0.034
bin -8 0.006±0.002 0.027±0.01 0.0 ±0.0 0.033±0.010
KLπ

+π−

bin 1 0.035±0.005 0.017±0.003 0.059±0.009 0.111±0.011
bin 2 0.028±0.009 0.013±0.004 0.047±0.014 0.088±0.017
bin 3 0.011±0.004 0.005±0.002 0.019±0.007 0.035±0.008
bin 4 0.023±0.008 0.011±0.004 0.038±0.013 0.072±0.016
bin 5 0.038±0.009 0.018±0.004 0.064±0.015 0.120±0.018
bin 6 0.025±0.007 0.012±0.003 0.042±0.011 0.079±0.013
bin 7 0.028±0.008 0.013±0.004 0.047±0.014 0.088±0.017
bin 8 0.055±0.009 0.026±0.004 0.092±0.015 0.173±0.018
bin -1 0.028±0.004 0.013±0.002 0.046±0.007 0.087±0.008
bin -2 0.030±0.009 0.014±0.004 0.051±0.015 0.068±0.018
bin -3 0.045±0.016 0.022±0.007 0.076±0.026 0.143±0.031
bin -4 0.000±0.000 0.000±0.000 0.000±0.000 0.000±0.000
bin -5 0.056±0.017 0.026±0.028 0.093±0.028 0.175±0.043
bin -6 0.018±0.006 0.009±0.010 0.031±0.010 0.058±0.015
bin -7 0.050±0.013 0.024±0.022 0.085±0.022 0.159±0.034
bin -8 0.026±0.007 0.012±0.012 0.044±0.012 0.082±0.018
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Background model determination for CP tagged samples

The continuum background can be treated like the combinatorial background of the

flavour tagged data. It is modelled by an incoherent sum of amplitude components that

are determined in a fit to a representative sample of the background from simulation.

The amplitudes considered are as shown in table 4.2 and the fit procedure the same as

that for flavour tagged background samples. The fit can be seen in figure 4.17.
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Figure 4.17: CP tagged continuum background sample with fit overlaid.

In the case of the tag-side backgrounds the event contains a real D → K+K−π+π−

signal decay, however the CP state of the signal decay cannot be inferred as the tag

decay was not a definite CP state. The signal decay is therefore equally likely to be a

D0 or D̄0 decay and can be described by

1
2

(|AD0(p)|2 + |AD̄0(p)|2) (4.11)
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Figure 4.18: CP tagged D+D− background sample with fit overlaid.

where AD0(p) is a coherent amplitude for the signal decay based on a preliminary fit to

flavour tagged data only (the amplitude model used is that obtained in the first stage

of the LASSO method reported in section 4.8).

The D+D− background is assumed to take the same mathematical form as D0D̄0 decays.

The coherent model for AD0(p) is determined through a fit to a representative sample

of these background events taken from simulation. Figure 4.18 shows this fit. Table 4.5

gives the fit fractions for the amplitude components in the background models of the

CP tagged datasets.
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Table 4.5: Fit fractions (%) of amplitude components used in the background models
for CP tagged data

Amplitude component Continuum Tag-side bkg D+D− bkg
D0 → K− [K1(1270)+ → π+K∗0(1430)] - 6.75±1.37 -
D0 → K− [K1(1270)+ → π+K∗0(892)] - 8.99±1.89 -
D0 → K+ [K1(1270)− → π− K̄∗0(892)] - 1.40±0.66 10.24±3.28
D0 → K− [K1(1270)+ → K+ ρ0(770)] - 10.24±1.81 -
D0 → K+ [K1(1270)− → K− ρ0(770)] - 5.05±0.70 -
D0 → K− [K1(1270)+ → K+ ω0(782)] - 0.49±0.24 -
D0 → K− [K1(1400)+ → π+K∗0(892)] - 14.27±2.06 -
D0 → K+ [K1(1400)− → π− K̄∗0(892)] - 2.59±0.86 -
D0 → K− [K∗(1680)+ → π+K∗0(892)] - 2.98±0.89 -
D0 → K+ [K∗(1680)− → π− K̄∗0(892)]] - 0.66±0.41 -
D0[S]→ K∗0(892) K̄∗0(892) 39.26±9.69 12.04±1.28 -
D0[P ]→ K∗0(892) K̄∗0(892) - 3.60±0.88 -
D0[D]→ K∗0(892) K̄∗0(892) - 4.02±0.66 -
D0[S]→ φ(1020) ρ0(770) - 26.46±1.36 11.42±3.36
D0[P ]→ φ(1020) ρ0(770) - 1.79±0.42 -
D0[D]→ φ(1020) ρ0(770) - 6.43±1.07 -
D0 → K∗0 (K−π+)S 19.49±10.69 - -
D0 → φ(1020) (π+π−)S 11.40±4.27 - 34.49±4.25
D0 → ρ0(770) (π+π−)S - - 17.63±3.93
D0 → (K+K−)S (π+π−)S 29.85±8.58 10.08±1.25 27.76±4.56
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4.7 Fit to data

Table 4.6 summarises the final data samples used in this analysis.

Table 4.6: Selected data samples
Sample Yield Purity (%)
Flavor tagged
CLEO II.V 237 75.9±1.9
CLEO III 1163 89.8±0.4
CLEO-c 3770 1300 87.1±0.5
CLEO-c 4170 598 69.4±1.0
CP tagged
CP odd 42 96.0±1.2
CP even 29 77.0±0.6
Ksπ

+π− 50 95.2±1.8 (bin average)
KLπ

+π− 72 90.3±1.8 (bin average)

4.7.1 LASSO method

The presence of some resonant states in the D0 → K+K−π+π− decay is clear from the

projections of the D decay phasespace (see figure 4.20 and 4.21), for instance the φ(1020)

resonance in the s12 projection. However any further structure cannot be inferred due to

the many overlapping and interfering amplitude components. This amplitude analysis

employs the LASSO method [98]. Traditionally, to select amplitude components to

include in an amplitude model, a stepwise approach is used. An initial, basic model has

additional amplitudes added one at a time and the additional component is rejected if

the χ2 of the fit does not improve by a pre-defined amount. This method is suboptimal

for amplitude analyses due to the interference effects between components. This method

risks never considering two interfering amplitudes together in the same model and so an

amplitudes’ contribution may never be observed, leading to an over simplified model.

The Least Absolute Shrinkage and Selection Operator (LASSO) method is a data-driven

method used to determine which amplitude components to include in the model; it is

a regularisation method which allows control over the model complexity. All amplitude

components are considered together in a fit giving them opportunity to contribute to the

model through their interference with one another. A term is added to the minimisation

quantity −2 logL that penalises the fit for including too many amplitude components
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− 2 logL → −2 logL+ λ

[∑
i

√∫
|aiAi(p)|2dp

]
. (4.12)

The λ parameter is known as the LASSO regularisation parameter and controls the

complexity of the model by weighting the regularisation term. As λ → 0 there is no

penalty for including more and more amplitude components and the result is an over

complex and over-fit model. Conversely as λ → ∞ the penalty term for even a small

number of amplitude components is large and the model is over simplified with only

a few non-zero amplitude coefficients. The LASSO method therefore determines the

best model for a given, fixed level of complexity. To determine the optimal level of

complexity, this analysis uses the Bayesian Information Criteria (BIC)

BIC(λ) = −2 logL+ r log n (4.13)

where r is the number of amplitude components with fit fractions above 0.5% and n is

the number of events in the data sample. By scanning over λ values and minimising

the BIC metric, a balance between improvement in the fit quality and complexity of the

model is found. The full LASSO method involves the following steps:

• Begin with a large set of possible amplitude components

• Scan over λ values, minimising equation 4.12 for each λ

• Determine the value of λ that minimises BIC(λ). The collection of amplitude

components selected for this particular model (those with fit fractions > 0.5%) is

the LASSO model

• Re-run the fit without the penalty term in the likelihood using only the amplitude

components in the LASSO model. This ensures correct errors on the fit parameters.

Prior to the LASSO procedure the complex coefficients, ai, for each amplitude compo-

nent included in the fit are normalised so that the integral of |aiAi(p)|2 over phasespace

is unity.
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4.8 Results of Amplitude Analysis

The LASSO method is used to determine which amplitude components should con-

tribute to the D0 → K+K−π+π− decay model. In total 58 amplitude components are

considered, these can be seen in table 4.7. Due to the vast number of potential ampli-

tude components and limits on computational resources arising when handling multiple

datasets, a staged LASSO method, initially considering only the flavour tagged data, is

used. At each stage, a degree of judgement is applied to the model selection.

Table 4.7: Decays considered in D0 → K+K−π+π− LASSO model building. For non
self -conjugate decay modes the CP conjugate decay is also considered.

Decay channel

Cascade
D0 → K− [K∗(1410)+ → π+ K∗0(892)]
D0 → K− [K1(1270)+[S,D]→ π+ K∗0(892)]
D0 → K− [K1(1270)+[S,D]→ π+ K∗0(1430)]
D0 → K− [K1(1270)+[S,D]→ K+ ρ0(770)]
D0 → K− [K1(1270)+[S,D]→ K+ ω0(782)]
D0 → K− [K1(1400)+[S,D]→ π+ K∗0(892)]
D0 → K− [K∗2 (1430)+ → π+ K∗0(892)]
D0 → K− [K∗2 (1430)+ → K+ ρ0(770)]
D0 → K− [K∗(1680)+ → π+ K∗0(892)]
D0 → K− [K∗(1680)+ → K+ ρ0(770)]

Quasi-2-body
D0[S, P,D]→ K∗0(892) K̄∗0(892)
D0[S, P,D]→ φ(1020) ρ0(770)
D0 → φ(1020)ω0(782)
D0[P,D]→ f2(1270)0 φ(1020)

Single-resonant
D0 → ρ0(770) (K+K−)S
D0[S, P,D]→ ρ0(770) (K+K−)P
D0 → K∗0 (K−π+)S
D0[S, P,D]→ K∗0 (K−π+)P
D0 → φ(1020) (π+π−)S
D0[S, P,D]→ φ(1020) (π+π−)P
D0 → f0(980) (π+π−)S
D0 → f0(980) (K+K−)S
Non-resonant
D0 → (K+K−)S (π+π−)S

The staged LASSO method is based on the assumption that the D0 → K+K−π+π−

decay is primarily modelled by doubly resonant decays i.e. cascade and quasi-2-body

decays, rather than those with non-resonant components. It should be noted that in the

case of decays that are not self-conjugate, if LASSO picks an amplitude component but

not its CP conjugate decay, the conjugate decay is also considered in the next stage. In

stage 1 we LASSO only the doubly resonant decays along with the simplest non-resonant
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Figure 4.19: Stage 1 LASSO - regularisation factor λ against BIC(λ) value.

component D0 → (K+K−)S (π+π−)S . Figure 4.19 shows a plot of the regularisation

factor, λ, against the resulting BIC(λ) values. A clear minimum is observed and table

4.8 shows the amplitude components selected by stage 1 of the LASSO method. The

fit fractions quoted in this table are from a repeat of the fit where only the chosen 17

amplitude components are considered with no penalty term, because only then are the

errors unbiased.

In stage 2 the components selected in stage 1 are re-LASSO-ed with the single-resonant

components shown in table 4.7. The components D0 → f0(980) (π+π−)S and D0 →
f0(980) (K+K−)S have the same D → SS angular distribution as the simple non-

resonant amplitude component. This leads to artificially large interference effects and

so the D0 → f0(980) (π+π−)S and D0 → f0(980) (K+K−)S components are consid-

ered as a replacement for the simple non-resonant amplitude component in an alter-

native model. LASSO stages 1 and 2 pick the same top 7 amplitude components,

supporting our initial assumption of the amplitude model consisting primarily of dou-

bly resonant decays. With the exception of D0[P ] → φ(1020) (π+π−)P , only compo-

nents of the form D0 → V (hh)S3 are selected from the pool of single resonant compo-

nents. The selection of D0[P ]→ φ(1020) (π+π−)P is accompanied by the de-selection of
3Where h is a π or K



Amplitude analysis of D0 → K+K−π+π− 123

Table 4.8: Amplitude components with fit fractions (%) chosen by stage 1 of LASSO
method

Amplitude component Fit fraction
D0 → K− [K1(1270)+ → π+K∗0(892)] 8.99 ± 1.89
D0 → K+ [K1(1270)− → π− K̄∗0(892)] 1.40 ± 0.66
D0 → K− [K1(1270)+ → π+K∗0(1430)] 6.75 ± 1.37
D0 → K− [K1(1270)+ → K+ ρ0(770)] 10.24 ±1.81
D0 → K+ [K1(1270)− → K− ρ0(770)] 5.05 ± 0.70
D0 → K− [K1(1270)+ → K+ ω0(782)] 0.49 ± 0.24
D0 → K− [K1(1400)+ → π+K∗0(892)] 14.27 ± 2.06
D0 → K+ [K1(1400)− → π− K̄∗0(892)] 2.59 ± 0.86
D0 → K− [K∗(1680)+ → π+K∗0(892)] 2.98 ± 0.89
D0 → K+ [K∗(1680)− → π− K̄∗0(892)] 0.66 ± 0.41

D0[S]→ K∗0(892) K̄∗0(892) 12.04 ± 1.28
D0[P ]→ K∗0(892) K̄∗0(892) 3.60 ± 0.88
D0[D]→ K∗0(892) K̄∗0(892) 4.02 ± 0.66
D0[S]→ φ(1020) ρ0(770) 26.46 ± 1.36
D0[P ]→ φ(1020) ρ0(770) 1.79 ± 0.42
D0[D]→ φ(1020) ρ0(770) 6.43 ± 1.07
D0 → (K+K−)S (π+π−)S 10.08 ± 1.25

Sum 117.82 ± 4.20

D0[P ]→ φ(1020) ρ0(770) by LASSO stage 2, given that these components share the same

angular structure this suggests that the two components are interchangeable. In line with

our initial assumption, and also because the presence of the S wave and the D wave

components suggest the presence of the P wave component, D0[P ] → φ(1020) ρ0(770)

is chosen going forward.

Studying the LASSO models resulting from λ values close to that which is optimal, the

components chosen are found to be very consistent. It is seen however that the fit cannot

distinguish between K∗(1680)+ → π+K∗0(892) and K1(1410)+ → π+K∗0(892), both

of which peak outside of the kinematically allowed phasespace of the D decay, leaving

only the resonance’s tail in the fitted region. For this reason an alternative model is

considered where K1(1410)+ replaces K∗(1680)+ in the final model.

The final fit is a hybrid of LASSO stage 1 and 2 where the components chosen in stage

1 and the single-resonant D0 → V (hh)S components chosen in stage 2 are fit together.

Of these components 6 are considered insignificant relative to their uncertainty and

removed from the fit with no significant impact on the χ2. Table 4.9 shows the fitted
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parameter values and fit fractions for the final model fit (known as the LASSO model

going forward) where the CP tagged data is now included in the fit. The uncertainties

on the fit fractions are found from the RMS of 10,000 pseudo-experiments where the

real and imaginary parts of the complex amplitude coefficients are varied within their

uncertainties taking into account the full covariance matrix. Also quoted here is the

model-dependent error which is derived from the RMS of the fit fractions found using

the alternative models given in table 4.12. The interference fractions between amplitude

components can be seen in appendix A.2.

The χ2 goodness-of-fit metric is determined by binning the phasespace into N bins and

evaluating

χ2 =
Nbins∑
b=1

(Nb −N exp
b )2

N exp
b

where Nb is the number of data events that fall in bin b and N exp
b is the number of

events predicted by the PDF fit to the data to fall in bin b. The bins are constructed in

the phasespace such that at least 25 data points fall in each bin allowing for a reliable

χ2 value. The effective number of degrees of freedom for this fit is determined using 100

pseudo-experiments (as explained further in section 4.9) as the relatively small dataset

used in this analysis results in negative degrees of freedom when using the traditional

ndof = (Nbins − 1) − Npar value. The χ2 per effective degree of freedom (χ2/ndof)

for the final LASSO model is 1.494 with ndof = 116 showing a good fit quality for an

amplitude fit of this complexity. Figures 4.20 and 4.21 show the invariant 2 and 3-body

mass distributions with fit projections, a reasonable agreement between data and the fit

model can be seen. As mentioned in section 2, invariant mass combinations cannot fully

describe the angular distribution of the decay. To show the description of the angular

structure of the decay we use the transversity basis. This basis consists of:

• Acoplanarity angle χ - the angle between the two decay planes formed by the

K+K− combination and the π+π− combination in the rest frame of the D

• Helicity variable cosθK+ - the cosine of the angle, θK+ , between the K+ momentum

and the D flight direction in the rest frame of the two-body K+K− system
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• Helicity variable cosθπ+ - the cosine of the angle, θπ+ , between the π+ momentum

and the D flight direction in the rest frame of the two-body π+π− system.

The fits to flavour tagged data for this basis are shown in figure 4.22.
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Figure 4.21: Invariant 3-body mass distributions with fit projection. The solid black
line shows the combined fit projection, the dashed red line shows the background fit
and the dashed blue line the signal fit.
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4.8.0.1 Addition of CP tagged data

The CP tagged data represents less than 10% of the statistics for this analysis. However

the CP tagged events are sensitive to the phase motion over the D decay phasespace

as explained in section 4.2.1. The effect of the CP tagged data on the fitted amplitude

component parameters can be seen in table 4.10 where we compare a fit with and without

the CP tagged data.
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4.8.0.2 CP -violation in the D0 system

Up to this point this analysis assumes no CP -violation in the D0 system. As a search

for new physics effects the LASSO model is fit to the flavour tagged samples such that

the fit parameters ai are allowed to take different values for D0 and D̄0 events. The

PDF used to fit the D0 flavour tagged events is shown in equation 4.14 where (w) is the

mistag rate and εD0 is the efficiency of tagging a D0 signal decay. The PDF used to fit

the D̄0 flavour tagged events is shown in 4.15. These fits happen simultaneously.

PDFD0 =
(1− w)× εD0 × |AD0(a, p)|2 + w × εD̄0 × |AD̄0(ā, p)|2

1
2(εD0 × ∫ |AD0(a, p)|2dp+ εD̄0 × ∫ |AD̄0(ā, p)|2dp) (4.14)

PDFD̄0 =
(1− w)× εD̄0 × |AD̄0(ā, p)|2 + w × εD0 × |AD0(a, p)|2

1
2(εD0 × ∫ |AD0(a, p)|2dp+ εD̄0 ×

∫ |AD̄0(ā, p)|2dp) (4.15)

The direct CP asymmetry for each amplitude component can be determined from the

fit fractions Fi and F̄i determined from the fit to D0 and D̄0 events respectively by

AiCP ≡
Fi − F̄i
Fi + F̄i

.

These ACP values along with their significance are displayed in table 4.11. The four

cascade D0 → K−K1(1270)+ components are combined in a weighted average as CP -

violation can only occur in the initial weak part of the decay and not the subsequent

strong decays. Also combined in a weighted average are the [S, P, D] wave components

of D → V V decays, the Feynman diagrams for these [S, P, D] decay modes are the same

and so they share the same weak decay properties.

A global direct CP asymmetry can also be determined from the integrated decay rates

ACP ≡ Γ(D0 → K+K−π+π−)− Γ(D0 → K+K−π+π−)
Γ(D0 → K+K−π+π−) + Γ(D0 → K+K−π+π−)

=
εD0ND0 − εD̄0ND0

εD0ND0 + εD̄0ND0

, (4.16)

where ND0 (ND0) is the number of D0 (D0) signal decays and εD0 (εD̄0) is the efficiency

of tagging a D0 (D0) signal decay. For CLEO-c data, the ratio of the signal D0 and D0
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Table 4.11: Direct CP asymmetry for each component of the LASSO model along
with significance. The first uncertainty given is statistical, the second is a systematic
uncertainty and the third the result from alternative models.

Decay channel AiCP (%) Significance (σ)

D0 → K−K1(1270)+ +25.3± 9.7± 9.2± 8.81 1.58

D0 → K+ K̄1(1270)− −50.4± 12.0± 15.9± 2.39 2.51

D0 → K−K1(1400)+ +9.2± 15.1± 20.3± 1.12 0.36

D0 → K−K∗(1680)+ −17.1± 21.8± 18.0± 4.15 0.59

D0 → K∗0(892)K̄∗0(892) −4.6± 9.0± 9.84± 5.69 0.31

D0 → φ(1020) ρ0(770) +1.5± 4.6± 8.0± 0.51 0.14

D0 → K∗0 (K−π+)S −13.1± 17.9± 29.7± 9.38 0.36

D0 → φ(1020) (π+π−)S −4.0± 18.0± 44.6± 1.16 0.08

D0 → (K+K−)S (π+π−)S +8.2± 10.9± 16.9± 2.68 0.40

tagging efficiencies is
εD̄0

εD0

= 0.9899± 0.0015

as taken from [99]. No asymmetry is found for the reconstruction of the slow pion in

CLEO II.V and CLEO III data samples so the efficiency ratio here is set to (1.0±0.015)%

[100]. The global direct CP asymmetry is then

ACP = [+1.84± 1.74 (stat)± 0.30 (syst)]%. (4.17)

CP asymmetry measurements at both the global and amplitude component level indicate

no evidence of CP -violation in the D system.

4.8.0.3 Alternative models

Several alternative amplitude models are reported. These are:

• A: LASSO model where for those decays that are not self-conjugate the conjugate

decay is included

• B: LASSO model whereD0 → K− [K∗(1680)+] is replaced withD0 → K− [K1(1410)+]

• C: LASSO model where the non-resonant component is replaced with the D0 →
f0(980) (π+π−)S and D0 → f0(980) (K+K−)S components
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• D: The model reported in the previous amplitude analysis of this decay channel

using this dataset [1].

Table 4.12 shows the fit fractions of the components included in each of these alternative

models as well as their χ2 per effective degree of freedom (χ2/ndof) values.
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4.9 Systematic uncertainties

The systematic uncertainties in this analysis are divided into two sources; model-dependent

uncertainties that arise from fixed parameters in the amplitude model fit and experi-

mental uncertainties. The process for determining systematic uncertainties is in general

the same. The fit to the data is repeated with a single parameter (or set of parameters)

that accounts for a certain systematic effect changed. The difference in the value of

each fit parameter between this refit and the LASSO model is assigned as a systematic

uncertainty. The systematic uncertainties from all effects are added in quadrature. Of-

ten quoted in the following is the difference in the fit parameter value divided by the

statistical error on the fit parameter, this gives a more informative relative shift value

for each parameter.

Fitter bias

In order to test for potential biases in the amplitude fitter, a toy Monte Carlo study is

performed. An ensemble of one hundred toy MC data samples (including both flavour

tagged and CP tagged data) are generated using the signal and background PDFs of the

LASSO model. The yields in each event category are Poisson distributed around their

values in data and as such these MC data samples reflect the real data samples except

for efficiency and resolution effects. A pull study is performed using phasespace events

to normalise the PDFs in the fitting routines. The pull for a fit parameter X, which has

generation value Xgen and new fit value Xfit with error Xerror, is defined as

Xpull =
Xfit −Xgen

Xerror
.

The mean pull value for each of the fit parameters is multiplied by the statistical error

for that fit parameter in the LASSO model and taken as a systematic uncertainty. The

results of the pull study are shown in table 4.13, it can be seen that the width of the

pulls are compatible with unity.

This study is not only used to test for potential fitter bias but also to determine the

effective number of degrees of freedom (ndof) required in the goodness-of-fit metric,
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Table 4.13: Pull study for imaginary and real parts of amplitude coefficients, ai, using
100 toy MC fits to test for fitter bias.

Component Pull mean Pull width
D0 → K− [K1(1270)+ → π+K∗0(892)] <(ai) -0.090±0.095 0.944±0.067
D0 → K− [K1(1270)+ → π+K∗0(892)] =(ai) 0.040±0.109 1.08±0.076
D0 → K− [K1(1270)+ → π+K∗0(1430)] <(ai) -0.274±0.102 1.017±0.072
D0 → K− [K1(1270)+ → π+K∗0(1430)] =(ai) 0.190±0.101 1.008±0.071
D0 → K− [K1(1270)+ → K+ ρ0(770)] <(ai) 0.292±0.109 1.082±0.077
D0 → K− [K1(1270)+ → K+ ρ0(770)] =(ai) -0.042±0.101 1.001±0.071
D0 → K+ [K̄1(1270)− → K− ρ0(770)] <(ai) -0.100±0.104 1.033±0.073
D0 → K+ [K̄1(1270)− → K− ρ0(770)] =(ai) -0.306±0.103 1.028±0.073
D0 → K− [K1(1270)+ → K+ ω0(782)] <(ai) 0.157±0.107 1.061±0.075
D0 → K− [K1(1270)+ → K+ ω0(782)] =(ai) -0.178±0.098 0.973±0.069
D0 → K− [K1(1400)+ → π+K∗0(892)] <(ai) -0.057±0.111 1.102±0.078
D0 → K− [K1(1400)+ → π+K∗0(892)] =(ai) 0.312±0.100 0.991±0.070
D0 → K− [K∗(1680)+ → π+K∗0(892)] <(ai) 0.010±0.118 1.176±0.083
D0 → K− [K∗(1680)+ → π+K∗0(892)] =(ai) 0.043±0.092 0.918±0.065

D0[S]→ K∗0(892) K̄∗0(892) <(ai) -0.357±0.096 0.958±0.068
D0[S]→ K∗0(892) K̄∗0(892) =(ai) -0.091±0.108 1.075±0.076
D0[P ]→ K∗0(892) K̄∗0(892) <(ai) 0.015±0.104 1.035±0.073
D0[P ]→ K∗0(892) K̄∗0(892) =(ai) 0.226±0.089 0.884±0.063
D0[D]→ K∗0(892) K̄∗0(892) <(ai) 0.069±0.100 0.991±0.070
D0[D]→ K∗0(892) K̄∗0(892) =(ai) 0.013±0.105 1.042±0.074
D0[S]→ φ(1020) ρ0(770) <(ai) 0.0±0.0 0.0±0.0
D0[S]→ φ(1020) ρ0(770) =(ai) 0.0±0.0 0.0±0.0
D0[P ]→ φ(1020) ρ0(770) <(ai) -0.128±0.106 1.052±0.074
D0[P ]→ φ(1020) ρ0(770) =(ai) -0.112±0.117 1.169±0.083
D0[D]→ φ(1020) ρ0(770) <(ai) 0.009±0.101 1.005±0.071
D0[D]→ φ(1020) ρ0(770) =(ai) 0.152±0.106 1.052±0.074
D0 → K∗0 (K−π+)S <(ai) -0.309±0.096 0.953±0.067
D0 → K∗0 (K−π+)S =(ai) 0.228±0.102 1.014±0.072

D0 → φ(1020) (π+π−)S <(ai) -0.446±0.099 0.990±0.070
D0 → φ(1020) (π+π−)S =(ai) 0.292±0.109 1.087±0.077
D0 → (K+K−)S (π+π−)S <(ai) -0.044±0.084 0.840±0.059
D0 → (K+K−)S (π+π−)S =(ai) -0.020±0.097 0.969±0.069



Amplitude analysis of D0 → K+K−π+π− 136

Table 4.14: Mass and width parameters of resonant particles used in the fit [22].

Particle Mass (MeV) Width (MeV)
K∗(1680) 1717±27 322±110
K∗0(1430) 1425±50 270±80
K1(1410) 1414±15 232±21
K1(1400) 1403±7 174±13
K1(1270) 1272±7 90±20
φ(1020) 1019.46±0.02 4.27±0.03
f0(980) 990±20 40±100
K∗0(892) 895.81 ±0.19 47.4±0.6
ω0(782) 782.65±0.12 8.49±0.08
ρ0(770) 775.26±0.25 149.1±0.8

χ2/ndof . To obtain this value, for each toy fit, the χ2 values for the CLEO-c 4170,

CLEO-c 3770 and CLEO III datasets are summed and divided by increasing ndof values

until the mean of the p-values for the 100 toy fits reaches ≈ 0.5. (The CLEO II.V and

CP tagged data samples have too few statistics to calculate a reliable χ2). This value of

ndof is used for the determination of χ2/ndof for the final LASSO fit and the process

is repeated for the χ2/ndof values of the alternative models.

Masses/widths of resonant particles

The mass and width parameters for the resonant particles are taken from the Particle

Data Group (PDG)[23] and are fixed in the fit to the data. Table 4.14 shows the values

of these parameters used in the fit and their associated uncertainties. To assess the

effect of the uncertainty on these parameters, they are, in turn, varied up and down

by their uncertainty and the fit repeated, resulting in a total of 32 additional fits. The

shift occurring in each fit parameter from varying a mass or width value up and down

is averaged, then for each fit parameter these averages are added in quadrature and this

value assigned as a systematic uncertainty. Poor knowledge of prominent K1(1270) mass

and width parameters make this the dominant systematic as shown in table 4.15.
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Running width model

The energy-dependent width used in the Breit-Wigner term for cascade decays, as de-

scribed in 2.3, is calculated using knowledge of the branching fractions of the various

possible decay channels of the resonance. To assess the potential effect our knowledge of

these branching fractions has on the fit, the energy-dependent widths are re-calculated

assuming a flat phasespace distribution. The shifts in the fit parameters are assigned as

a systematic uncertainty.

Blatt-Weisskopf factors

In the formalism used in this analysis Blatt-Weisskopf barrier factors are used to describe

the form factors of decaying resonances. A fit is performed where the form factors are

set to unity and the shifts in the fit parameters are set as a systematic uncertainty.

Background level/model uncertainties

The signal fractions for the flavour tagged data are allowed to float under Gaussian

constraints and the differences in the fitted amplitude parameters are assigned as a

systematic. The same procedure is repeated for the mistag rates. For the flavour tagged

data each background model is replaced, one at a time, by a flat, non-resonant model

and the fit rerun, the resulting shifts are added in quadrature to give a systematic error

due to the knowledge of the background shapes. As explained in section 4.6 for CLEO-c

4170 two background fits are established, the difference in the fit parameters given by

the use of each is included in this systematic.

In the case of CP tagged data, one by one fits are run where the background contribution

from each sample (CP even, CP odd, admixture) is ignored in the fit. The 4 resulting

shifts are added in quadrature to obtain a systematic uncertainty.
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Figure 4.23: Plots of data/MC differences in PID and tracking efficiencies for CLEO-c;
kaon PID (top left), pion PID (top right), kaon tracking (bottom left) pion tracking
(bottom right).

Efficiency effects

In this analysis the variation in the efficiency of selecting signal decays across phasespace

is accounted for with the use of fully selected MC events which are used to normalise

the PDFs during the fit routine. The MC events are re-weighted according to data/MC

differences in the PID and tracking efficiencies as a function of the track momentum, p,

of the daughter particles. The fit is then rerun using these weighted MC events. The

corrections to the MC events for PID and tracking are applied separately allowing for

the separation of the two effects, table 4.16 shows the shifts on each of the fit parameters.

It is assumed here that the data/MC differences are consistent between CLEO III and

CLEO II.V and between CLEO-c 3770 and CLEO-c 4170. There is no tracking efficiency

correction for CLEO III MC events as this efficiency is found to be consistent between

data and MC. Figure 4.23 and 4.24 shows the look up histograms as a function of

daughter track momentum p used for these corrections.

The shifts in the fit parameters arising from applying PID and tracking efficiency cor-

rections to the MC are added in quadrature to give a final systematic uncertainty. It can

be seen that the effect of PID efficiency differences between data and MC are dominant

over tracking efficiency differences.
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Table 4.16: Systematic shifts given in units of statistical uncertainty due to data/MC
differences in PID and tracking efficiency

Component PID efficiency Tracking efficiency
D0 → K− [K1(1270)+ → π+K∗0(892)] <(ai) -0.347 -0.145
D0 → K− [K1(1270)+ → π+K∗0(892)] =(ai) 0.257 0.155
D0 → K− [K1(1270)+ → π+K∗0(1430)] <(ai) -0.090 -0.001
D0 → K− [K1(1270)+ → π+K∗0(1430)] =(ai) -0.060 0.004
D0 → K− [K1(1270)+ → K+ ρ0(770)] <(ai) -0.048 -0.041
D0 → K− [K1(1270)+ → K+ ρ0(770)] =(ai) 0.213 0.029
D0 → K+ [K̄1(1270)− → K− ρ0(770)] <(ai) -0.136 -0.025
D0 → K+ [K̄1(1270)− → K− ρ0(770)] =(ai) 0.213 -0.036
D0 → K− [K1(1270)+ → K+ ω0(782)] <(ai) -0.025 -0.004
D0 → K− [K1(1270)+ → K+ ω0(782)] =(ai) -0.266 -0.066
D0 → K− [K1(1400)+ → π+K∗0(892)] <(ai) 0.138 0.115
D0 → K− [K1(1400)+ → π+K∗0(892)] =(ai) 0.129 -0.078
D0 → K− [K∗(1680)+ → π+K∗0(892)] <(ai) -0.246 -0.003
D0 → K− [K∗(1680)+ → π+K∗0(892)] =(ai) -0.053 -0.029

D0[S]→ K∗0(892) K̄∗0(892) <(ai) -0.221 -0.003
D0[S]→ K∗0(892) K̄∗0(892) =(ai) -0.006 -0.027
D0[P ]→ K∗0(892) K̄∗0(892) <(ai) 0.198 -0.010
D0[P ]→ K∗0(892) K̄∗0(892) =(ai) 0.154 0.004
D0[D]→ K∗0(892) K̄∗0(892) <(ai) 0.131 -0.051
D0[D]→ K∗0(892) K̄∗0(892) =(ai) 0.137 0.070
D0[S]→ φ(1020) ρ0(770) <(ai) 0.0 0.0
D0[S]→ φ(1020) ρ0(770) =(ai) 0.0 0.0
D0[P ]→ φ(1020) ρ0(770) <(ai) -0.002 -0.023
D0[P ]→ φ(1020) ρ0(770) =(ai) 0.094 0.033
D0[D]→ φ(1020) ρ0(770) <(ai) -0.185 -0.012
D0[D]→ φ(1020) ρ0(770) =(ai) -0.003 0.023
D0 → K∗0 (K−π+)S <(ai) 0.128 0.038
D0 → K∗0 (K−π+)S =(ai) -0.046 0.094

D0 → φ(1020) (π+π−)S <(ai) -0.106 -0.016
D0 → φ(1020) (π+π−)S =(ai) -0.009 -0.057
D0 → (K+K−)S (π+π−)S <(ai) -0.112 0.127
D0 → (K+K−)S (π+π−)S =(ai) -0.287 0.047
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Figure 4.24: Plots of data/MC differences in PID efficiencies for CLEO III; kaon PID
(left), pion PID (right).
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Detector resolution effects

For most resonances in the LASSO model the detector resolution can be ignored. The

narrow width of the φ(1020) at 4.27 MeV however is similar to the momentum resolution

capabilities expected from the CLEO detector and this may lead to a bias. One hundred

subsamples are drawn randomly from the efficiency corrected MC events. The relative

amount of events drawn for each of the detector configurations is fluctuated according

to a Poisson distribution around the values seen in data. These events are then weighted

by
|A(aLASSO, pi)|2
|A(agen, pi)|2

where aLASSOi are the parameters of the LASSO model and ageni are the parameters of the

model that the MC events were generated with. This simply leaves the detector/selection

effects applied to the LASSO model distribution. The weighted data is then fit with

the LASSO signal PDF using the remaining normalisation events. Table 4.17 shows the

results of this pull study using 100 fits. The mean of the pull for each fitted parameter is

multiplied by the statistical error and taken as a systematic uncertainty. The resolution

systematic will also contain the effects of fitter bias, however a conservative approach is

taken and they are considered uncorrelated.

Quantum correlations

It is assumed that for the flavour tagged samples from CLEO-c data, D0 and D̄0 decays

can be described by AD0 and AD̄0 respectively. However, in the case of CLEO-c 3770,

D0D̄0 pairs are produced through the e+e− → ψ(3770) → D0D̄0 decay process which

has a definite CP odd state and so there exists quantum correlations between the decay

of the D0 and D̄0. For a quantum correlated D0 → i and D̄0 → j decay the CP -odd

decay rate follows the antisymmetric amplitude squared [92]

ΓD0D̄0(i, j) ∝M2
ij = |AiĀj − ĀiAj |2 (4.18)
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Table 4.17: Pull study for imaginary and real parts of amplitude coefficients, ai, using
100 toy MC fits to test for bias introduced by resolution effects.

Component Pull mean Pull width
D0 → K− [K1(1270)+ → π+K∗0(892)] <(ai) -0.211±0.073 0.728±0.051
D0 → K− [K1(1270)+ → π+K∗0(892)] =(ai) 0.233±0.081 0.81±0.057
D0 → K− [K1(1270)+ → π+K∗0(1430)] <(ai) -0.434±0.085 0.851±0.060
D0 → K− [K1(1270)+ → π+K∗0(1430)] =(ai) 0.085±0.090 0.903±0.064
D0 → K− [K1(1270)+ → K+ ρ0(770)] <(ai) 0.283±0.099 0.988±0.070
D0 → K− [K1(1270)+ → K+ ρ0(770)] =(ai) 0.021±0.089 0.89±0.063
D0 → K+ [K̄1(1270)− → K− ρ0(770)] <(ai) -0.226±0.104 1.037±0.073
D0 → K+ [K̄1(1270)− → K− ρ0(770)] =(ai) 0.178±0.109 1.092±0.073
D0 → K− [K1(1270)+ → K+ ω0(782)] <(ai) -0.087±0.124 1.235±0.087
D0 → K− [K1(1270)+ → K+ ω0(782)] =(ai) 0.387±0.0125 1.252±0.089
D0 → K− [K1(1400)+ → π+K∗0(892)] <(ai) 0.169±0.089 0.886±0.063
D0 → K− [K1(1400)+ → π+K∗0(892)] =(ai) 0.082±0.062 0.618±0.044
D0 → K− [K∗(1680)+ → π+K∗0(892)] <(ai) -0.567±0.094 0.945±0.067
D0 → K− [K∗(1680)+ → π+K∗0(892)] =(ai) 0.301±0.096 0.962±0.068

D0[S]→ K∗0(892) K̄∗0(892) <(ai) -0.146±0.076 0.763±0.054
D0[S]→ K∗0(892) K̄∗0(892) =(ai) -0.019±0.080 0.801±0.057
D0[P ]→ K∗0(892) K̄∗0(892) <(ai) 0.236±0.102 1.019±0.072
D0[P ]→ K∗0(892) K̄∗0(892) =(ai) -0.020±0.096 0.957±0.068
D0[D]→ K∗0(892) K̄∗0(892) <(ai) 0.430±0.098 0.983±0.070
D0[D]→ K∗0(892) K̄∗0(892) =(ai) -0.162±0.081 0.805±0.057
D0[S]→ φ(1020) ρ0(770) <(ai) 0.0±0.0 0.0±0.0
D0[S]→ φ(1020) ρ0(770) =(ai) 0.0±0.0 0.0±0.0
D0[P ]→ φ(1020) ρ0(770) <(ai) 0.132±0.112 1.122±0.079
D0[P ]→ φ(1020) ρ0(770) =(ai) 0.322±0.109 1.094±0.077
D0[D]→ φ(1020) ρ0(770) <(ai) -0.399±0.094 0.941±0.067
D0[D]→ φ(1020) ρ0(770) =(ai) -0.107±0.113 1.125±0.080
D0 → K∗0 (K−π+)S <(ai) -0.233±0.070 0.702±0.050
D0 → K∗0 (K−π+)S =(ai) 0.194±0.085 0.849±0.060

D0 → φ(1020) (π+π−)S <(ai) -0.657±0.094 0.943±0.067
D0 → φ(1020) (π+π−)S =(ai) 0.402±0.116 1.162±0.082
D0 → (K+K−)S (π+π−)S <(ai) -0.087±0.099 0.987±0.070
D0 → (K+K−)S (π+π−)S =(ai) -0.038±0.086 0.859±0.061
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where

Ai ≡ 〈i|D0〉 and Āi ≡ 〈i|D̄0〉.

Referring back to section 4.2.1, if i is the signal decay and j is the corresponding flavour

tagging decay then

Ai = A(D0 → K+K−π+π−) = AD0 and Āi = A(D̄0 → K+K−π+π−) = AD̄0

and

Āj = A(D̄0 → K+X) = Kt and Aj = A(D0 → K+X) = Ktkte
iδt

where kt is an amplitude suppression factor between the two tagging (t) decays and δt

is a relative phase. Using 4.18 the decay rate for this correlated pair of decays can be

expressed as

Γ ∝ K2
t

[|AD0 |2 + |AD̄0 |2k2
t − 2kt[<(AD0A∗

D̄0)cos(δt) + =(AD̄0A
∗
D0)sin(δt)]

]
(4.19)

There are multiple tagging decays that are used, all of which have different amplitude

suppression factors, kt and phases δt. The value of kt for all tagging decays is small

due to Cabibbo suppression and estimated at an average of 1/
√

300 [23], therefore the

term |AD̄0 |2k2
t can be ignored as can the factor K2

t in the minimisation. The fit to data

is repeated where the signal PDF for CLEO-c 3770 is replaced by equation 4.19 with

values of δ chosen such that ktcos(δt) and ktsin(δt) take maximal values around a circle

of radius 1/
√

300. The values of ktcos(δt) and ktsin(δt) causing the largest shift in the

fit parameters from their LASSO values are 1/
√

300 and 0 respectively. These shifts are

taken as a systematic uncertainty. Quantum correlations also can occur in the CLEO-c

4170 dataset, however to a lesser degree as the D0/D̄ are not generally produced directly

but via higher energy charm meson decays. Given that the CLEO-c 4170 sample is also

much smaller than the CLEO-c 3770 the effect of quantum correlations in the CLEO-c

4170 is neglected.
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Summary of systematic uncertainties

Table 4.18 shows a summary of the systematic uncertainties in this analysis. There are

two overall systematic errors; the model systematic error which includes contributions

from Blatt-Weisskopf barrier factors, uncertainties in masses/widths of resonances and

the implementation of the energy-dependent width in the Breit-Wigner term; and the

experimental systematic that includes all other contributions. The dominant systematic

uncertainty arises from the uncertainty on the masses and widths of the resonances. In

particular those amplitude components involving a K1(1270) particle, which has a large

width uncertainty, have far larger model systematic uncertainties than those components

involving the φ or ρ resonances that have very small mass/width uncertainties.
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4.10 Interpretation of Results

The results of the amplitude model for the decay D0 → K+K−π+π− can be seen in table

4.9. As indicated in section 4 an amplitude analysis of the decay D0 → K+K−π+π−

has been performed previously by other experiments including FOCUS at Fermilab.

The largest single component of the model is theD → V V modeD0[S]→ φ(1020) ρ(770)0

with a fit fraction of 28.1% which is consistent with the level seen in the FOCUS

model (29.0%). This channel dominates over the other D → V V mode D0[S] →
K∗0(892) K̄∗0(892) (4.5%) due to the production processes involved in the decays. D0[S]→
φ(1020) ρ(770)0 can proceed through internal W radiation at tree level, whereas D0[S]→
K∗0(892) K̄∗0(892) has two tree-level amplitudes that are suppressed through GIM can-

cellation. The Feynman diagrams for these processes are shown in figure 4.25. The next

largest component is the D → AP mode D0 → K− [K1(1400)+ → π+K∗(892)0] (12.4%)

which also appears in the FOCUS model albeit at a higher level. Both models share

these top two components that contribute a total of 40.4% and 51.0% to the LASSO

model and the FOCUS model respectively. Both models also see contributions from

D0 → K− [K1(1270)+ → π+K∗(1430)0], a resonance that like K1(1400)+ peaks outside

of the kinematically allowed region. Here the description of the lineshapes for cascade

decays that implements the energy-dependent widths as explained in section 2.4.1 is

particularly important.

An important component in the model is D0 → K− [K1(1270)+ → K+ ρ0(770)] (9.1%)

which can be seen to dominate over the D0 → K+ [K1(1270)− → K− ρ0(770)] (5.4%).

The dominance of D0 → K−K∗∗+ modes over D0 → K+K∗∗− modes where K∗∗ is an

excited kaon is observed in alternative model A (LASSO model plus all conjugate decays)

in all cases. This is consistent with other analyses, where it is observed that the virtual

W couples to a vector or axial-vector meson with larger branching fractions compared

to cases where the W couples to a pseudoscalar meson [101]. It appears favourable for

the bachelor meson to be a product of the spectator quark rather than be a product of

the weak vertex as seen in the Feynman diagrams in figure 4.26. The FOCUS analysis

does not distinguish between D0 and D̄0 decays. They quote D0 → K±K1(1270)∓
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components as their dominant contribution. Summing all the D0 → K±K1(1270)∓

channels together in the LASSO model gives a contribution of 26.7% and therefore

D0[S]→ φ(1020) ρ(770)0 still dominates for the LASSO model. Even so the importance

of this 3-body resonance is clear.

c d

W

ū d̄

s

s̄

D0

K∗0

K̄∗0

c s

W

ū s̄

d

d̄
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ū ū

s̄

u

φ

ρ0

D0

Figure 4.25: Feynman diagrams for the two tree-level amplitudes contributing to the
GIM suppressed D0[S]→ K∗0(892) K̄∗0(892) decay and the Feynman diagram for the
tree-level D0[S]→ φ(1020) ρ(770)0 decay.

ū ū

c s

s̄

u

K−

K1(1270)+

D0

ū ū

c s

s̄

u

K1(1270)−

K+

D0

Figure 4.26: Feynman diagrams for the decays D0 → K−K1(1270)+ (left) and D0 →
K+K1(1270)− (right). Dominance of the modes D0 → K−K1(1270)+ is seen.

The alternative models (shown in table 4.12) are largely in agreement with each other,

D0[S] → φ(1020) ρ(770)0 contributes most significantly and (where applicable) D0 →
K− [K1(1400)+ → π+K∗(892)0] is the next largest contributor. For alternative model

B the D0 → K−K∗(1680)+ is exchanged for the D0 → K−K1(1410)+ as they are seen

to be interchangeable in the building of the LASSO model. The fractional contributions

of these components within their respective models are consistent.
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The FOCUS model does not include the the flat, non-resonant component, achieving

a good description of the data without it. The FOCUS model does however include

D0 → f0(980) (π+π−)S with a sum of fit fractions of 119% indicating higher destructive

interference than seen in the LASSO model presented here. Alternative model C features

the D0 → f0(980) (π+π−)S and D0 → f0(980) (K+K−)S components in place of the flat,

non-resonant component. Interestingly, whilst in the LASSO model the non-resonant

component constitutes a significant contribution (11.1%), the two replacement compo-

nents in alternative model C only have contributions of 1.3% and 1.0% respectively. As

with the FOCUS model however, alternative model C indicates significant destructive

interference (the sum of the fit fractions is 121.1%) amongst components compared to

the LASSO model. This alternative model also has a poorer fit quality indicating the

need for the flat, non-resonant component.

For D0 → K∗(892)0 K̄∗(892)0 and D0 → φ(1020) ρ(770)0 the relative S wave contribu-

tions can be seen to be larger than the P and D wave contributions as expected. It is in-

teresting to note that in stage 2 of the LASSO method only amplitude components of the

form D0 → V (hh)S are selected from the pool of single resonant components. The two

single resonant components appearing in the LASSO model also appear in the FOCUS

model. Components of the form D0 → V (hh)P and D0 → V (hh)D are not required

in the fit and would be expected to be suppressed compared to their D0 → V (hh)S

counterparts.

The FOCUS analysis considered far fewer potential amplitude components. Due to

greater statistics this analysis could also consider the P and D wave modes of D →
V V components and contributions such as D0 → K− [K∗(1680)+ → π+K∗0(892)] and

D0 → K− [K1(1270)+ → K+ ω0(782)] which were found to contribute at the level of

3.6% and 0.6% respectively.

Comparing the LASSO model to the model obtained in the previous analysis of this

dataset [1], most apparent is the number of amplitude components used; eleven in

[1] compared to sixteen for the LASSO model. Whereas in this analysis we use the

LASSO method to obtain an amplitude model, the previous analysis used the tradi-

tional step-wise approach, a method where it is harder to consider a large number of
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amplitude components at the same time. The model presented here includes P-wave

components for the D → V V decays whereas [1] does not, despite including both S-

wave and D-wave D0 → φ(1020) ρ(770)0 components. It should be noted that alter-

native model 6 in [1] has a D0[P ] → K∗0 (K−π+)P component of similar size to the

D0[P ]→ K∗0(892) K̄∗0(892) component in this analysis. Unlike the LASSO model, the

dominance of D0 → K−K∗∗+ modes over D0 → K+K∗∗− modes in [1] is only observed

for the D0 → K− [K1(1270)+ → π+K∗0(892)] mode. Differences between cascade de-

cays in the models are expected due to the improved lineshapes of resonance decays

to 3-body final states. The improved lineshapes also give a better description of de-

cays that peak outside of the kinematically allowed region, hence in this analysis we see

D0 → K− [K1(1400)+ → π+K∗(892)0] and D0 → K− [K1(1270)+ → π+K∗(1430)0],

unlike in [1].



Chapter 5

Model-dependent measurement of

the CKM phase γ at the LHCb

experiment

This section presents the work towards a model-dependent measurement of the CKM

phase γ from B± → D(→ K+K−π+π−)K± decays using the amplitude model for

D0 → K+K−π+π− developed in section 4. Section 5.2 describes the selection of B± →
D(→ K+K−π+π−)K± decays as well as B± → D(→ K+K−π+π−)π± decays that act

as a control channel for this analysis. Mass fits to these two datasets are performed in

section 5.3 to extract event-by-event signal and background weights. In section 5.4 a

CP -violation measurement is performed using the B± → D(→ K+K−π+π−)π± control

channel data to investigate potential biases in the future extraction of γ from B± →
D(→ K+K−π+π−)K±.

5.1 Datasets

This analysis uses the full LHCb 2011 (
√
s =7 TeV) and 2012 (

√
s =8 TeV) dataset

taken during the Run 1 phase which corresponds to 3 fb−1 of integrated luminosity.

Both the signal B± → D(→ K+K−π+π−)K± decays and a control channel of B± →

150
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D(→ K+K−π+π−)π± decays are selected from this dataset as described in the following.

The control channel has a branching fraction of order 10 greater than the signal channel

making it a useful high statistics channel upon which we can optimise selection cuts and

establish mass fits. The control mode can also be used to perform a null test of the

method to extract γ. While we expect rDKB for B± → D(→ K+K−π+π−)K± decays

to be rDKB ≈ 0.102, for the control channel we expect rDπB ≈ 0.027 [102]. With the

statistics available for this analysis we therefore expect no CP -violation to be observed

in this control channel.

Event candidates for this analysis are required to have passed trigger requirements at

L0 (hardware) and HLT[1, 2] (software) levels. The trigger decisions are either:

• Trigger On Signal (TOS) where particles associated with the signal decay chain

inform the trigger decision

• Trigger Independent of Signal (TIS) where particles not associated with the signal

decay chain inform the trigger decision

The required trigger decisions for signal candidates are detailed in table 5.1 and the

requirements for each trigger to fire can be seen in section 3.4.2. L0 Global TIS requires

that any one of the L0 triggers fire on a track not associated with the signal decay.

Table 5.1: Trigger Requirements
Trigger Level Requirement

L0 L0 Hadron TOS
OR

L0 Global TIS
HLT1 HLT1 Track TOS
HLT2 HLT2 Topological 2-body TOS

OR
HLT2 Topological 3-body TOS

OR
HLT2 Topological 4-body TOS

The dataset also undergoes a central offline selection process known as stripping, each

decay type analysed at LHCb has a designated stripping line. Stripping lines attempt

to form specific decay chains by reconstructing composite particles. The stripping line
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used for the signal decay in this analysis attempts to first reconstruct a decay D →
K+K−π+π− and then, using the D formed from the K+K−π+π− tracks, attempts to

reconstruct B± → D(→ K+K−π+π−)K±. An established set of loose selection criteria

is then applied to the particle tracks within the selected decay chains in order to keep

only the events of interest for further analysis. As well as cuts to ensure the quality of

decay vertices and particle tracks, the kinematic cuts (with definitions given in section

3.2) made by this stripping line are:

• For the D0 daughter tracks:

– pT > 100MeV, p > 1000MeV, IP> 2 standard deviations from any PV

• For the D0 candidate:

– |mKKππ − mD| < 100MeV, pT > 500MeV, p > 5000MeV, vertex of the D

candidate > 6 standard deviations from PV

• For the bachelor track:

– pT > 500MeV, p > 5000MeV

• For the B candidate:

– τB > 0.2ps, χ2
IP < 25, DIRA> 0.999, 4750 < mDK < 7000MeV, pT >

1700MeV, p > 10000MeV

Monte Carlo (MC) samples are produced for both the signal and control channel de-

cays following the procedure described in section 3.4.2. As for the amplitude analysis,

the samples are produced using a preliminary model for the D0 → K+K−π+π− de-

cay to ensure that for regions of phasespace that we expect to be highly populated,

there are sufficient MC events present. Only the dominant D decay amplitude is gen-

erated depending on the charge of the B; for B− events we generate B− → D0(→
K+K−π+π−)h− and for B+ events we generate B+ → D̄0(→ K+K−π+π−)h+. Table

5.2 shows the MC samples produced for this analysis. For the purpose of investigating

B± → D(→ K+K−π+π−)π± cross-feed background in the signal data, the control chan-

nel MC is also reconstructed as signal whereby the bachelor pion is given a kaon mass
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hypothesis, in the following indicated as π→K . The MC samples contain an even split

of magnet up and magnet down configurations. The simulated data are run through the

same offline reconstruction and selection procedure, which is described in the following,

as the real data.

Table 5.2: Monte Carlo samples generated for B → Dh decays.
Decay Sample size

B± → D(→ K+K−π+π−)K± 2011 conditions: 1M
2012 conditions: 2M

B± → D(→ K+K−π+π−)π± 2011 conditions: 1M
2012 conditions: 2M

5.1.1 Corrections for data/simulation differences

For this analysis we use the same technique as described in section 4.5.1 to take into

account efficiency effects across the D decay phasespace; we use MC data that has been

through detector simulation and the full selection procedure that is applied to the data

to normalise the PDFs in the amplitude fit. Whilst we can determine the efficiency of

most cuts from MC, the efficiency of PID cuts are found using a data-driven method.

Corrections are also made to the MC data in order to correct for MC/data differences

in tracking.

PID

The two RICH detectors, muon system and calorimeters are responsible for providing

PID information on particles traversing the LHCb detector. Simulating the response of

these detectors is non-trivial due to dependence on particle kinematics, detector occu-

pancy which is event dependent and the conditions of the detector which can vary from

run to run. Because of this the efficiency of selection cuts involving PID information are

calculated using a data-driven method. For this the LHCb package PIDCalib is used

[103].

Golden decay modes for the purpose of PID calibration are those that can be recon-

structed without the need for PID information. These can provide pure calibration
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samples of pions and kaons without the use of PID cuts. For pions, channels such as

K0
S → π+π− are used and for kaons, channels such as φ(1020) → K+K− [104]. A tag

and probe method is used on these two-prong decay vertices where one kaon/pion is used

to tag the decay and the efficiency of a PID cut can be found by applying the cut to the

other track of the vertex. Real data samples containing many of these calibration tracks

of known particle type can be used to find the efficiency of a PID cut applied to a data

sample used for analysis; this data sample is referred to as the reference sample and in

our case, is the MC data used for the normalisation of PDFs in the fitting routine. The

output of a PID variable is assumed to be fully parameterised by a set of kinematic and

event variables. Most commonly used are the track momentum p and pseudorapidity η

which are well modelled in MC data (often the number of tracks in the event Ntrack is

also used but the distribution of this variable is known not to be well modelled in MC

and so for analyses using MC reference samples this variable is not used). The calibra-

tion sample is binned in these variables; enough bins are used such that the efficiency of

a PID cut is effectively constant within each bin. The efficiency of a PID cut on a track

in the reference sample is found by finding the efficiency of the cut in the calibration

bin i to which the track belongs,

εi =
N ′i
Ni

where Ni and N ′i are the number of tracks in the ith bin of the calibration sample before

and after the PID cut is applied. When PID cuts are applied to multiple tracks in an

event the total PID efficiency for that event is the product of the individual efficiencies

εPIDtotal =
∏
i

εi.

The PIDCalib package creates histograms of the efficiency of a PID requirement as a

function of track p and η for a given particle type for data taken in a specific data

taking year (using data from all available runs) with a specific magnet polarity. These

histograms are then used on the reference sample to find the efficiency of each PID cut

on a track-by-track basis and calculate an overall PID efficiency for each event known

as a PID weight.
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Figure 5.1 shows the efficiency of the bachelor PID cut applied to the control channel

data (see section 5.2) in bins of η and track momentum p for 2012 data where the magnet

polarity is down. The efficiency appears fairly uniform apart from at the extremes of p

and η.
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Figure 5.1: Efficiency of the bachelor PID cut applied to the control channel data in
bins of pseudorapidity η and track momentum p for 2012, magnet down data. Created
using the PIDCalib package [103].

Tracking

The track reconstruction efficiency is nominally taken from MC simulation, however

the potential bias from data/MC differences must be accounted for. Corrections to be

applied to simulated data to account for data/MC differences in the tracking efficiency

are provided by the LHCb tracking group [105]. These corrections are found using a

data-driven method that uses muons in J/ψ → µ+µ− decays. As for PID efficiency

determination a tag and probe method is used where one of the muon tracks is fully

reconstructed and the efficiency of the track reconstruction is found using the other

track of the decay vertex. The ratio of track reconstruction efficiencies between data

and simulation

εratio =
εdata
εsim

,
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is found for different data taking periods and is used to correct the track reconstruction

efficiency in simulated events.

The track reconstruction efficiency depends most on the on track momentum p, pseudo-

rapidity η and the track multiplicity Ntrack of the event. Track reconstruction efficiency

dependence in Ntrack is reasonably well described in simulation and so the simulated

events are weighted to be in agreement with the Ntrack distribution of the data; εratio

is then determined in bins of p and η. The binning is chosen to keep the statistical

uncertainty in each bin small. Figure 5.2 shows εratio against p for 2011 and 2012 data

split into two η regions where the simulated events are weighted in Ntrack. The av-

erage values of εratio are compatible with unity where 〈ε2011
ratio〉 = 0.9983 ± 0.0009 and

〈ε2012
ratio〉 = 1.0053± 0.0008 with assigned systematic uncertainties of 0.4% [106].
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Figure 5.2: Ratio of track reconstruction efficiencies between data and simulation for
2011 (top) and 2012 (bottom) data as a function of track momentum p. This is further
split into two pseudorapidity, η, regions and the simulated events are weighted in Ntrack
to match the data distributions. These figures are taken from reference [106].

The results presented here are for muons that are not sensitive to hadronic interactions

within the detector material. Due to uncertainty on the material budget of LHCb

and hence on the level of hadronic interactions within the detector material, the track
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reconstruction efficiency of hadrons in simulated data has an uncertainty that is not yet

accounted for. A further systematic of 1.4% is added to εratio values for hadron tracks

due to hadronic interactions [106].

5.2 Selection

The candidates that pass the trigger requirements and the stripping processing stage

are subject to further offline selection.

5.2.1 Decay Tree Fitter

To improve the resolution of the 4-momenta of the final state particles, the DecayTre-

eFitter [107] (DTF) tool is applied to the events. DTF finds the best fit values for the

4-momentum of all particles in the decay chain with constraints applied to the masses of

intermediate particles and to vertices. The quality of this refit is reported as a χ2 value.

Those events where this fit does not converge are removed from the dataset. In the refit

for this analysis the mass of the D0 meson is constrained to its nominal value (ensuring

that events fall inside the kinematically allowed phasespace) and the B candidate is

constrained such that its momentum vector points back to the PV. The refitted values

of the 4-momenta are used in the amplitude fit to the D decay phasespace distribution

to extract γ.

5.2.2 Multivariate Classifiers - boosted decision trees

Further classification of events into signal and background is achieved using a multi-

variate analysis technique known as a Boosted Decision Tree (BDT) which combines

multiple (d) discriminating variables into one single discriminant Rd → R. This is far

more powerful than traditional, one-dimensional cut based methods [108].

Decision trees consist of a series of nodes. For each node (starting with the root node)

a data splitting condition is established; a variable to be cut on and the cut value. The
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Figure 5.3: Illustration of a decision tree. Figure is taken from reference [108].

gain of a node can be found from the number of signal (s) and number of background

(b) events or purity (p = s/(s+ b)) of the events reaching the node

gain = 2p(1− p) =
2s× b

(s+ b)2
.

The maximum value of gain is therefore 0.5 for a mixed sample with equal signal and

background and the minimum value zero for a pure sample. The data splitting condition

is found by maximising the difference in the gain between the node and the sum of its

daughter nodes weighted by the relative fraction of events reaching them. This process

is illustrated in figure 5.3 which is taken from reference [108]. A Decision Tree must

be trained on events for which the classification (signal or background) of each event is

known, this is an example of supervised machine learning. After a specified number of

nodes, the d-dimensional phasespace is split into n regions known as leaves which are

classified as either signal or background based on the classification of the majority of

training events that reach them.

The power of a decision tree can be increased by boosting the decision tree. Boosted
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decision trees use the result of one decision tree in the creation of further decision trees.

Misclassified training events in a decision tree are given a higher, common weight (or

are boosted) in the training sample used to train subsequent decision trees. This creates

a forest of decision trees. The final BDT response for N decision trees is a single value

between -1 and +1 which is the combined weighted average of the output of all decision

trees. For an event with a vector of input variables xxx,

BDT response(xxx) =
1
N

N∑
i

ln(αi)hi(xxx),

where hi(xxx) is the result of an individual decision tree i and takes discrete values -1 or

+1; -1 if the event is classified as background or +1 if the event is classified as signal.

The term αi is given by αi = (1− erri)/erri where erri is the proportion of misclassified

training events in the decision tree i. In this way poorly performing decision trees

contribute little to the overall BDT response for an event.

Decision tree classifiers have the advantage of being immune to the curse of dimen-

sionality; a one-dimensional only optimisation is required at each node, achieved by

scanning over 20 cut values in the chosen variable range. The particular collection of

input variables available to the classifier is also less important which is advantageous

as the discriminating power of a variable is not necessarily known a priori. While it is

important to give the classifier access to the variables with the highest discriminating

power, any input variables with a poor discriminating power will simply be ignored by

the decision trees during the training process. Decision trees however can easily suffer

from over-training, learning statistical fluctuations within the training samples rather

than general trends in the data. Over-training is reduced by the process of boosting the

tree. The individual decision trees in this analysis have a depth of only 2 nodes making

them weak classifiers that are far less prone to over-training. The effect of any statisti-

cal fluctuations in the training data is reduced by using the weighted average of many

individual weakly classifying trees. As a test for over-training a separate testing sample

is created, the BDT response to the testing sample should match the BDT response to

the training sample.
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5.2.2.1 A BDT for B± → D(→ K+K−π+π−)K± decays

A BDT using 1000 decision trees is built to remove combinatorial background from the

data samples. Using the package TMVA (Toolkit for MultiVariate Analysis) [108] a BDT

is built using variables that are predicted to discriminate most strongly between signal

and combinatorial background. To train the BDT representative samples of signal and

combinatorial background are provided to TMVA. Half is used for training the decision

trees and half for testing for over-training. As a representative sample of signal decays

B± → D(→ K+K−π+π−)K± MC simulation data is used and for a representative

combinatorial background sample B± → D(→ K+K−π+π−)K± high-mass sideband

data is used. The high-mass sideband consists of events in the region 5800 < mDK <

7000 MeV where we expect no specific decays to be present. The samples provided to

TMVA are run through a basic pre-selection before training (which is also applied to

the data samples to be used in the analysis) consisting of:

• DTF refit converges

• D candidate mass falls within 25 MeV of PDG value

• Bachelor track has momentum less than 100 GeV

• D flight distance significance (FDsig) greater than zero i.e. the vertex of the D

must be downstream from the B vertex.

The last of these requirements removes some of the charmless background events - decays

where a B± particle decays to the same final state as the signal decay but not via a

D meson. For these background decays the B± and fake D vertex will be concurrent,

however due to the reconstruction the fake D vertex will be very slightly displaced in

the positive or negative z direction relative to the B± vertex. This cut will remove

all charmless backgrounds where the fake D has been reconstructed in the upstream

direction relative to the B± vertex meaning approximately 50% of this background is

removed.
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The BDT method is implemented using the variables shown in table 5.3 with definitions

given in section 3.2, by taking the logarithm of some of these variables their discrimi-

nating power is increased. Also shown are the variable’s importance ranking i.e. how

often the variable is chosen by the decision tree nodes.

Table 5.3: BDT input variables.

Variable Ranking
D0 momentum 1

log(Bachelor χ2
IP) 2

B momentum 3
log(B χ2

FD) 4
log(D0 χ2

IP) 5
B pt asymmetry 6

B χ2
IP 7

log(D daughter[1, 2, 3, 4] χ2
IP) 8, 9, 10, 11

As explained above, once the BDT has been established each event can be given a

BDT response value in the continuous range [-1, +1] where -1 is indicates the event is

background and +1 indicates the event is signal. Figure 5.4 shows the values of the

BDT response for the signal and background training and testing samples, where it can

be seen how background events peak at -1 and signal events at +1. This plot also shows

whether the BDT has been over-trained on the training sample which would be indicated

by a poor match to the testing sample. No evidence of over-training is seen as the BDT

response distributions for the training and testing samples are compatible.

In this analysis the BDT cut is left loose; events with a BDT response less than -0.9 are

rejected. The motivation for this loose cut is the reduction of systematic uncertainties

arising from unaccounted for MC/data differences in the BDT variables. The lack of

any PID information in the discriminating variables chosen (motivated by the fact that

the signal MC data does not reproduce the PID response well) means that this BDT

can also be used to select the control channel decays.
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Figure 5.4: BDT response for representative signal and background samples used to
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5.2.3 Further cuts

After the BDT further vertex and kinematic cuts are made:

• DIRA of the D relative to the primary vertex greater than 0.99

• DIRA of the B± relative to the primary vertex greater than 0.9999

• D daughters momentum less than 100 GeV

• D flight distance significance > 2.0

• Kaon bachelor track DLL(k − π) > 4

• Pion bachelor track DLL(k − π) < 4

A cut on the DIRA variable of the D and B± particles further reduces combinatorial

background and the flight distance significance of the D is tightened to remove any

remaining charmless backgrounds. Up until this point in the analysis there has been no

distinction made between the signal and control channels; a PID cut is applied to the

bachelor particle to separate these decay modes.

The D daughter PID cuts are optimised using the control channel. The mDπ distribution

of B± → D(→ K+K−π+π−)π± candidates after all other selection criteria has been

applied is fitted with varying PID cuts applied to the D daughter particles. The level of

signal and background retained is determined by integrating the signal and background

PDFs in the mDπ signal region. The fit for the optimal cut value is shown in figure 5.5

and is determined to be DLL(k − π) > 6 for D daughter kaons and DLL(k − π) < 6

for D daughter pions. Consistent with the amplitude analysis a selection cut is made to

remove B± → D(→ Ks(π+π−)K+K−)h± background decays. To be conservative the

same cut is applied to the mππ invariant mass distribution as is used for the CLEO II.V

and CLEO III datasets.
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Figure 5.5: Fit to B± → D(→ K+K−π+π−)π± mDπ mass distribution with optimal
D daughter PID cuts applied. The green arrows indicate the mDπ signal region.
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5.3 Mass fits

For events that pass the selection a fit to the B± candidate mass distribution, mDh,

is performed. The mass fits are performed in the region 4900 < mDh < 6000 MeV

and provide the event-by-event signal and background weightings that are used in the

likelihood fit (described fully in section 5.4). Events are grouped into 4 signal and

background categories based on their description within the D decay phasespace:

• B± → D(→ K+K−π+π−)K± signal

• B± → D(→ K+K−π+π−)π± cross-feed background

• Wrong D background defined as events that are combinatorial in the reconstruction

of the D candidate

• Right D background defined as partially reconstructed events or events that are

combinatorial in the reconstruction of the B± candidate but contain a correctly

reconstructed D0 → K+K−π+π− decay.

5.3.1 Control channel B± candidate mass fit

The control channel serves as a null test of the method used to extract γ. In this channel

there is no cross-feed background from B± → D(→ K+K−π+π−)K± decays due to the

much lower branching fraction.

Signal shape

The signal shape in mDK is taken from truth-matched MC events. The MC sample is

fitted with a quadruple Gaussian whereby the mean and width of the second Gaussian is

defined relative to the first Gaussian, the third Gaussian relative to the second Gaussian

and so on. This results in one main Gaussian contributing approximately 85% of the

total PDF and three much wider Gaussians that are required to fit the tails of this high

statistics sample (> 600, 000 events). This fit can be seen in figure 5.6 along with the

residuals of the fit.



Model-dependent measurement of the CKM phase γ 166

In the full fit to mDπ for the control channel data, common control factors (cf) are

applied to the mean and width of these Gaussians and are allowed to float in the fit to

take into account any differences between data and MC.
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Figure 5.6: Fit to mDπ for truth-matched B± → D(→ K+K−π+π−)π± MC data using
a quadruple Gaussian on linear (left) and logarithmic (right) scales.

Wrong D background

Both the level of the wrong D background as well as a PDF in mDπ to describe it must be

found. Figure 5.7 shows the sidebands in mKKππ for the B± → D(→ K+K−π+π−)π±

data after full selection; the lower sideband is defined as 1770 < mKKππ < 1840 MeV and

the upper sideband as 1890 < mKKππ < 1920 MeV. These events are combinatorial in

the reconstruction of the D candidate. To estimate the number of wrong D background

events within the mKKππ signal region (1840 < mKKππ < 1890 MeV) the sidebands in

shown in 5.7 have been fitted in with a first order polynomial. This fit is extrapolated

into the mKKππ signal region. By finding the integral of the polynomial in the signal

region relative to that in the sidebands the number of wrong D background events in

the signal region can estimated. The estimated number is 6070±58.

To establish a description of the wrong D background events in mDπ, these sideband

events are fit with a 5th order Chebyshev polynomial. The fit to the mDπ distribution
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Figure 5.7: Fit to mKKππ distribution for B± → D(→ K+K−π+π−)π± events in the
mKKππ sidebands.

can be seen in figure 5.8. Both the shape and yield of this background are fixed in the

full fit to mDπ for B± → D(→ K+K−π+π−)π± decays.

Right D background

Partially reconstructed background decays occur at low mDπ values. These events are

the result of decays that include all of the required particles of the signal decay chain

(and so contain a real D → K+K−π+π− decay) but also have further particles in the

decay chain that are not reconstructed. An example is B± → D∗0(→ D0π0)π± where

the π0 particle is not reconstructed. We model the low mass background by 2 overlapping

Gaussians with a common width plus a wider Gaussian function. Also present are events

that are combinatorial in the reconstruction of the B± candidate (rather than in the D

candidate), this background is modelled by a first order polynomial. The parameters of

these background shapes are allowed to float in the full fit to mDπ.
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Figure 5.8: Fit to mDπ distribution of B± → D(→ K+K−π+π−)π± events in the
mKKππ sidebands.

Full fit to B± candidate mass distribution for control channel events

A fit to mDπ for B± → D(→ K+K−π+π−)π± events is performed where the signal

PDF and the wrong D background PDF and yield are fixed. Control factors applied to

the signal PDF to account for data/MC differences are however allowed to float. The

parameters of the shapes involved in the right D background PDF are also allowed to

float in the fit. The result of this fit is shown in figure 5.9 with fitted parameter values

shown in appendix A.3. The χ2/ndof value for the fit is 1.32 where the value of ndof has

been found from ndof = (Nbins−1)−Npar, with the number of bins Nbins = 100 and the

number of free parameters Npar = 13. The final yield of B± → D(→ K+K−π+π−)π±

signal events is 4700±82.
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Figure 5.9: Fit to mDπ for B± → D(→ K+K−π+π−)π± control channel events on
linear (top) and logarithmic (bottom) scales. The blue line represents the right D
background, the red dashed line the wrong D background and total PDF is represented
by the solid black line. The green arrows indicate the mDπ signal region.
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5.3.2 Signal channel B± candidate mass fit

Parameterisations of the signal and background components in mDπ established from

the high statistics control channel can be used in the fit to B± → D(→ K+K−π+π−)K±

data.

Signal shape

Truth-matched B± → D(→ K+K−π+π−)K± MC data is fit with a quadruple Gaussian

to obtain a signal shape in mDK . Figure 5.10 shows this fit. As for the control channel,

in the full fit to mDK , floating control factors, cf , are applied to the means and widths

of these Gaussians.
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Figure 5.10: Fit to mDK for truth-matched B± → D(→ K+K−π+π−)K± MC data
using a quadruple Gaussian on linear (left) and logarithmic (right) scales.

B± → D(→ K+K−π+π−)π± cross-feed background

Unlike for the control channel there is the B± → D(→ K+K−π+π−)π± cross-feed

background to consider. B± → D(→ K+K−π+π−)π± MC events are reconstructed as

B± → D(→ K+K−π+π−)K± events and the resulting mDπ→K distribution fit with a

Crystal Ball[109] plus a triple Gaussian function. A Crystal-Ball function is a Gaussian

with a width σ and power law tail at α × σ from the mean. The sign of α determines
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if the power law tail is on the left or the right of the peak and a parameter n defines

the slope of the exponential. Figure 5.11 shows this fit. In the full fit to mDK the

same control factors that are applied to the signal PDF are applied to the cross-feed

background PDF.
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Figure 5.11: Fit to mDK for B± → D(→ K+K−π+π−)π± MC events reconstructed
as B± → D(→ K+K−π+π−)K± events.

Wrong D background

As for the control channel, the mKKππ distribution for events falling in the D mass

sidebands are fit with a first order polynomial to determine the number of wrong D

background events expected in the mKKππ signal region. Figure 5.12 shows the fit to

the mKKππ sideband events. It is estimated that there are 1160±25 wrong D background

events in the signal region. Figure 5.13 shows the fit to mDK for these events, again a

5th order Chebyshev polynomial is used.

Right D background

The form of the PDF used to describe the right D background is taken from the control

channel fit, however, now there is a third, smaller Gaussian to be added to account for

partially reconstructed B± → D(→ K+K−π+π−)π± cross-feed background events. The
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Figure 5.12: Fit to mKKππ for B± → D(→ K+K−π+π−)K± events falling in the
mKKππ sidebands.

additional Gaussian as well as the relative fractions of the different components involved

in the right D background PDF are allowed to float in the full fit to mDK .

Full fit to B± candidate mass distribution for signal channel events

In summary the signal and cross-feed background PDFs in mDK are taken from MC

and fixed with common control factors, cf , that are allowed to float in the fit to account

for data/MC differences. The wrong D background yield and PDF are fixed. The right

D background PDF is taken from the control channel fit where there is an additional

Gaussian to account for partially reconstructed cross-feed background decays; the rela-

tive amounts of each component in the right D background PDF are allowed to float.

The final mass fit to B± → D(→ K+K−π+π−)K± events is shown in figure 5.14 and

the fitted parameter values can be seen in appendix A.3. The χ2/ndof value for the fit is

1.08 with the number of bins Nbins = 100 and the number of free parameters Npar = 11.

The final yield of B± → D(→ K+K−π+π−)K± signal events is 360±28.
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Figure 5.13: Fit to mDK for B± → D(→ K+K−π+π−)K± events falling in the mKKππ

sidebands.
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Figure 5.14: Fit to mDK for B± → D(→ K+K−π+π−)K± events on linear (top) and
logarithmic (bottom) scales. The green line represents the signal shape, the yellow the
cross-feed background, the blue the right D background and the red dashed line the
wrong D background.The total PDF is represented by the solid black line and the green
arrows indicate the mDK signal region.
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5.3.3 Signal and background probability weights

Using the mass PDFs, P (mDh), established above, the probability for each event to be

either signal, cross-feed background, wrong D background or right D background can

be calculated based on their position in mDh. These probabilities weight the events in

the likelihood fit. The signal probability of an event, W sig(mDh), is defined as

W sig(mDh) =
Psig(mDh)

Psig(mDh) + Pcross-feed bkg(mDh) + PRight D bkg(mDh) + PWrong D bkg(mDh)

with analogous expressions for the cross-feed background, right D and wrong D back-

ground probabilities. It should be noted that for the control channel the probabil-

ity for an event to be cross-feed background is zero. Figure 5.15 and figure 5.16

show the distributions of the signal and background probabilities against mDh for

B± → D(→ K+K−π+π−)π± data and B± → D(→ K+K−π+π−)K± data respec-

tively.
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Figure 5.15: Signal and background probabilities against mDπ for B± → D(→
K+K−π+π−)π± events.
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Figure 5.16: Signal and background probabilities against mDK for B± → D(→
K+K−π+π−)K± events.
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5.4 Likelihood fit to extract γ

This section will describe the fit to the D decay phasespace used to extract γ, including

how each of the signal and background components are modelled and the full likelihood

function that we maximise.

In the likelihood fits the use of Cartesian coordinates is favoured over the use of polar

coordinates where

x± = rDhB cos(δDhB ± γ)

y± = rDhB sin(δDhB ± γ)

as polar coordinates are cyclic. To obtain values for the parameters x±, y± from which

we extract γ, an unbinned maximum likelihood fit is performed to the selected events

falling in the mDh signal range 5200 < mDh < 5400 MeV. The reduced mass range

retains 99% of signal decays as determined from the B± candidate mass fits. In total we

have 3103 B+ candidates and 3209 B− candidates for the control channel and 378 B+

candidates and 417 B− candidates for the signal channel. The log likelihood function is

logL =
∑

B+cand i

[
log
(∑

c

W c
i (mDh)× PD decay

c (x+, y+; pi)
)]

+
∑

B−cand j

[
log
(∑

c

W c
j (mDh)× PD decay

c (x−, y−; pj)
)] (5.1)

where c runs over the four signal and background components, pi is the 4-momenta of

the final state particles in event i, W c
i (mDh) are the signal and background weights for

the event and PD decay
c (x±, y±; pi) are the PDFs describing the signal and background

components in the phasespace of the D decay as a function of the fit variables x±, y±.

These are described in the following.

5.4.1 Signal model

The PDF used to describe B± → D(→ K+K−π+π−)h± decays is defined using the

LASSO amplitude model, AD0(p), for D0 → K+K−π+π− decays found in section 4.8.

The PDF for B+ signal decays is given by
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PD decay
sig (x+, y+; pj) =

ε(pj)|AD̄0(pj) + (x+ + iy+)AD0(pj)|2R4(p)∫
ε(p)|AD̄0(p) + (x+ + iy+)AD0(p)|2R4(p)dp

(5.2)

where ε(p) is the efficiency function across the D decay phasespace. A similar expression

exists for B− decays using the variables x−, y−. As described in section 4.5.1 the

efficiency function in the numerator can be ignored as it does not depend on the fit

parameters x±, y±, its only contribution is in the normalisation term of the PDF. Using

the same technique as for the amplitude analysis, we use the MC simulation events to

normalise the PDFs in the likelihood fit. Generally, the MC models the efficiencies for

the real data well and corrections are applied as described in section 5.1.1 for known

discrepancies. It is informative to see the variation in efficiency effects over the D

decay phasespace. To do this we plot the B+ and B− MC simulation events weighted

by the inverse of their generation values, |Agen
D̄

(pj)|2 and |Agen
D (pj)|2 respectively. This

should leave the efficiency effects applied to a phasespace distribution. If the efficiency is

uniform over the D decay phasespace these distributions will simply look like phasespace.

These plots are shown in figure 5.17 and 5.18 where the phasespace distribution has also

been plotted for comparison. As can be seen the efficiency effects over the D decay

phasespace (that are visible in the ten possible invariant mass projections) are relatively

uniform apart from the clearly visible KS mass veto in mππ. This is a good indicator of

a uniform efficiency.

5.4.2 Background PDF description

Wrong D background decays

A description for the wrong D background must be found from a fit to a representative

sample of these events. Due to the far greater statistics available and the fact that this

background should not depend on the bachelor track the control channel data is used

for this. Modelling this background using mKKππ sideband events is subject to the

same issue as for the CLEO combinatorial background; the use of decay tree fitter with

a constrained D candidate mass causes edge effects at the extremes of phasespace. A

sample is required that uses the same D candidate mass range as the signal. This can
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Figure 5.17: Invariant 2-body mass distributions of MC simulation events weighted by
the inverse of their generation values. The red line represents B− events, the blue line
B+ events and the black line is a phasespace distribution.

be obtained from the high mDπ region 5500 < mDπ < 7000 MeV. Figure 5.19 shows

the mKKππ and mDπ distribution for B± → D(→ K+K−π+π−)π± events where the

signal region and the high mDπ region have been highlighted. The high mDπ region

has contamination from events that have a real D → K+K−π+π− decay which is seen

by a clear peak in the mKKππ distribution of these events. By reversing the D flight

distance significance cut these events are removed from the sample leaving 852 events

representative of wrong D background.
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Figure 5.18: Invariant 3-body mass distributions of MC simulation events weighted by
the inverse of their generation values. The red line represents B− events, the blue line
B+ events and the black line is a phasespace distribution.

Table 5.4: Fit fractions (%) of amplitude components used in the wrong D background
model.

Decay channel Fit fraction (%)
D0 → φ(1020) (π+π−)S 9.13± 1.29
D0 → K∗0 (K−π+)S 3.36± 2.44
D0 → K̄∗0 (K+π−)S 2.00± 2.36

D0 → (K+K−)S (π+π−)S 85.51± 3.26

An incoherent amplitude model is fit to these events following the same procedure as

described in section 4.6. Figure 5.20 shows the invariant mass projections of this fit and

table 5.4 the fit fractions of the amplitude components included.

Right D decays

The right D background events contain a correctly reconstructed D → K+K−π+π−

decay and as such can still be described using the LASSO amplitude model found in

section 4.8. It is assumed that the event is equally likely to contain a D0 or D̄0 decay
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Figure 5.19: Distribution of B± → D(→ K+K−π+π−)π± control channel events in
mKKππ and mDπ space. The signal box (left) and the high mDπ mass region (right)
are indicated.

and as such can be described by

1
2

(|AD0(p)|2 + |AD̄0(p)|2)

in the D decay phasespace.

Cross-feed background

For the signal channel there is the B± → D(→ K+K−π+π−)π± cross-feed background

to consider. The parameter rDπB is an order of magnitude smaller than rDKB and so the

interference term in B± → D(→ K+K−π+π−)π± decays can be ignored at the level

of precision attainable in this analysis. The cross-feed events are modelled in the same

way as the signal events, using equation 5.2, but with x± and y± fixed to zero.
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Figure 5.20: Invariant mass projections for the fit to B± → D(→ K+K−π+π−)π±

wrong D background events
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5.5 Fitter Validation

Pull studies using simulated data are performed to confirm whether we can recover x±

and y± values in a fit to the D decay phasespace using the LASSO AD0(p) model found

in section 4.8.

5.5.1 Basic toy Monte Carlo pull study

A high statistics toy MC study is performed using approximately ten times the number

of events expected in data. Events are produced in MINT according to the distribution

|AD̄0(pj) + (x+ + iy+)AD0(pj)|2

and

|AD0(pj) + (x− + iy−)AD̄0(pj)|2

for B+ and B− events respectively using the generation values shown in table 5.5. The

samples are then fit using the PDF shown in 5.1 where background weights are set to

zero. Approximately 300 such experiments are run using different random seeds for

event generation and a pull study performed. The results of this study are shown in

table 5.6 and are illustrated in figure 5.21. The pull study shows no bias over 2 sigma

and confirms the viability of the measurement of x± and y± using the amplitude fitter.

The pull study is repeated using the statistics available for the signal decay. The results

for this lower statistics pull study can be seen in table 5.7 and are illustrated in figure

5.22. It can be seen that for the lower statistics pull study biases up to 2 sigma begin to

appear, albeit only a small bias of 13% of the statistical uncertainty. To be conservative

a systematic uncertainty could be assigned to the final x± and y± values.
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Table 5.5: MC generation values. Angles given in radians
Parameter Generation value

rB 0.089
γ 1.27
δ 1.95
x+ -0.089
y+ -0.007
x− 0.069
y− 0.056
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Figure 5.21: Distribution of pulls for high statistics toy MC pull study

Table 5.6: Results of high statistics pull study

Parameter Pull mean Pull width
x+ -0.034±0.059 1.013±0.042
y+ -0.020±0.059 1.019±0.042
x− -0.045±0.060 1.031±0.042
y− 0.091±0.059 1.022±0.042

Table 5.7: Results of low statistics pull study

Parameter Pull mean Pull width
x+ -0.032±0.063 1.086±0.045
y+ -0.129±0.058 1.005±0.041
x− -0.075±0.060 1.036±0.043
y− -0.027±0.058 0.995±0.041
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Figure 5.22: Distribution of pulls for low statistics toy MC pull study
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5.5.2 Validation of method using control channel data

The control channel data serves as an excellent test of our method to extract γ; we expect

the fit parameters x±, y± to be consistent with zero. As an initial sanity check we plot

the invariant mass projections of the B+ and B− events on top of one another where the

invariant mass projection plotted for B+ events is the conjugate of that plotted for B−

events i.e. the s123 distribution of B+ events is plotted on top of the s124 distribution

for B− events. For control channel events these distributions should be in agreement

with each other. These plots can be seen in figure 5.23 and 5.24.

We fit the control channel data using the likelihood function given in 5.1. The AD0(p)

amplitude component parameters, ai, are Gaussian constrained to their values in the

LASSO model (described in section 4.8) taking into account the full covariance matrix.

The results of x± and y± for such a fit are given in table 5.8 and the modified amplitude

component parameters, ai and fit fractions are given in table 5.9. Figures 5.25 and 5.26

show the fit in the 2- and 3-body invariant mass projections for B+ events and figures

5.27 and 5.28 for the B− events. It can be seen that although the x parameters are

consistent with zero the y parameters are inconsistent with zero at the level of 5 and 6

sigma. Reassuringly however, the x and y parameters between the B+ and B− events are

in somewhat reasonable agreement with no observation for CP -violation in the control

channel decay. For B± → D(→ K+K−π+π−)π± decays the x and y parameters are

related to the CKM phase γ by

x± = rDπB cos(δDπB ± γ)

y± = rDπB sin(δDπB ± γ).

Given that we expect rDπB ≈ 0.027 [102] the fitted value of rDπB is too large.
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Figure 5.23: Invariant 2-body mass distributions of B+ and B− control channel events.
The blue represents B+ events and the red B− events. The invariant mass distribution
is defined as for the B− events, the conjugate invariant mass distribution of B+ events
is overlaid.

Table 5.8: Results of x± and y± for a fit to control channel data using Gaussian
constraints on the AD0(p) parameters from the LASSO model.

Parameter Fit value
x+ 0.012±0.021
y+ -0.132±0.026
x− 0.020±0.023
y− -0.198±0.031
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Figure 5.24: Invariant 3-body mass distributions of B+ and B− control channel events.
The blue represents B+ events and the red B− events. The invariant mass distribution
is defined as for the B− events, the conjugate invariant mass distribution of B+ events
is overlaid.
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Figure 5.25: Invariant 2-body mass distributions of control channel B+ events with fit
projections. The blue dashed line represents the signal the red dashed line the right
D background and the green dashed line the wrong D background. The total PDF is
shown as a black solid line.
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Figure 5.26: Invariant 3-body mass distributions of control channel B+ events with fit
projections. The blue dashed line represents the signal the red dashed line the right
D background and the green dashed line the wrong D background. The total PDF is
shown as a black solid line.
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Figure 5.27: Invariant 2-body mass distributions of control channel B− events with fit
projections. The blue dashed line represents the signal the red dashed line the right
D background and the green dashed line the wrong D background. The total PDF is
shown as a black solid line.



Model-dependent measurement of the CKM phase γ 192

)4) (GeV/c+π-K+(K2m
1.5 2 2.5 3

)4
/c2

E
ve

nt
s/

(0
.0

49
 G

eV

0

20

40

60

80

100

120

140

160

180

200

)4) (GeV/c-π-K+(K2m
1.5 2 2.5 3

)4
/c2

E
ve

nt
s/

(0
.0

49
 G

eV

0

20

40

60

80

100

120

140

160

180

200

)4) (GeV/c-π+π+(K2m
0.5 1 1.5 2

)4
/c2

E
ve

nt
s/

(0
.0

36
 G

eV

0

50

100

150

200

250

)4) (GeV/c-π+π-(K2m
0.5 1 1.5 2

)4
/c2

E
ve

nt
s/

(0
.0

36
 G

eV

0

50

100

150

200

250

300

Figure 5.28: Invariant 3-body mass distributions of control channel B− events with fit
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To investigate what may be causing a large rDπB fit value various other fits have been

performed to the control channel data. First a fit to all control channel events is per-

formed with the LASSO model for AD0(p) fixed in the likelihood. Figure 5.29 shows

the 1-4 sigma contours for the 2-dimensional log-likelihood scans for the B+ and B−

events, a single defined minima is seen in each case. Then only the events falling in the

φ region are fit with the fixed LASSO model; the φ region is defined as a two sigma

window around the φ mass in the invariant mass of the two kaon system, mKK . This

region is where we expect the LASSO model to behave best, the region is dominated

by the φ resonance with little contribution from other resonances and from background.

To complement this, a fit is run using only the events that do not fall in the φ region.

The results of these fits are shown in table 5.10.
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Figure 5.29: Contours representing 1-4 sigma in the two dimensional likelihood scans for
B+ (left) and B− (right) control channel data. The amplitude component parameters
of the AD0 LASSO model are fixed.

Table 5.10: Fits to control channel data where a) LASSO model fixed b) only events
in the φ region are fit with the fixed LASSO model c) all events not in the φ region are
fit with the fixed LASSO model.

a b c
x+ -0.020±0.020 -0.038±0.034 -0.010±0.026
y+ -0.132±0.021 -0.136±0.050 -0.161±0.024
x− -0.006±0.021 -0.089±0.036 -0.002±0.026
y− -0.194±0.024 -0.283±0.050 -0.132±0.027

Given the difference in statistics between the dataset used to obtain the AD0 LASSO

model at CLEO and the B± → D(→ K+K−π+π−)π± control channel dataset at LHCb,

another test splits the control channel dataset into two. The first half of the data is used

to establish a new model for AD0 based on the LASSO model with x± and y± fixed to
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zero. This modified AD0 model is then used in the likelihood 5.1 to fit for x± and y±

using the other half of the dataset. In the first test of this type, AD0 is refit to control

channel events where the amplitude component parameters, ai, are Gaussian constrained

to their values in the LASSO model; the Gaussian constraints use an uncertainty simply

equal to the statistical uncertainty and the full covariance matrix is taken into account.

The second test takes the same approach but the uncertainties used for the Gaussian

constraints are the statistical plus experimental systematic uncertainties (the model

systematic uncertainties are not included as we expect similar model effects between

CLEO and LHCb analyses). Finally this test is also repeated with no constraints on the

amplitude component parameters; we fit a totally new model using the same amplitude

components as the LASSO model. The amplitude component parameters, ai, and fit

fractions for the resulting AD0 models can be seen in tables 5.12, 5.13 and 5.14, along

with χ2/ndof values which all indicate a good fit quality. The values for x± and y±

obtained from using these three models in the likelihood fit given in 5.1 can be seen in

table 5.11.

Table 5.11: Fits to control channel data where half of the dataset is used to fit an
amplitude model, AD0 , based on the LASSO model with x± and y± fixed to zero and
the other half is used to test the model by fitting for x± and y± using the likelihood in
5.1. The results of x± and y± for amplitude models built with the following constraints
on the LASSO model parameters are shown; a) Gaussian constraints applied to LASSO
model parameters where uncertainties are statistical b) Gaussian constraints applied
to LASSO model parameters where uncertainties are statistical plus experimental sys-
tematic c) No constraints are applied.

a b c
x+ -0.024±0.026 -0.014±0.026 0.005±0.026
y+ -0.093±0.029 -0.075±0.029 -0.036±0.030
x− -0.041±0.027 -0.037±0.026 -0.028±0.026
y− -0.075±0.031 -0.057±0.031 -0.010±0.032



Model-dependent measurement of the CKM phase γ 196

T
ab

le
5.

12
:

R
ea

la
nd

im
ag

in
ar

y
pa

rt
of

th
e

co
m

pl
ex

am
pl

it
ud

e
co

effi
ci

en
ts

,a
i

an
d

th
e

fit
fr

ac
ti

on
s

of
ea

ch
co

m
po

ne
nt

in
th

e
am

pl
it

ud
e

m
od

el
fo

un
d

by
fit

ti
ng

ha
lf

of
th

e
co

nt
ro

lc
ha

nn
el

sa
m

pl
e

w
he

re
x
±

=
y ±

=
0

is
fix

ed
an

d
th

e
va

lu
es

of
a
i

ar
e

G
au

ss
ia

n
co

ns
tr

ai
ne

d
to

th
ei

r
va

lu
es

in
th

e
L

A
SS

O
m

od
el

.
T

he
un

ce
rt

ai
nt

ie
s

ar
e

st
at

is
ti

ca
l.

T
he

χ
2
/n
d
of

va
lu

e
is

al
so

gi
ve

n.
D

ec
ay

ch
a
n
n
el

<
(a
i
)

=
(a
i
)

F
i
(%

)

D
0
→
K
−

[K
1
(1

2
7
0
)+
→
π

+
K
∗
(8

9
2
)0

]
8
.0

4
±

0
.8

5
-5

.1
7
±

0
.9

9
5
.3
±

0
.9

D
0
→
K
−

[K
1
(1

2
7
0
)+
→
π

+
K
∗
(1

4
3
0
)0

]
3
4
.9

8
±

2
.5

0
1
4
.8

4
±

3
.3

2
7
.1
±

0
.8

D
0
→
K
−

[K
1
(1

2
7
0
)+
→
K

+
ρ
(7

7
0
)0

]
-1

3
.2

1
±

1
.9

7
-1

8
.4

1
±

1
.5

8
9
.7
±

1
.0

D
0
→
K

+
[K̄

1
(1

2
7
0
)−
→
K
−
ρ
(7

7
0
)0

]
9
.3

1
±

1
.0

9
-1

0
.6

6
±

0
.9

4
3
.8
±

0
.4

D
0
→
K
−

[K
1
(1

2
7
0
)+
→
K

+
ω

(7
8
2
)]

0
.4

7
±

1
.9

3
-7

.8
8
±

1
.5

7
0
.3
±

0
.1

D
0
→
K
−

[K
1
(1

4
0
0
)+
→
π

+
K
∗
(8

9
2
)0

]
3
.8

6
±

3
.6

9
-4

2
.0

8
±

3
.0

9
1
4
.1
±

2
.0

D
0
→
K
−

[K
∗
(1

6
8
0
)+
→
π

+
K
∗
(8

9
2
)0

]
1
3
2
.9

2
±

9
.7

6
3
.7

2
±

1
1
.9

5
3
.1
±

0
.4

D
0
[S

]
→
K
∗
(8

9
2
)0
K̄
∗
(8

9
2
)0

8
2
6
.4

5
±

5
8
.0

5
-2

2
0
.9

2
±

6
9
.1

5
3
.8
±

0
.5

D
0
[P

]
→
K
∗
(8

9
2
)0
K̄
∗
(8

9
2
)0

-9
7
7
.5

6
±

8
5
.8

3
-8

1
3
.7

4
±

9
5
.5

4
4
.6
±

0
.5

D
0
[D

]
→
K
∗
(8

9
2
)0
K̄
∗
(8

9
2
)0

-4
9
8
4
.7

5
±

2
8
5
.0

7
1
0
1
8
.2

5
±

3
7
9
.2

3
4
.2
±

0
.4

D
0
[S

]
→
φ

(1
0
2
0
)
ρ
(7

7
0
)0

5
1
5
8
.6

5
(fi

x
ed

)
0
.0

0
(fi

x
ed

)
2
6
.0
±

0
.7

D
0
[P

]
→
φ

(1
0
2
0
)
ρ
(7

7
0
)0

-1
5
6
9
.5

2
±

1
2
2
.3

4
-7

3
2
.8

9
±

2
1
8
.3

3
1
.7
±

0
.3

D
0
[D

]
→
φ

(1
0
2
0
)
ρ
(7

7
0
)0

6
0
7
5
.2

4
±

4
2
9
.2

1
1
7
3
5
.9

4
±

5
9
3
.8

0
2
.2
±

0
.3

D
0
→
K
∗
(8

9
2
)0

(K
−
π

+
) S

4
8
.4

8
±

3
.1

2
8
.5

5
±

4
.0

9
6
.7
±

0
.8

D
0
→
φ

(1
0
2
0
)
(π

+
π
−

) S
4
6
.7

0
±

4
.2

4
-5

2
.1

6
±

3
.9

5
4
.7
±

0
.4

D
0
→

(K
+
K
−

) S
(π

+
π
−

) S
0
.3

5
±

0
.0

4
0
.5

9
±

0
.0

3
1
2
.2
±

0
.8

S
u
m

1
0
9
.4
±

2
.6

χ
2
/
n
d
of

1
.2

2



Model-dependent measurement of the CKM phase γ 197

T
ab

le
5.

13
:

R
ea

la
nd

im
ag

in
ar

y
pa

rt
of

th
e

co
m

pl
ex

am
pl

it
ud

e
co

effi
ci

en
ts

,a
i

an
d

th
e

fit
fr

ac
ti

on
s

of
ea

ch
co

m
po

ne
nt

in
th

e
am

pl
it

ud
e

m
od

el
fo

un
d

by
fit

ti
ng

ha
lf

of
th

e
co

nt
ro

lc
ha

nn
el

sa
m

pl
e

w
he

re
x
±

=
y ±

=
0

is
fix

ed
an

d
th

e
va

lu
es

of
a
i

ar
e

G
au

ss
ia

n
co

ns
tr

ai
ne

d
to

th
ei

r
va

lu
es

in
th

e
L

A
SS

O
m

od
el

w
he

re
th

e
co

m
bi

ne
d

st
at

is
ti

ca
l

an
d

ex
pe

ri
m

en
ta

l
sy

st
em

at
ic

un
ce

rt
ai

nt
y

of
th

e
L

A
SS

O
m

od
el

pa
ra

m
et

er
s

ar
e

us
ed

.
T

he
un

ce
rt

ai
nt

ie
s

ar
e

st
at

is
ti

ca
l.

T
he

χ
2
/n
d
of

va
lu

e
is

al
so

gi
ve

n.
D

ec
ay

ch
a
n
n
el

<
(a
i
)

=
(a
i
)

F
i
(%

)

D
0
→
K
−

[K
1
(1

2
7
0
)+
→
π

+
K
∗
(8

9
2
)0

]
8
.0

7
±

0
.9

0
-5

.6
6
±

1
.0

0
5
.4
±

0
.9

D
0
→
K
−

[K
1
(1

2
7
0
)+
→
π

+
K
∗
(1

4
3
0
)0

]
3
5
.8

3
±

2
.7

1
1
3
.0

1
±

3
.6

4
7
.0
±

0
.9

D
0
→
K
−

[K
1
(1

2
7
0
)+
→
K

+
ρ
(7

7
0
)0

]
-1

3
.2

7
±

2
.0

8
-1

8
.8

6
±

1
.6

7
1
0
.4
±

1
.2

D
0
→
K

+
[K̄

1
(1

2
7
0
)−
→
K
−
ρ
(7

7
0
)0

]
8
.1

4
±

1
.2

2
-1

0
.3

9
±

0
.9

7
3
.1
±

0
.4

D
0
→
K
−

[K
1
(1

2
7
0
)+
→
K

+
ω

(7
8
2
)]

0
.1

2
±

2
.0

1
-7

.5
9
±

1
.7

5
0
.3
±

0
.1

D
0
→
K
−

[K
1
(1

4
0
0
)+
→
π

+
K
∗
(8

9
2
)0

]
4
.3

1
±

3
.8

6
-4

3
.6

8
±

3
.3

5
1
4
.8
±

2
.1

D
0
→
K
−

[K
∗
(1

6
8
0
)+
→
π

+
K
∗
(8

9
2
)0

]
1
3
2
.6

0
±

1
2
.3

5
0
.0

5
±

1
2
.7

9
3
.0
±

0
.6

D
0
[S

]
→
K
∗
(8

9
2
)0
K̄
∗
(8

9
2
)0

7
9
4
.0

3
±

6
9
.5

4
-2

4
2
.9

2
±

7
0
.5

1
3
.5
±

0
.6

D
0
[P

]
→
K
∗
(8

9
2
)0
K̄
∗
(8

9
2
)0

-1
0
4
8
.6

5
±

1
1
4
.7

5
-8

2
8
.5

1
±

1
0
7
.7

7
4
.9
±

0
.6

D
0
[D

]
→
K
∗
(8

9
2
)0
K̄
∗
(8

9
2
)0

-5
0
9
1
.6

4
±

3
2
3
.6

9
1
3
0
5
.1

1
±

3
9
6
.6

4
4
.4
±

0
.5

D
0
[S

]
→
φ

(1
0
2
0
)
ρ
(7

7
0
)0

5
1
5
8
.6

5
(fi

x
ed

)
0
.0

0
(fi

x
ed

)
2
5
.1
±

0
.8

D
0
[P

]
→
φ

(1
0
2
0
)
ρ
(7

7
0
)0

-1
5
8
9
.8

4
±

1
4
2
.0

1
-7

3
5
.0

0
±

2
4
5
.1

2
1
.7
±

0
.3

D
0
[D

]
→
φ

(1
0
2
0
)
ρ
(7

7
0
)0

6
1
6
7
.9

9
±

4
7
4
.7

0
2
0
2
4
.7

3
±

6
3
4
.7

9
2
.2
±

0
.3

D
0
→
K
∗
(8

9
2
)0

(K
−
π

+
) S

5
0
.6

8
±

3
.8

3
8
.3

2
±

4
.1

7
7
.3
±

1
.0

D
0
→
φ

(1
0
2
0
)
(π

+
π
−

) S
5
0
.3

7
±

4
.8

4
-5

0
.2

5
±

5
.0

4
4
.7
±

0
.6

D
0
→

(K
+
K
−

) S
(π

+
π
−

) S
0
.3

6
±

0
.0

4
0
.5

9
±

0
.0

4
1
1
.3
±

0
.9

S
u
m

1
0
8
.9
±

3
.5

χ
2
/
n
d
of

1
.2

3



Model-dependent measurement of the CKM phase γ 198

T
ab

le
5.

14
:

R
ea

la
nd

im
ag

in
ar

y
pa

rt
of

th
e

co
m

pl
ex

am
pl

it
ud

e
co

effi
ci

en
ts

,a
i

an
d

th
e

fit
fr

ac
ti

on
s

of
ea

ch
co

m
po

ne
nt

in
th

e
am

pl
it

ud
e

m
od

el
fo

un
d

by
fit

ti
ng

ha
lf

of
th

e
co

nt
ro

l
ch

an
ne

l
sa

m
pl

e
w

he
re
x
±

=
y ±

=
0

is
fix

ed
an

d
no

co
ns

tr
ai

nt
s

ar
e

ap
pl

ie
d

to
a
i.

T
he

un
ce

rt
ai

nt
ie

s
ar

e
st

at
is

ti
ca

l.
T

he
χ

2
/n
d
of

va
lu

e
is

al
so

gi
ve

n.
D

ec
ay

ch
a
n
n
el

<
(a
i
)

=
(a
i
)

F
i
(%

)

D
0
→
K
−

[K
1
(1

2
7
0
)+
→
π

+
K
∗
(8

9
2
)0

]
9
.2

5
±

1
.2

3
-4

.0
0
±

1
.5

2
5
.3
±

1
.3

D
0
→
K
−

[K
1
(1

2
7
0
)+
→
π

+
K
∗
(1

4
3
0
)0

]
3
5
.0

0
±

4
.2

7
2
2
.2

6
±

4
.3

7
7
.6
±

1
.2

D
0
→
K
−

[K
1
(1

2
7
0
)+
→
K

+
ρ
(7

7
0
)0

]
-8

.8
9
±

3
.1

2
-2

4
.5

4
±

2
.0

8
1
1
.9
±

1
.6

D
0
→
K

+
[K̄

1
(1

2
7
0
)−
→
K
−
ρ
(7

7
0
)0

]
7
.1

4
±

1
.5

4
-9

.3
1
±

1
.2

3
2
.3
±

0
.4

D
0
→
K
−

[K
1
(1

2
7
0
)+
→
K

+
ω

(7
8
2
)]

-3
.3

9
±

2
.7

2
-6

.0
7
±

2
.2

2
0
.2
±

0
.1

D
0
→
K
−

[K
1
(1

4
0
0
)+
→
π

+
K
∗
(8

9
2
)0

]
1
4
.7

7
±

5
.5

8
-4

4
.5

4
±

4
.7

0
1
5
.8
±

3
.0

D
0
→
K
−

[K
∗
(1

6
8
0
)+
→
π

+
K
∗
(8

9
2
)0

]
1
2
4
.1

0
±

1
4
.7

6
2
9
.7

3
±

1
7
.4

5
2
.6
±

0
.6

D
0
[S

]
→
K
∗
(8

9
2
)0
K̄
∗
(8

9
2
)0

7
6
0
.4

2
±

8
7
.3

1
-1

4
8
.4

5
±

9
8
.8

1
2
.8
±

0
.6

D
0
[P

]
→
K
∗
(8

9
2
)0
K̄
∗
(8

9
2
)0

-9
5
0
.4

1
±

1
4
9
.1

0
-1

1
1
5
.9

0
±

1
2
6
.2

2
5
.4
±

0
.8

D
0
[D

]
→
K
∗
(8

9
2
)0
K̄
∗
(8

9
2
)0

-5
6
2
4
.2

9
±

4
2
7
.1

1
1
3
1
9
.8

6
±

5
2
2
.7

2
4
.8
±

0
.7

D
0
[S

]
→
φ

(1
0
2
0
)
ρ
(7

7
0
)0

5
1
5
8
.6

5
(fi

x
ed

)
0
.0

0
(fi

x
ed

)
2
2
.9
±

0
.9

D
0
[P

]
→
φ

(1
0
2
0
)
ρ
(7

7
0
)0

-1
6
1
8
.2

0
±

1
7
0
.8

0
-1

0
4
9
.8

2
±

2
7
4
.9

2
1
.9
±

0
.4

D
0
[D

]
→
φ

(1
0
2
0
)
ρ
(7

7
0
)0

6
5
2
3
.6

0
±

5
2
0
.8

4
4
1
3
1
.8

4
±

8
3
9
.9

0
2
.8
±

0
.5

D
0
→
K
∗
(8

9
2
)0

(K
−
π

+
) S

5
5
.4

1
±

4
.6

4
1
7
.8

0
±

6
.1

2
8
.6
±

1
.3

D
0
→
φ

(1
0
2
0
)
(π

+
π
−

) S
5
8
.5

6
±

5
.4

7
-4

0
.1

6
±

6
.6

3
4
.2
±

0
.6

D
0
→

(K
+
K
−

) S
(π

+
π
−

) S
0
.3

0
±

0
.0

5
0
.6

6
±

0
.0

4
1
2
.0
±

1
.1

S
u
m

1
1
1
.4
±

4
.0

χ
2
/
n
d
of

1
.2

3



Model-dependent measurement of the CKM phase γ 199

5.6 Interpretation of results from work towards γ measure-

ment

A null test of the method to extract γ has been performed using control channel B± →
D(→ K+K−π+π−)π± events. For these decays rDπB ≈ 0.027 and so for the purposes of

this analysis we expect to measure x and y parameters that are consistent with zero.

Although this is not the case and it seems that the fit is preferring a value of rDπB that is

too large the fit shows no observed CP -violation in the decay. The suspicion is that the

D0 → K+K−π+π− amplitude model developed on the much smaller CLEO data set is

insufficient to describe the LHCb data. Various fits have been performed to investigate

as to why the fit might prefer a larger value of rDπB . It is somewhat reassuring to see

that the fit to the φ region and to the non-φ region show the same pattern of results; y±

parameters significantly different from zero with x± parameters closer to those expected,

as the fit to the full dataset. This suggests that the issue is not to do with the LASSO

model description of the data in one region of phasespace.

As expected, for fits using a model, AD0 , which has been refit to control channel events

results are closer to what one would expect, with the results improving the more freedom

the AD0 parameters have. This suggests that we need more input from LHCb data to

properly describe the data. Given the apparent uniformity of efficiency effects seen

across the D decay phasespace it seems unlikely that efficiency effects are affecting the

fit to this extent. More likely is that the description of the background is not correct,

this background description however would have to affect both the φ region and the

non-φ region.



Chapter 6

Conclusions

An amplitude analysis for the decay D0 → K+K−π+π− has been performed using

3298 flavour tagged events and 193 CP tagged events collected by the CLEO detector.

The CP tagged events are unique to the CLEO-c detector configuration and provide an

extra sensitivity to the phase motion over the D decay phasespace. Through the use of a

staged, data driven regularisation method an amplitude model containing 16 amplitude

components has been developed with dominant contributions from the D → V V mode

D0[S] → φ(1020) ρ(770)0; with a fit fraction of 28.1%, and the D → AP mode D0 →
K− [K1(1400)+ → π+K∗(892)0] with a fit fraction of 12.4%. The dominance of these

two components was also seen in a previous amplitude analysis of this decay performed

by the FOCUS experiment. The decay channel D0 → K− [K1(1270)+ → π+K∗(1430)0]

also contributes significantly to the model. Like the K1(1400)+ resonance, the K∗(1430)0

resonance peaks outside of the kinematically allowed phasespace. The description of the

lineshapes of cascade decays using the energy-dependent width formalism described in

this thesis is particularly important for these modes. The largest systematic uncertainty

in the analysis arises from the knowledge of mass and width parameters for the resonance

particles, in particular, that of the K1(1270)+ resonance with mass 1272 ± 7MeV and

width 90 ± 20MeV that features prominently in the model. With access to far greater

statistics, the likes of which are available at LHCb, these parameters can be allowed

to float in the amplitude fit reducing this uncertainty. Using this amplitude model a
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test of CP -violation in the D meson system has been performed both at the global and

amplitude component level. No evidence for CP -violation is observed.

The amplitude model for D0 → K+K−π+π− decays is crucial input to a model-

dependent measurement of the CKM phase γ using B± → D(→ K+K−π+π−)K±

decays. Significant progress towards this measurement has been made. The LHCb Run

1 dataset yields 362 ± 28 B± → D(→ K+K−π+π−)K± signal events and 4699 ± 82

B± → D(→ K+K−π+π−)π± control channel events as determined by fits to mDh dis-

tributions. A toy Monte Carlo study has been performed using the D0 → K+K−π+π−

amplitude model to test for fitter bias in the extraction of γ. The study was run using

statistics close the that expected in data and also with ten times these statistics. No

significant fitter bias is observed. The control channel B± → D(→ K+K−π+π−)π± is

used as a null test of method as for this channel we expect to observe no CP -violation at

the level of precision attainable. Although the fit to the control channel is not behaving

as expected so far, the studies performed suggest that the fault lies with the background

description of LHCb data and it is likely that the amplitude model developed in this

thesis describes the signal well. Further studies will have to be performed to validate this

conclusion. If the problems observed can be overcome, the prospects for this analysis

look good. In years 2015 and 2016 of Run 2 LHCb recorded another ≈ 2fb−1 of data,

within the first few months of data taking in 2017 we can expect to double the available

statistics for this analysis.
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A.1 Spin Amplitudes

The spin factors used for amplitude components in the amplitude analysis are given in
Table A.1. The exact spin factor used and the particle ordering for each decay in the
final LASSO model is given in A.2.

Table A.1: Spin factors for decay topologies considered in the amplitude analysis where
S, P , V , A, and T stand for scalar, pseudoscalar, vector, axial vector and tensor,
respectively. If no angular momentum is specified, the lowest angular momentum state
permitted is used respecting angular momentum conservation and, where required,
parity conservation

Number Decay chain Spin amplitude
1 D → (P P1), P → (V P2), V → (P3 P4) L(1)α(P ) Lα

(1)
(V )

2 D → (AP1), A→ (V P2), V → (P3 P4) L(1)α(D)Pαβ
(1)

(A)L(1)β(V )

3 D → (AP1), A[D]→ (P2 V ), V → (P3 P4) L(1)α(D)Lαβ
(2)

(A)L(1)β(V )

4 D → (AP1), A→ (S P2), S → (P3 P4) L(1)α(D)Lα
(1)

(A)

5 D → (V1 P1), V1 → (V2 P2), V2 → (P3 P4) L(1)µ(D)Pµα
(1)

(V1) εαβγδ L
β
(1)

(V1) pγV1
Lδ

(1)
(V2)

6 D → (T P1), T → (V P2), V → (P3 P4) L(2)µν(D)Pµνρα
(2)

(T ) εαβγδ L
β
(2)ρ

(T ) pγT P
δσ
(1)

(T )L(1)σ(V )

7 D → (S1 S2), S1 → (P1 P2), S2 → (P3 P4) 1
8 D → (V S), V → (P1 P2), S → (P3 P4) L(1)α(D)Lα

(1)
(V )

9 D → (V1 V2), V1 → (P1 P2), V2 → (P3 P4) L(1)α(V1)Lα
(1)

(V2)

10 D[P ]→ (V1 V2), V1 → (P1 P2), V2 → (P3 P4) εαβγδ L
α
(1)

(D)Lβ
(1)

(V1)Lγ
(1)

(V2) pδD

11 D[D]→ (V1 V2), V1 → (P1 P2), V2 → (P3 P4) L(2)αβ(D)Lα
(1)

(V1)Lβ
(1)

(V2)

12 D → (V T ), T → (P1 P2), V → (P3 P4) L(1)α(D)Lαβ
(2)

(T )L(1)β(V )

13 D[D]→ (T V ), T → (P1 P2), V → (P3 P4) εαβδγ L
αµ
2 (D)Lβ2µ L

γ
(1)

(V ) pδD

Table A.2: Spin factors used for each amplitude component of in the LASSO model,
including the particle numbering scheme. The second column refers to the spin factors
as numbered in Table A.1, and the particles P1, P2, P3, and P4 refer to those defined
in Table A.1.
Decay channel Spin factor number P1 P2 P3 P4

D0 → K− [K1(1270)+ → π+ K∗(892)0] 2 K− π+ K+ π−

D0 → K− [K1(1270)+ → π+ K∗(1430)0] 4 K− π+ K+ π−

D0 → K− [K1(1270)+ → K+ ρ(770)0] 2 K− K+ π+ π−

D0 → K+ [K̄1(1270)− → K− ρ(770)0] 2 K+ K− π− π+

D0 → K− [K1(1270)+ → K+ ω(782)] 2 K− K+ π+ π−

D0 → K− [K1(1400)+ → π+ K∗(892)0] 2 K− π+ K+ π−

D0 → K− [K∗(1680)+ → π+ K∗(892)0] 5 K− π+ K+ π−

D0[S]→ K∗(892)0 K̄∗(892)0 19 K+ π− K− π+

D0[P ]→ K∗(892)0 K̄∗(892)0 10 K+ π− K− π+

D0[D]→ K∗(892)0 K̄∗(892)0 11 K+ π− K− π+

D0[S]→ φ(1020) ρ(770)0 9 K+ K− π+ π−

D0[P ]→ φ(1020) ρ(770)0 10 K+ K− π+ π−

D0[D]→ φ(1020) ρ(770)0 11 K+ K− π+ π−

D0 → K∗(892)0 (K−π+)S 8 K+ π− K− π+

D0 → φ(1020) (π+π−)S 8 K+ K− π+ π−

D0 → (K+K−)S (π+π−)S 7 K+ K− π+ π−
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A.2 Interference Fractions

Table A.3-A.4 lists the interference fractions, ordered by magnitude, for the LASSO
model.
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Table A.3: Interference fractions ordered by magnitude, for the LASSO D →
K+K−π+π− amplitude model. Only the statistical uncertainties are given.

Channel i Channel j Iij (%)

(1)D0 → K− [K1(1270)+ → π+K∗(1430)0] D0 → K− [K1(1270)+ → K+ ρ(770)0] -8.145 ± 1.542

(2)D0 → K− [K1(1270)+ → π+K∗(892)0] D0 → K∗(892)0 (K−π+)S -5.650 ± 0.917

(3)D0 → K− [K1(1400)+ → π+K∗(892)0] D0[S]→ K∗(892)0 K̄∗(892)0 -3.686 ± 0.838

(4)D0[S]→ φ(1020) ρ(770)0 D0[D]→ φ(1020) ρ(770)0 -3.673 ± 0.490

(5)D0 → K− [K1(1270)+ → K+ ρ(770)0] D0[S]→ φ(1020) ρ(770)0 3.338 ± 0.480

(6)D0 → K− [K1(1270)+ → π+K∗(892)0] D0 → K− [K1(1400)+ → π+K∗(892)0] 2.621 ± 1.832

(7)D0 → K− [K1(1270)+ → π+K∗(892)0] D0 → K− [K1(1270)+ → K+ ρ(770)0] -2.615 ± 0.462

(8)D0 → K+ [K1(1270)− → K− ρ(770)0] D0[S]→ φ(1020) ρ(770)0 2.321 ± 0.335

(9)D0 → K− [K1(1400)+ → π+K∗(892)0] D0[S]→ φ(1020) ρ(770)0 2.211 ± 0.253

(10)D0 → K− [K1(1270)+ → K+ ω(782)] D0 → K− [K1(1270)+ → K+ ρ(770)0] 1.941 ± 0.740

(11)D0 → K− [K1(1270)+ → π+K∗(892)0] D0[S]→ K∗(892)0 K̄∗(892)0 1.614 ± 0.426

(12)D0 → K− [K1(1270)+ → K+ ρ(770)0] D0 → K∗(892)0 (K−π+)S 1.565 ± 0.206

(13)D0[S]→ K∗(892)0 K̄∗(892)0 D0[D]→ K∗(892)0 K̄∗(892)0 1.417 ± 0.145

(14)D0 → K− [K1(1270)+ → π+K∗(1430)0] D0 → K+ [K1(1270)− → K− ρ(770)0] 1.244 ± 0.260

(15)D0 → K− [K1(1270)+ → K+ ρ(770)0] D0[S]→ K∗(892)0 K̄∗(892)0 -1.182 ± 0.166

(16)D0 → K− [K1(1270)+ → π+K∗(892)0] D0[D]→ K∗(892)0 K̄∗(892)0 -1.144 ± 0.212

(17)D0 → K− [K1(1270)+ → K+ ρ(770)0] D0 → K− [K1(1400)+ → π+K∗(892)0] 1.119 ± 0.516

(18)D0 → K− [K1(1400)+ → π+K∗(892)0] D0 → K∗(892)0 (K−π+)S -1.052 ± 1.575

(19)D0 → K− [K1(1400)+ → π+K∗(892)0] D0[D]→ K∗(892)0 K̄∗(892)0 -0.966 ± 0.222

(20)D0 → K− [K1(1270)+ → K+ ω(782)] D0[S]→ φ(1020) ρ(770)0 0.849 ± 0.201

(21)D0[S]→ K∗(892)0 K̄∗(892)0 D0[S]→ φ(1020) ρ(770)0 -0.729 ± 0.164

(22)D0 → K∗(892)0 (K−π+)S D0 → φ(1020) (π+π−)S 0.691 ± 0.098

(23)D0 → K− [K∗(1680)+ → π+K∗(892)0] D0[P ]→ K∗(892)0 K̄∗(892)0 -0.689 ± 0.620

(24)D0[S]→ φ(1020) ρ(770)0 D0[D]→ K∗(892)0 K̄∗(892)0 -0.687 ± 0.055

(25)D0 → K− [K1(1270)+ → π+K∗(1430)0] D0[S]→ φ(1020) ρ(770)0 0.647 ± 0.405

(26)D0 → K− [K1(1270)+ → K+ ω(782)] D0 → K− [K1(1400)+ → π+K∗(892)0] 0.526 ± 0.136

(27)D0 → K− [K1(1270)+ → π+K∗(1430)0] D0 → φ(1020) (π+π−)S 0.485 ± 0.085

(28)D0 → K− [K1(1270)+ → π+K∗(892)0] D0 → K+ [K1(1270)− → K− ρ(770)0] 0.424 ± 0.061

(29)D0 → K+ [K1(1270)− → K− ρ(770)0] D0[S]→ K∗(892)0 K̄∗(892)0 -0.398 ± 0.123

(30)D0 → K− [K1(1270)+ → π+K∗(892)0] D0 → φ(1020) (π+π−)S -0.354 ± 0.055

(31)D0 → K− [K1(1270)+ → K+ ω(782)] D0 → K+ [K1(1270)− → K− ρ(770)0] 0.346 ± 0.162

(32)D0 → K∗(892)0 (K−π+)S D0[S]→ φ(1020) ρ(770)0 -0.341 ± 0.052

(33)D0[P ]→ K∗(892)0 K̄∗(892)0 D0[P ]→ φ(1020) ρ(770)0 0.330 ± 0.079

(34)D0 → K− [K∗(1680)+ → π+K∗(892)0] D0[P ]→ φ(1020) ρ(770)0 0.303 ± 0.126

(35)D0 → K− [K1(1400)+ → π+K∗(892)0] D0 → φ(1020) (π+π−)S 0.302 ± 0.125

(36)D0 → K+ [K1(1270)− → K− ρ(770)0] D0 → K− [K1(1400)+ → π+K∗(892)0] 0.280 ± 0.110

(37)D0 → K− [K1(1270)+ → π+K∗(1430)0] D0 → K− [K1(1270)+ → K+ ω(782)] 0.225 ± 0.533

(38)D0 → K− [K1(1270)+ → K+ ρ(770)0] D0 → K+ [K1(1270)− → K− ρ(770)0] -0.220 ± 0.452

(39)D0 → K− [K1(1270)+ → π+K∗(1430)0] D0 → (K+K−)S (π+π−)S 0.218 ± 0.022

(40)D0 → K+ [K1(1270)− → K− ρ(770)0] D0 → (K+K−)S (π+π−)S -0.207 ± 0.020

(41)D0 → K+ [K1(1270)− → K− ρ(770)0] D0[D]→ φ(1020) ρ(770)0 -0.204 ± 0.031

(42)D0 → K− [K1(1270)+ → K+ ρ(770)0] D0[D]→ K∗(892)0 K̄∗(892)0 0.197 ± 0.049

(43)D0 → K− [K1(1270)+ → π+K∗(1430)0] D0[D]→ φ(1020) ρ(770)0 -0.196 ± 0.040

(44)D0 → K− [K1(1270)+ → π+K∗(892)0] D0[S]→ φ(1020) ρ(770)0 0.195 ± 0.149

(45)D0 → K+ [K1(1270)− → K− ρ(770)0] D0[D]→ K∗(892)0 K̄∗(892)0 -0.190 ± 0.025

(46)D0 → K− [K1(1270)+ → K+ ρ(770)0] D0 → (K+K−)S (π+π−)S 0.144 ± 0.015

(47)D0 → K− [K1(1270)+ → K+ ω(782)] D0[S]→ K∗(892)0 K̄∗(892)0 -0.142 ± 0.054

(48)D0 → K∗(892)0 (K−π+)S D0 → (K+K−)S (π+π−)S 0.127 ± 0.015

(49)D0 → K− [K1(1270)+ → π+K∗(1430)0] D0 → K∗(892)0 (K−π+)S -0.103 ± 0.015

(50)D0 → K∗(892)0 (K−π+)S D0[D]→ φ(1020) ρ(770)0 -0.095 ± 0.035

(51)D0 → K− [K1(1270)+ → π+K∗(892)0] D0[D]→ φ(1020) ρ(770)0 0.080 ± 0.015

(52)D0 → K− [K1(1270)+ → π+K∗(892)0] D0 → (K+K−)S (π+π−)S -0.075 ± 0.010

(53)D0 → K− [K1(1400)+ → π+K∗(892)0] D0[D]→ φ(1020) ρ(770)0 -0.075 ± 0.042

(54)D0 → (K+K−)S (π+π−)S D0[P ]→ K∗(892)0 K̄∗(892)0 -0.066 ± 0.007

(55)D0 → K+ [K1(1270)− → K− ρ(770)0] D0 → K∗(892)0 (K−π+)S 0.064 ± 0.097

(56) D0 → K− [K∗(1680)+ → π+K∗(892)0] D0[D]→ K∗(892)0 K̄∗(892)0 0.061 ± 0.009

(57)D0 → K∗(892)0 (K−π+)S D0[D]→ K∗(892)0 K̄∗(892)0 0.057 ± 0.008

(58)D0 → K− [K1(1400)+ → π+K∗(892)0] D0 → (K+K−)S (π+π−)S 0.048 ± 0.019

(59)D0 → K− [K1(1400)+ → π+K∗(892)0] D0 → K− [K∗(1680)+ → π+K∗(892)0] -0.048 ± 0.016

(60)D0 → K− [K1(1270)+ → π+K∗(892)0] D0 → K− [K1(1270)+ → K+ ω(782)] 0.044 ± 0.173

(61)D0 → K− [K1(1270)+ → π+K∗(1430)0] D0 → K− [K1(1270)+ → π+K∗(892)0] 0.044 ± 0.007

(62)D0 → K− [K1(1270)+ → π+K∗(892)0] D0[P ]→ K∗(892)0 K̄∗(892)0 0.044 ± 0.008

(63)D0 → K− [K1(1270)+ → K+ ω(782)] D0[D]→ φ(1020) ρ(770)0 -0.042 ± 0.015

(64)D0 → K− [K1(1270)+ → K+ ρ(770)0] D0[P ]→ K∗(892)0 K̄∗(892)0 -0.036 ± 0.004

(65)D0 → K− [K∗(1680)+ → π+K∗(892)0] D0[S]→ K∗(892)0 K̄∗(892)0 -0.034 ± 0.007

(66)D0[S]→ K∗(892)0 K̄∗(892)0 D0[P ]→ K∗(892)0 K̄∗(892)0 -0.033 ± 0.007

(67)D0[S]→ φ(1020) ρ(770)0 D0[P ]→ φ(1020) ρ(770)0 0.033 ± 0.004

(68)D0 → K− [K1(1270)+ → π+K∗(892)0] D0 → K− [K∗(1680)+ → π+K∗(892)0] -0.033 ± 0.008

(69)D0 → K− [K1(1270)+ → K+ ω(782)] D0 → K∗(892)0 (K−π+)S 0.027 ± 0.069

(70)D0 → K− [K1(1270)+ → π+K∗(1430)0] D0[P ]→ K∗(892)0 K̄∗(892)0 0.024 ± 0.003

(71)D0 → K− [K1(1270)+ → K+ ω(782)] D0[D]→ K∗(892)0 K̄∗(892)0 -0.023 ± 0.008



Appendix 206

Table A.4: Interference fractions, ordered by magnitude, for the LASSO D →
K+K−π+π− amplitude model. Only the statistical uncertainties are given.

Channel i Channel j Iij (%)

(72)D0 → φ(1020) (π+π−)S D0[S]→ φ(1020) ρ(770)0 -0.019 ± 0.021

(73)D0 → (K+K−)S (π+π−)S D0[P ]→ φ(1020) ρ(770)0 -0.019 ± 0.003

(74)D0 → (K+K−)S (π+π−)S D0[S]→ φ(1020) ρ(770)0 -0.018 ± 0.004

(75)D0 → K+ [K1(1270)− → K− ρ(770)0] D0[P ]→ φ(1020) ρ(770)0 0.017 ± 0.003

(76)D0 → K− [K1(1400)+ → π+K∗(892)0] D0[P ]→ K∗(892)0 K̄∗(892)0 0.017 ± 0.014

(77)D0 → K− [K1(1270)+ → K+ ρ(770)0] D0[D]→ φ(1020) ρ(770)0 0.017 ± 0.064

(78)D0[S]→ K∗(892)0 K̄∗(892)0 D0 → φ(1020) (π+π−)S 0.016 ± 0.004

(79)D0 → K− [K1(1270)+ → π+K∗(1430)0] D0 → K− [K1(1400)+ → π+K∗(892)0] -0.015 ± 0.005

(80)D0 → K− [K1(1270)+ → K+ ω(782)] D0 → (K+K−)S (π+π−)S 0.013 ± 0.008

(81)D0 → (K+K−)S (π+π−)S D0 → φ(1020) (π+π−)S -0.013 ± 0.007

(82)D0 → K− [K1(1270)+ → π+K∗(1430)0] D0[S]→ K∗(892)0 K̄∗(892)0 0.012 ± 0.007

(83)D0[D]→ K∗(892)0 K̄∗(892)0 D0[D]→ φ(1020) ρ(770)0 0.012 ± 0.033

(84)D0 → K+ [K1(1270)− → K− ρ(770)0] D0[P ]→ K∗(892)0 K̄∗(892)0 0.011 ± 0.003

(85)D0 → K∗(892)0 (K−π+)S D0[P ]→ K∗(892)0 K̄∗(892)0 0.011 ± 0.002

(86)D0 → K− [K1(1270)+ → K+ ρ(770)0] D0 → φ(1020) (π+π−)S -0.010 ± 0.002

(87)D0[S]→ K∗(892)0 K̄∗(892)0 D0 → K∗(892)0 (K−π+)S -0.008 ± 0.001

(88)D0[D]→ φ(1020) ρ(770)0 D0[P ]→ φ(1020) ρ(770)0 0.008 ± 0.001

(89)D0[S]→ K∗(892)0 K̄∗(892)0 D0[P ]→ φ(1020) ρ(770)0 -0.008 ± 0.001

(90)D0 → K− [K1(1270)+ → π+K∗(1430)0] D0 → K− [K∗(1680)+ → π+K∗(892)0] 0.007 ± 0.018

(91)D0 → φ(1020) (π+π−)S D0[D]→ K∗(892)0 K̄∗(892)0 0.007 ± 0.003

(92)D0 → K− [K1(1270)+ → K+ ω(782)] D0 → K− [K∗(1680)+ → π+K∗(892)0] -0.006 ± 0.002

(93)D0 → K+ [K1(1270)− → K− ρ(770)0] D0 → K− [K∗(1680)+ → π+K∗(892)0] 0.006 ± 0.006

(94)D0 → K− [K∗(1680)+ → π+K∗(892)0] D0 → (K+K−)S (π+π−)S 0.006 ± 0.020

(95)D0 → K− [K∗(1680)+ → π+K∗(892)0] D0 → K∗(892)0 (K−π+)S -0.006 ± 0.001

(96)D0 → K− [K1(1400)+ → π+K∗(892)0] D0[P ]→ φ(1020) ρ(770)0 -0.006 ± 0.002

(97)D0 → (K+K−)S (π+π−)S D0[D]→ K∗(892)0 K̄∗(892)0 -0.005 ± 0.008

(98)D0 → K− [K∗(1680)+ → π+K∗(892)0] D0[S]→ φ(1020) ρ(770)0 -0.005 ± 0.001

(99)D0 → K− [K1(1270)+ → π+K∗(892)0] D0[P ]→ φ(1020) ρ(770)0 -0.005 ± 0.002

(100)D0 → φ(1020) (π+π−)S D0[P ]→ K∗(892)0 K̄∗(892)0 0.004 ± 0.001

(101)D0 → K− [K1(1270)+ → π+K∗(1430)0] D0[D]→ K∗(892)0 K̄∗(892)0 -0.004 ± 0.004

(102)D0 → K− [K1(1270)+ → K+ ρ(770)0] D0[P ]→ φ(1020) ρ(770)0 -0.004 ± 0.007

(103)D0 → K− [K∗(1680)+ → π+K∗(892)0] D0[D]→ φ(1020) ρ(770)0 -0.004 ± 0.001

(104)D0 → φ(1020) (π+π−)S D0[D]→ φ(1020) ρ(770)0 0.003 ± 0.014

(105)D0[D]→ K∗(892)0 K̄∗(892)0 D0[P ]→ K∗(892)0 K̄∗(892)0 0.003 ± 0.001

(106)D0[D]→ K∗(892)0 K̄∗(892)0 D0[P ]→ φ(1020) ρ(770)0 0.003 ± 0.001

(107)D0 → K∗(892)0 (K−π+)S D0[P ]→ φ(1020) ρ(770)0 0.002 ± 0.001

(108)D0 → (K+K−)S (π+π−)S D0[D]→ φ(1020) ρ(770)0 -0.002 ± 0.001

(109)D0 → K− [K∗(1680)+ → π+K∗(892)0] D0 → φ(1020) (π+π−)S 0.002 ± 0.002

(110)D0 → K− [K1(1270)+ → K+ ω(782)] D0[S]→ K∗(892)0 K̄∗(892)0 -0.002 ± 0.002

(111)D0 → K− [K1(1270)+ → K+ ρ(770)0] D0 → K− [K∗(1680)+ → π+K∗(892)0] 0.002 ± 0.007

(112)D0[S]→ K∗(892)0 K̄∗(892)0 D0 → (K+K−)S (π+π−)S -0.001 ± 0.001

(113)D0[S]→ φ(1020) ρ(770)0 D0[P ]→ K∗(892)0 K̄∗(892)0 0.001 ± 0.003

(114)D0 → K− [K1(1270)+ → K+ ω(782)] D0[P ]→ φ(1020) ρ(770)0 0.001 ± 0.001

(115)D0[D]→ φ(1020) ρ(770)0 D0[P ]→ K∗(892)0 K̄∗(892)0 -0.001 ± 0.001

(116)D0 → K− [K1(1270)+ → π+K∗(1430)0] D0[P ]→ φ(1020) ρ(770)0 0.001 ± 0.002

(117)D0 → K− [K1(1270)+ → K+ ω(782)] D0 → φ(1020) (π+π−)S 0.001 ± 0.001

(118)D0 → K+ [K1(1270)− → K− ρ(770)0] D0 → φ(1020) (π+π−)S 0.000 ± 0.003

(119)D0[S]→ K∗(892)0 K̄∗(892)0 D0[D]→ φ(1020) ρ(770)0 0.000 ± 0.010

(120)D0 → φ(1020) (π+π−)S D0[P ]→ φ(1020) ρ(770)0 0.000 ± 0.004
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A.3 Fits to B± candidate mass distribution for B± → D(→
K+K−π+π−)K± and B± → D(→ K+K−π+π−)π± events

Fit parameter values for the fits to the mDh distribution of the signal and control
channels in the model-dependent measurement of γ are given in tables A.5 and A.6.
Also given is whether the parameter is fixed, has a limited range or is allowed to
completely float in the fit. The χ2/ndof values for the fits are also given where
ndof = (Nbins − 1) − Npar with Nbins equal to the number of bins the χ2 value was
evaluated in and Npar equal to the number of free parameters in the fit.

Table A.5: Fit parameters for fit to mDK for B± → D(→ K+K−π+π−)K± events
Parameter Fit value

Signal
Nsig limited 361.716 ±28.088

Gaussian 1 mean fixed 5280.320
Gaussian 1 sigma fixed 12.496

Gaussian 2 fraction fixed 0.208
Gaussian 2 mean fixed -0.893
Gaussian 2 sigma fixed 1.545

Gaussian 3 fraction fixed 0.008
Gaussian 3 mean fixed -6.369
Gaussian 3 sigma fixed 2.173

Gaussian 4 fraction fixed 0.001
Gaussian 4 mean fixed -29.752
Gaussian 4 sigma fixed 3.430

Signal mean cf free 5.537 ±1.779
Signal sigma cf limited 1.345 ±0.133

Cross-feed background
Ncross-feed limited 171.314±30.818
CB mean fixed 5324.294
CB sigma fixed 14.317

CB n fixed 9.621
CB α fixed -0.184

Gaussian fraction 1 fixed 0.692
Gaussian mean 1 fixed 0.000
Gaussian sigma 1 fixed 1.404

Gaussian fraction 2 fixed 0.025
Gaussian mean 2 fixed 130.862
Gaussian sigma 2 fixed 4.253

Gaussian fraction 3 fixed 0.011
Gaussian mean 3 fixed 49.283
Gaussian sigma 3 fixed 2.264

Wrong D background
Nwrong D fixed 1157.910

Chebyshev c1 fixed -0.873
Chebyshev c2 fixed 0.296
Chebyshev c3 fixed 0.015
Chebyshev c4 fixed -0.001
Chebyshev c5 fixed 0.021

Right D background
Nright D limited 1125.547 ±50.631

Gaussian 1 mean fixed 5103.507
Gaussian 1 sigma fixed 22.010

Gaussian 2 fraction limited 0.627 ±0.103
Gaussian 2 mean fixed -72.878

Gaussian 3 fraction limited 0.334 ±0.060
Gaussian 3 mean fixed 4893.443
Gaussian 3 sigma fixed 175.601

Gaussian 4 fraction limited 0.408 ±0.093
Gaussian 4 mean free 5167.941 ±4.155
Gaussian 4 sigma free 16.493 ±3.574

Chebyshev fraction limited 0.041 ±0.008
Chebyshev c1 fixed 0.172

χ2/ndof 1.08
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Table A.6: Fit parameters for fit to mDπ for B± → D(→ K+K−π+π−)π± events.
Parameter Fit value

Signal
Nsig limited 4699.337 ±82.316

Gaussian 1 mean fixed 5280.254
Gaussian 1 sigma fixed 13.529

Gaussian 2 fraction fixed 0.131
Gaussian 2 mean fixed -1.937
Gaussian 2 sigma fixed 1.719

Gaussian 3 fraction fixed 0.004
Gaussian 3 mean fixed -11.744
Gaussian 3 sigma fixed 2.599

Gaussian 4 fraction fixed 0.001
Gaussian 4 mean fixed -50.114
Gaussian 4 sigma fixed 3.026

Signal mean cf free 3.637 ±0.317
Signal sigma cf limited 1.180 ±0.021

Wrong D background
Nwrong D fixed 6070.62

Chebyshev c1 fixed -1.218
Chebyshev c2 fixed 0.480
Chebyshev c3 fixed -0.005
Chebyshev c4 fixed -0.096
Chebyshev c5 fixed 0.056

Right D background
Nright D limited 9388.869 ±133.079

Gaussian 1 mean limited 5103.507 ±0.768
Gaussian 1 sigma limited 22.010 ±0.708

Gaussian 2 fraction limited 0.775 ±0.038
Gaussian 2 mean limited -72.878 ±1.113

Gaussian 3 fraction limited 0.396 ±0.044
Gaussian 3 mean free 4893.443 ±74.741
Gaussian 3 sigma free 175.601 ±39.716

Chebyshev fraction limited 0.005 ±0.006
Chebyshev c1 limited 0.172 ±1.830

χ2/ndof 1.32
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