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Measurement of the CKM angle γ and development of a novel,

combined GGSZ analysis of B→ D(∗)h(∗) decays at LHCb

Jackson William Smith

The angle γ is a fundamental parameter of the Standard Model, within which it quantifies the degree
to which CP violation is permitted. It is presently one of the least well-constrained parameters of the
CKM sector, which embodies the description of quark interactions. This thesis details work undertaken
by the author at the LHCb experiment with the aim of reducing the uncertainty in γ. It describes a
measurement performed using a Dalitz analyis of B0 → DK∗0 decays, and a study which extends this
work to a simultaneous Dalitz analysis of several B-meson decay modes of the form B → D(∗)K(∗).
In each analysis, γ is extracted by studying the interference between CP eigenstates D0 and D0 in the
common final state D → K0

Sπ+π−, where D represents either a D0 or D0 meson.

The measurement of γ in B0 → DK∗0 decays includes the full 3fb−1 Run 1 dataset gathered at
LHCb, and uses a model-dependent approach to yield the ‘Cartesian parameters’ [1]

x− = −0.15± 0.14± 0.03± 0.01,

y− = 0.25± 0.15± 0.06± 0.01,

x+ = 0.05± 0.24± 0.04± 0.01, and

y+ = −0.65 +0.24
−0.23 ± 0.08± 0.01,

where the first uncertainties are statistical, the second systematic and the third arise from the uncertainty
on the D → K0

Sπ+π− amplitude model used. These results imply (the relation between {x± , y± }, and
angle γ, is described within) a value for γ of

γ = (80+21
−22)

◦.

This measurement has been combined statistically with others performed at LHCb, to give a value for
γ of (74.0+5.0

−5.8)
◦ [2].

In the simultaneous analysis, both model-dependent and model-independent approaches to the
determination of γ are studied. Using the full Run 1 LHCb dataset, the model-dependent approach
yields preliminary uncertainties of

σx− = ± 0.019± 0.010± 0.001,

σy− = ± 0.013± 0.010± 0.005,

σx+ = ± 0.018± 0.010± 0.005, and

σy+ = ± 0.018± 0.010± 0.010,

where the first numbers are statistical, the second are estimated systematics arising from the exper-
imental method used, and the third are estimated systematics arising from the uncertainty on the
D → K0

Sπ+π− amplitude model. The statistical covariances obtained for the Cartesian parameters
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propagate to give an estimated statistical uncertainty of 12◦ on the value of γ. The model-independent
approach yields preliminary uncertainties of

σx− = ± 0.021± 0.010± 0.005,

σy− = ± 0.022± 0.005± 0.010,

σx+ = ± 0.023± 0.010± 0.005, and

σy+ = ± 0.029± 0.005± 0.010,

where in this case the final numbers are estimated systematics arising from the uncertainty on the
binned D → K0

Sπ+π− strong phase parameters. The statistical covariances obtained for the Cartesian
parameters propagate to give an estimated statistical uncertainty of 13.5◦ on the value of γ.

In addition, work undertaken to ensure the continued performance of the RICH subdetectors of
LHCb is described. These subdetectors form a crucial part of the particle-identification system of LHCb,
whose accuracy allows the precise study of processes with hadronic final states, such as the decays
mentioned above.
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Preface

The Standard Model has now been the dominant theory of fundamental physics for over half a
century. It is incredibly successful, giving rise to (amongst other things) one of the most accurately
tested theoretical predictions within physics; the value of the electron’s anomalous magnetic dipole
moment [3]:

a =
gQED − 2

2
,

and

aexperiment = 0.00115965218076(27), (1)

atheory = 0.00115965218085(76), (2)

where the theoretical calculation is performed by summing amplitudes for all Feynman diagrams with
four loops or fewer [4].

However, there is good reason to believe that the Standard Model is not the last word. It provides no
fundamental motivation for the existence of exactly three generations of quarks and leptons, and cannot
account for non-massless neutrinos. Indeed, cosmological evidence of Dark Matter provide a strong
indication that there remain unknown sources of mass within the Universe, which defy description
within the Standard Model. Many theorists now believe that the Standard Model will eventually be
revealed to be merely an effective low-energy approximation to some much more fundamental descrip-
tion of reality. Proposed candidates for this more fundamental description range from ‘supersymmetric’
extensions of the Standard Model [5] to theories based on entirely novel theoretical frameworks, such
as ‘string’ theory [6] or ‘M’ theory [7].

Charge-Parity (CP) violation, the asymmetry of matter and antimatter processes, provides an
important arena in which to test the limits of the Standard Model. Evidence of CP violation is all around
us; we live in an observable Universe which is completely dominated by matter. However, within the
Standard Model, only very limited CP violation is allowed, and it is clear that this effect is insufficient
to explain the observed discrepancy. By precisely measuring many parameters that are sensitive to CP
violation, it should be possible to overconstrain the Standard Model, to quantify the precise extent of
the CP violation it permits, and triangulate the processes by which any extra CP violation arises.

B-meson decays provide an excellent laboratory with which to study CP violation, since within
the Standard Model the largest CP violating effects are expected here. The LHCb detector, based at
CERN’s Large Hadron Collider (LHC) is perfectly situated to contribute significant advances in the
measurement of CP violation, since it has been purpose-built to make precision measurements of decays
involving b quarks. In particular, a precise determination of the CP sensitive Standard Model parameter
γ is a crucial aim of the LHCb experiment; being one of the ‘flagship’ measurements which the detector

xi



was built to pursue. This parameter is currently one of the least well-constrained within the Standard
Model.

This thesis reports work undertaken by the author towards improving the experimental precision
with which the parameter γ is determined. The tasks described were undertaken between October
2012 and September 2016 as part of the LHCb collaboration. This work may be divided into three
components, relating to

1. A measurement of γ using a model-dependent analysis of B0 → DK∗0 decays, where K∗0 →
K+π− and D → K0

Sπ+π−, using the full 3fb−1 Run 1 LHCb dataset. This measurement has been
published [1]. The author was one of the main contributors to this paper.

2. A study of γ using a simultaneous analysis of several decay modes of the form B → D(∗)h(∗),
where h is used to represent a kaon or pion, using the full 3fb−1 Run 1 LHCb dataset. Specifically,
the modes studied are:

• B+ → DK+, with D → K0
Sπ+π−;

• B+ → Dπ+, with D → K0
Sπ+π−, which acts as a control mode;

• B0 → DK∗0, with K∗0 → K+π− and D → K0
Sπ+π−;

• B0
s → DK∗0, with K∗0 → K+π− and D → K0

Sπ+π−, which acts as a control mode;

• B+ → D∗K+, with D∗ → Dγ/π0 and D → K0
Sπ+π−;

• B+ → D∗π+, with D∗ → Dγ/π0 and D → K0
Sπ+π−, which acts as a control mode; and

• B+ → DK∗+, with K∗+ → K0
Sπ+ and D → K0

Sπ+π−,

and their CP conjugate modes. Results are obtained using both model-dependent and model-
independent approaches.

3. Work undertaken to test hardware designed for the upgrade of the RICH subdetector system of
LHCb. Specifically, the author held sole responsibility for implementing the software used to
configure and readout the digital circuit boards interfaced to the multi-anode photomultiplier tubes
during beam tests. This work has also been published [8].

Finally, in addition to the work described herein, the author held collaboration wide responsibility for
co-ordinating the production of a special class of ‘filtered’ simulation productions. These make use of
selection requirements, imposed immediately after simulated events are reconstructed, to select only
the best events to write to disk, and thus use storage space more efficiently.

Since the first analysis performed is encompassed and significantly extended by the second, it is
the latter analysis which forms the main subject of this thesis. Throughout this document, ‘the present
analysis’ will refer to the simultaneous B→ D(∗)h(∗) analysis.

Chapter 1 begins by introducing the theory of CP violation, the significance of CP parameter γ, and
the strategies that may be used to measure it in B-meson decays. Chapter 2 describes the resonance
models used to extract γ in the phase space of D0 → K0

Sπ+π− decays, where the neutral D-meson

xii



originates from a B-meson decay. Chapter 3 introduces the LHCb detector, and describes the features
which make it well-suited to the study of B-meson decays. This chapter also describes the author’s
work towards the upgrade of the RICH subdetector system.

The remaining chapters describe the extraction of γ from B-meson decays recorded in LHCb’s Run
1 dataset. Chapters 4–6 describe work undertaken by the author towards the simultaneous analysis.
Chapter 4 defines the criteria used in the simulataneous study to select candidate events for each decay
mode studied. Chapter 5 describes the fit performed on the mass spectrum of each selected sample in
the simultaneus study, allowing the yields of signal and background components to be determined.
Chapter 6 determines the variation of detection efficiency, over the phase space, for each component
present in the simultaneous study. This is needed before the D-meson decay phase space can be fitted.

The measurement performed using only B0 → DK∗0 decays is described in Chapter 7. This work
was performed by the present author in collaboration with others, and the author’s responsibilties are
detailed. It is included chiefly to illustrate the approach taken in the systematic studies, which have not
yet been performed for the simultaneous analysis.

Chapter 8 returns to the simultaneous analysis, giving preliminary details of the model-dependent
and model-independent simultaneous fits performed in the D-meson decay phase space. This work has
been performed by collaborators of the author, using the mass fit and efficiency results of Chapters 5
and 6 as input.

Finally, Chapter 9 summarises the thesis.

xiii



xiv



Contents

1. CP violation in B-meson decays 1
1.1. C, P and T -symmetry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2. Neutral meson systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.3. CP violation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.4. CP violation within the Standard Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.4.1. Experimental status of CKM parameters . . . . . . . . . . . . . . . . . . . . . . . 15

1.5. Measuring CP violation in B→ D(∗)h(∗) decays . . . . . . . . . . . . . . . . . . . . . . . 18

1.6. Strategy of the simultaneous analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2. Modelling D0→ KSπ+π− decays 27
2.1. Effective theory of resonances . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.2. Isobar model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.2.1. Centrifugal barrier factors BL . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.2.2. Angular distribution ZL . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.2.3. Dynamical function Tr . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

2.2.4. Limitations of the Isobar model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

2.3. The K-matrix model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

2.3.1. The S-matrix formalism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

2.3.2. The K-matrix formalism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

2.4. Decay model implemented in the present analysis . . . . . . . . . . . . . . . . . . . . . . 51

3. The LHC and the LHCb detector 55
3.1. The LHC . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.2. The LHCb experiment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

3.2.1. Vertex Locator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

3.2.2. Tracking stations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

3.2.3. Dipole magnet . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

3.2.4. Ring-Imaging Cherenkov detectors . . . . . . . . . . . . . . . . . . . . . . . . . . 71

3.2.5. Calorimeters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

3.2.6. Muon systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

3.2.7. The LHCb trigger . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

3.2.8. Software and simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

3.3. The LHCb Upgrade . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

3.3.1. Opto-electronic chain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

3.3.2. DAQ system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

3.3.3. Beam test setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

3.3.4. Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

3.4. Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

xv



4. Selection of candidate events 93
4.1. Stripping requirements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
4.2. Preselection requirements common to all decay modes . . . . . . . . . . . . . . . . . . . 97

4.2.1. Fake D/K0
S candidate backgrounds . . . . . . . . . . . . . . . . . . . . . . . . . . 99

4.3. Mode-specific requirements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
4.3.1. B± → Dh± . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
4.3.2. B0

(s) → DK∗0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
4.3.3. B± → D∗h± . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
4.3.4. B± → DK∗± . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

4.4. MVA selection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
4.4.1. Training . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

4.5. MVA and PID cut optimisation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129
4.6. Selection summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

5. Fit to reconstructed B-meson mass spectrum 141
5.1. Fit to selected B± → Dh± candidates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

5.1.1. Constraints applied . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157
5.1.2. Mass fit result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159

5.2. Fit to selected B0 → DK∗0 candidates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170
5.2.1. Mass fit result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 177

5.3. Fit to selected B± → DK∗± candidates . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182
5.3.1. Mass fit result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187

5.4. Fit to selected B± → D∗h± candidates . . . . . . . . . . . . . . . . . . . . . . . . . . . . 192
5.4.1. Constraints applied . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201
5.4.2. Mass fit result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 204

5.5. Estimation of fake D background yield . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 217

6. Determination of the selection efficiency variation over the Dalitz plane 223
6.1. Edge bin reweighting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 230
6.2. Trigger weights . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 231
6.3. PID weights . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 251
6.4. Total efficiency . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 260

7. Measurement of the CKM angle γ using B0→ DK∗0 with D→ K0
S π+π− decays 263

7.1. Publication . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 264

8. Study of γ using the simultaneous fit to all B→ D(∗)K(∗) decay modes 295
8.1. CP fit model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 297
8.2. Preliminary results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 301
8.3. Expected systematic uncertainties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 301

9. Summary 305

A. The relative weak phase for B→ D(∗)K(∗) 309

B. Useful relations of complex numbers 311

xvi



C. Helicity eigenstates for a spin-1 resonance 313

D. Input variables used to train multivariate classifiers 317

Bibliography 335

xvii



xviii



“There was a fecklessness, a lack of symmetry and order in the clouds, as they thinned and thickened.
Was it their own law, or no law, they obeyed?”

— Virginia Woolf





1. CP violation in B-meson decays

The Standard Model (SM) [9–11] of particle physics defines a set of fundamental particles, and the
forces that control their interactions. All matter is described in terms of three generations of quarks and
leptons, whilst forces are mediated by a set of bosons. These fundamental particles are summarised in
Figure 1.1.

Figure 1.1.: Fundamental particles of the Standard Model [12].

The SM describes particle interactions in terms of symmetries, using the groups SU(3)× SU(2)×U(1)
to describe strong, weak and electromagnetic interactions in turn. In order to test the Standard Model it
is essential to probe these underlying symmetries on which it is based.

This thesis pertains to the measurement of a quantity, γ, which is sensitive to the violation of CP
symmetry. This chapter begins with a description of the symmetries that underly the Standard Model,
including CP symmetry, before going on to focus on the discovery of CP symmetry violation in the
weak sector, introduce the theoretical framework used within the Standard Model to accommodate CP
violation, and to explain the significance of γ. Finally, the method that is used later in this thesis to
measure γ will be outlined.
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2 CP violation in B-meson decays

1.1. C, P and T -symmetry

A physical process is said to have a symmetry if it occurs indistinguishably under some transformation.
This statement may be made mathematically rigorous by describing transformations using quantum
mechanical operators, Ô, which act on quantum vectors describing the state of a system, |ψ〉. If a
process is symmetric under Ô, then the equations describing it are equally valid after the substitution
|ψ〉 → Ô|ψ〉.

The three discrete operators that lie at the heart of the Standard Model are:

• the charge conjugation operator, C. This converts a particle into its antiparticle, by reversing the
sign of all of its additive quantum numbers (or ‘charges’);

• the parity operator, P . This performs a spatial inversion of a particle’s coordinate system through
the origin, such that (t,~x)→ (t,−~x); and

• the time reversal operator, T . This reverses the time coordinate of a particle, such that (t,~x) →
(−t,~x), and has the effect of reversing a particle’s momentum and spin vectors.

Each of these three operators appeals to the intuition as a potential symmetry of nature. The
observation of charge and parity violation in weak interactions, made by Wu [13] in 1956, therefore
came as something of a surprise to the physics community. It was found that the neutrinos produced
in the decay π+ → µ+νµ are always of left-handed parity, whilst the anti-neutrinos produced in
π− → µ−νµ are always right-handed [14]. This case violates both C and P symmetry, since the
application of either operator to one of these decays yields a forbidden decay. However, this ‘maximal’
violation of each symmetry suggested a simple solution; the combined operation, CP , was still expected
to be a symmetry of the system.

This state of affairs prevailed until in 1964 Cronin, Fitch, Turlay and Christenson [15] discovered
that CP symmetry, too, is violated in weak interactions. In order to understand the experiment that first
observed CP violation, and those that have measured it since, it is useful to study the neutral meson
system, which neatly encapsulates the various means by which CP violation can arise. The combined
symmetry, CPT , is a key building block of the Standard Model, since it forms the basis for all local field
theories [16–18].

1.2. Neutral meson systems

Neutral mesons provide a phenomenologically rich laboratory due to the non-conservation of flavour in
the charged weak interaction. Since flavour is the only quantum number that differs between a neutral
meson, X0, and its conjugate anti-meson, X0, this means that it is possible for the two states to mix.
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Observable eigenstates

Two sets of eigenstates provide natural bases to describe the neutral meson system. The flavour
eigenstates, {|X0〉, |X0〉}, are produced in flavour-conserving strong interactions. However, it is also
useful to consider the CP eigenstates of the system, since these neutral mesons are often observed in
final states of well-defined CP , e.g. ππ (CP-even) or πππ (CP-odd). The relevant eigenstates may be
constructed by considering the action of the CP operator:

CP|X0〉 = |X0〉, (1.1)

CP|X0〉 = |X0〉. (1.2)

This implies that the superpositions

|X± 〉 =
|X0〉 ± |X0〉√

2
(1.3)

are eigenstates of CP .

Time evolution

Even before the quark picture of the Standard Model emerged, the weak force was known to violate
flavour conservation, allowing recently-discovered ‘strange’ particles to decay to products without
any trace of strangeness. It is therefore reasonable to expect some non-zero amplitude for X0 ←→ X0

conversion processes. The formalism that developed over time to describe this situation is covered in
several monographs, for example References [19] and [20], or the shorter [21]. A brief exposition of the
most relevant aspects is given here.

The Hamiltonian for a free particle, with non-zero probability of decay, is given by the sum of two
terms H = M− i

2 Γ. Under the application of the time-dependent Schrödinger equation (TDSE), each
eigenstate gains the usual mass-dependent phase, e−iMt plus an exponential attenuation of decay rate Γ.
Working in the two-state flavour basis,

|ψ〉 = a(t)|X0〉+ b(t)|X0〉, (1.4)

mixing introduces off-diagonal elements to the Hamiltonian, giving the TDSE [22]

i
∂

∂t


a

b


 =


M11 − i

2 Γ11 M12 − i
2 Γ12

M21 − i
2 Γ21 M22 − i

2 Γ22




a

b


 . (1.5)

Note that the individual Mij and Γij elements no longer correspond to physical observables, since they
are not eigenvalues of the system. For example, M11 and Γ11 give the mass and decay rate that would
be observed for an X0 meson, in the absence of any flavour-violating mixing effect. Equivalently, they
give the instantaneous mass and decay rate that would be observed for such a meson just after creation,
precisely at t = 0, and are therefore not experimentally accessible.
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CPT symmetry requires that the diagonal mass and lifetime elements are equal for both particle
and antiparticle, giving M11 = M22 ≡ M and Γ11 = Γ22 ≡ Γ. It also requires that the mass and lifetime
matrices are separately Hermitian, such that M21 = M∗12 and Γ21 = Γ∗12. This gives the simplified TDSE

i
∂

∂t


a

b


 =


 M− i

2 Γ M12 − i
2 Γ12

M∗12 − i
2 Γ∗12 M− i

2 Γ




a

b


 . (1.6)

It is useful to characterise this system by finding its conserved properties; the eigenvectors and their
corresponding eigenvalues. In the flavour basis, the eigenstates of the system may be written as

|X1〉 = p|X0〉+ q|X0〉, (1.7)

|X2〉 = p|X0〉 − q|X0〉, (1.8)

where the two vectors share just one common pair of constant coefficients, (p, q), due to the restrictions
imposed by CPT invariance [19], and normalisation implies the constraint |p|2 + |q|2 = 1.

These eigenstates satisfy the time-independent Schrödinger equation, H|Xj〉 = Ej|Xj〉, which gives

(H − EI)X = 0 (1.9)

⇒ |H − EI| = 0. (1.10)

Solving this characteristic equation allows the eigenvalues to be obtained:

(M− i
2

Γ− E)(M− i
2

Γ− E)− (M12 −
i
2

Γ12)(M∗12 −
i
2

Γ∗12) = 0 (1.11)

E1,2 = M− i
2

Γ∓
√
(M12 −

i
2

Γ12)(M∗12 −
i
2

Γ∗12). (1.12)

Defining variables ∆M and ∆Γ to parameterize the mass and lifetime splitting between the two
eigenstates,

∆M ≡ M1 −M2, (1.13)

∆Γ ≡ Γ2 − Γ1, (1.14)

these eigenvalues may be written as

E1,2 = M1,2 −
i
2

Γ1,2 (1.15)

=
(

M∓ ∆M
2

)
− i

2

(
Γ∓ ∆Γ

2

)
. (1.16)

Note that the signs of ∆M and ∆Γ may differ; the question of whether the heavier eigenstate has a
shorter or longer lifetime than the lighter eigenstate is a matter for empirical study in each neutral
meson system.
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The eigenvector equation,

(H − EI)


 p

± q


 = 0, (1.17)

allows the relation between p and q to be determined. It yields

(M− i
2

Γ− E)p± (M12 −
i
2

Γ12)q = 0, and (1.18)

(M∗12 −
i
2

Γ∗12)p± (M− i
2

Γ− E)q = 0, (1.19)

which are degenerate, and give

q
p
=

√√√√M∗12 − i
2 Γ∗12

M12 − i
2 Γ12

. (1.20)

Finally, this determines the time evolution for the eigenstates of the neutral meson system

|X1,2(t)〉 = e−i(M1,2− i
2 Γ1,2)t|X1,2〉. (1.21)

Flavour oscillations and regeneration

This formalism allows the rate of mixing, for an initially pure X0 or X0 beam to be determined. Equations
1.7 and 1.8 may be re-arranged to give

|X0〉 ∝ |X1〉+ |X2〉, (1.22)

|X0〉 ∝ |X1〉 − |X2〉 (1.23)

which evolve with time to give

|X0(t)〉 ∝ e−i(M1− i
2 Γ1)t|X1〉+ e−i(M2− i

2 Γ2)t|X2〉, (1.24)

|X0(t)〉 ∝ e−i(M1− i
2 Γ1)t|X1〉 − e−i(M2− i

2 Γ2)t|X2〉. (1.25)

Substituting in from Equations 1.7 and 1.8 gives

|X0(t)〉 ∝ f+(t)|X0〉+ q
p

f−(t)|X0〉, (1.26)

|X0(t)〉 ∝ f−(t)|X0〉+ q
p

f+(t)|X0〉, (1.27)

where

f± (t) ≡
1
2
[
e−i(M1− i

2 Γ1)t± e−i(M2− i
2 Γ2)t

]
. (1.28)
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The probabilities to measure each of the flavour eigenstates at time t after production (or equivalently
at time t after a measurement in the flavour basis) are thus given by

P(X0 → X0 : t) = |〈X0|X0(t)〉|2 = | f+(t)|2, (1.29)

P(X0 → X0 : t) = |〈X0|X0(t)〉|2 = | q
p

f−(t)|2, (1.30)

P(X0 → X0 : t) = |〈X0|X0(t)〉|2 = | f−(t)|2, (1.31)

P(X0 → X0 : t) = |〈X0|X0(t)〉|2 = | q
p

f+(t)|2, (1.32)

where

| f± (t)|2 =
1
4

[
e−Γ1t + e−Γ2t± 2e−Γtcos(∆Mt)

]
, (1.33)

and Γ = (Γ1+Γ2)
2 gives the mean decay width of the two eigenstates.

The cosine term of equation (1.33) describes the ‘flavour oscillation’ between the X0 and X0 states.
The likelihood of observing oscillation before the neutral state decays altogether is parameterized by
the ratio of the period of the oscillations to the mean decay time, x = |∆M|

Γ
, known as the ‘oscillation

parameter’. For x � 1 it is unlikely for any oscillation to occur, whilst for x � 1 many oscillations are
expected to occur before decay.

For the neutral kaon system, two free eigenstates of significantly different lifetime are observed [3]

τS = (0.08954± 0.00004) ns, (1.34)

τL = (51.16± 0.21) ns. (1.35)

The mass splitting between them is very small,

∆MK = ML −MS = (52.93± 0.09)× 108h̄s−1 (1.36)

giving very slow flavour oscillations relative to the decay time, with xK ∼ 0.05. In the neutral B-meson
systems (B0

d − B0
d and B0

s − B0
s ), the lifetimes of the two free eigenstates are much closer, since almost all

final states are common to the two. The mass splitting in the B0
s system is significantly larger than in the

B0
d system, giving much faster oscillations in this case [3]

xBd = 0.771± 0.008, (1.37)

xBs = 26.2± 0.5. (1.38)

LHCb has contributed significantly to the precision of these values, by measuring the mass splitting for
both neutral B-meson systems [23–25]

∆MBd = (0.5156± 0.0051± 0.0033)ps−1, (1.39)

∆MBs = (17.725± 0.041± 0.026)ps−1, (1.40)
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where the statistical uncertainty appears before the systematic uncertainty in each case. The B0
s result

represents the world’s-best determination of the parameter, whilst the B0
d result agrees closely with

previous measurements [26]. A first observation of mixing in the neutral D-meson system has been
made by LHCb [27, 28].

In addition to oscillation, ‘regeneration’ has been studied for the neutral kaon system, where the
lifetimes of the two free eigenstates vary significantly [29]. An initially pure K0 beam is allowed to
propagate over a distance O(10) m, over which time the shorter-lived free eigenstate, |KS〉 = |K1〉
decays to a negligible level, leaving behind a pure |KL〉 = |K2〉 beam. If the resulting beam is passed
through a target of nuclear matter, the K0 and K0 components interact differently.1 This is equivalent
to a measurement in the basis of flavour eigenstates and so each incoming state will be collapsed to
either |K0〉 or |K0〉. These contain the same relative amounts of |KS〉 and |KL〉 that would be present for
a ‘freshly-produced’ kaon, and so the short-lived component has been regenerated.

1.3. CP violation

CP violation was first observed in the neutral kaon system, in 1964 [15]. At the time it was known
that mixing must occur in this system, since two neutral kaons of very different lifetime had been
observed [30]. However, due to the very low value of the oscillation parameter for this system, no direct
time-dependent oscillation measurements had been made. Regeneration was studied by Piccione [31]
and Adair [32], who observed an excess of |KS〉 regeneration, implying that the free eigenstates of the
system were not identical to the CP eigenstates as had been assumed.

In order to verify Adair’s observations, Cronin, Fitch, Turlay and Christenson studied decays to
CP eigenstates, for a beam of pure |KL〉 obtained by propagating a beam of neutral kaons through a
vacuum vessel approximately 20 m in length. From a total of 22700 decays, 45 CP even final states (ππ)
were detected, whilst the expected number would be < 1, if these decays were due only to pollution
from surviving |KS〉. This work firmly opened the door to CP violation, and ultimately won the Nobel
Prize for its authors. Whilst CP violation may be parameterized within the Standard Model, it does
not offer any explanation for the presence of CP violation in weak decays only, or the reason that the
violation is so small, giving physical eigenstates that are very nearly identical to the CP eigenstates, but
not quite.

The CP violation observed by Cronin et al arises from the fact that the eigenstates of the neutral
meson system are not identical to the CP eigenstates (|q/p| 6= 1). However, there are two other ways in
which CP violation can modify the amplitudes for various processes. To classify these different types of
CP violation it is useful to consider the (experimentally-observable) rates for two CP conjugate neutral
decays:

Γ(X0(t)→ f ) = |A f |2
{
| f+(t)|2 + |λ f |2| f−(t)|2 + 2Re(λ f f ∗+(t) f−(t))

}
, (1.41)

Γ(X0(t)→ f ) = |A f |2
{
| f+(t)|2 + |λ f |2| f−(t)|2 + 2Re(λ f f ∗+(t) f−(t))

}
, (1.42)

1K0 can only scatter, whilst K0 may interact strongly with protons or neutrons to form strange baryons.
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where the complex factors λ f and λ f are given by

λ f ≡
qA f

pA f
, λ f ≡

1
λ f
≡

pA f

qA f
(1.43)

and the transition matrix elements are defined as

A f ≡ 〈 f |T|X0〉, A f ≡ 〈 f |T|X0〉, (1.44)

A f ≡ 〈 f |T|X0〉, A f ≡ 〈 f |T|X0〉, (1.45)

The first term within the braces corresponds to the situation in which the flavour state at decay matches
that at t = 0, and so the behaviour matches what would be expected if no oscillations had occurred.
The second term corresponds to the case in which an odd number of flavour oscillations occur between
t = 0 and the decay, so that of the neutral meson is observed to have changed flavour, or ‘mixed’.
Finally, the third term describes the interference between the mixed and unmixed amplitudes.

Any difference between the two decay rates, Equations 1.41 and 1.42, indicates CP-violation. There
are three possible independent ways in which differences can arise:

• The magnitudes of the instantaneous decay amplitudes differ

|A f | 6= |A f |. (1.46)

This is known as ‘direct’ CP violation, or ‘CP violation in the decay amplitudes’;

• The magnitudes of the conjugate λ-factors differ,

|λ f | 6= |λ f |, (1.47)

giving a discrepancy between the second terms of the two rate equations. This is known as ‘CP
violation in the mixing’; and

• Finally, even if the magnitudes of the λ-factors are equal, their phases may differ,

arg(λ f ) 6= arg(λ f ), or equivalently (1.48)

arg(λ f ) 6= −arg(λ f ) (1.49)

giving a discrepancy in the final terms of the two rate equations. This is known as ‘CP violation in
the interference (between decay and mixing)’.

The observables used to study each of these cases are discussed in turn below.
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CP violation in the decay

The conjugate instantaneous decay amplitudes may be written as summations over all contributing
topologies (i.e. over all Feynman diagrams, within a local field theory), giving

A f = ∑
m

Ameiφm eiδm and A f = ∑
n

Ane−iφn eiδn , (1.50)

where the associated phases have been split into their CP-odd weak phase (φm,n) and CP-even strong
phase (δm,n) parts, and the magnitudes Am,n are real. The CP-even phases include all contributions
from strong processes, such as final state hadronization, since these are CP invariant.

CP violation in the decay occurs when

∣∣∣
A f

A f

∣∣∣ =
∣∣∣∣
∑
n

Ane−iφn eiδn

∑
m

Ameiφm eiδm

∣∣∣∣ 6= 1, (1.51)

and is thus possible whenever multiple amplitudes of different weak and strong phases contribute to
either summation. CP violation in the decay is the only type that is possible in charged meson decays.

Defining

A f ≡ 〈 f |T|X−〉, (1.52)

A f ≡ 〈 f |T|X+〉, (1.53)

the charged CP asymmetry may be defined;

A±CP ≡
Γ(X− → f )− Γ(X+ → f )
Γ(X− → f ) + Γ(X+ → f )

(1.54)

=
|A f /A f |2 − 1

|A f /A f |2 + 1
. (1.55)

The present thesis studies CP violation in the decay (‘direct CP violation’) for a variety of decay
modes. However, instead of studying the charged CP asymmetry, where hadronic uncertainties in the
included strong phases make it difficult to extract information on the desired weak phases, a more
sophisticated approach is taken, which will be described in Section 1.5.

CP violation in the mixing

CP violation in the mixing requires |λ f | 6= |λ f |, which, assuming no direct CP violation, means that

∣∣∣ q
p

∣∣∣ 6= 1, (1.56)



10 CP violation in B-meson decays

and therefore

∣∣∣M12 −
i
2

Γ12

∣∣∣ 6=
∣∣∣M∗12 −

i
2

Γ∗12

∣∣∣. (1.57)

The effect of this form of CP violation is to ‘bias’ the flavour oscillations of the neutral system, so that
over the course of many oscillations the population of one of the free eigenstates grows relative to the
other. The corresponding CP asymmetry takes the form

Amix
CP ≡

Γ(X0 → f )− Γ(X0 → f )

Γ(X0 → f ) + Γ(X0 → f ))
(1.58)

=
1− |q/p|4
1 + |q/p|4 . (1.59)

CP violation in the interference

CP violation in the interference is only possible when both decays proceed to a common final state,
i.e. f = f . If the two decays are chosen to be CP conjugates, as has been assumed thus far, then this
common final state, f , must therefore be a CP eigenstate.

A time-dependent analysis of the conjugate rates may be performed, to extract a corresponding
asymmetry. The conjugate rate equations may be written in the form [19]

Γ f (t) ≡ Γ(X0(t)→ f ) =
|A f |2

2
e−Γt[I+(t) + I−(t)

]
, (1.60)

Γ f (t) ≡ Γ(X0(t)→ f ) =
|A f |2
2|λ f |2

e−Γt[I+(t)− I−(t)
]
, (1.61)

where the functions I± (t) are given by

I+(t) ≡ (1 + |λ f |2)cosh
(

∆Γt
2

)
− 2Re{λ f }sinh

(
∆Γt

2

)
, (1.62)

I−(t) ≡ (1− |λ f |2)cos(∆Mt) + 2Im{λ f }sin(∆Mt). (1.63)

Since this form of CP violation is most prevalent in the B0
(s)-meson systems, it is usual to assume that

|q/p| ' 1, since CP violation in the mixing is negligible for these systems [3]. Under this assumption,
the time-dependent CP asymmetry, defined by

ACP (t) ≡
Γ f − Γ f

Γ f + Γ f
, (1.64)

becomes

ACP (t) =
I−(t)
I+(t)

=
(1− |λ f |2)cos(∆Mt) + 2Im{λ f }sin(∆Mt)

(1 + |λ f |2)cosh
(

∆Γt
2

)
− 2Re{λ f }sinh

(
∆Γt

2

) . (1.65)
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For the B0-system, where the mass splitting, ∆M is small, this expression reduces to

ACP (t) =
(1− |λ f |2

1 + |λ f |2
)

cos(∆Mt) +
(2Im{λ f }

1 + |λ f |2
)

sin(∆Mt), (1.66)

where the first term accounts for any direct CP violation that is present, and the second isolates the
CP violation arising purely in the interference. By choosing a final state with only one contributing
topology for each flavour eigenstate, X0 and X0, it is possible to remove any direct CP violation (which
may be affected by hadronic uncertainties) leaving an asymmetry depending on just the CP-odd weak
phase.

1.4. CP violation within the Standard Model

Within the Standard Model, violation of flavour symmetry by the charged weak interaction [33, 34]
is accounted for by modifying the three generational quark picture of the model, such that the quark
eigenstates involved are not identical to the mass eigenstates that are detected experimentally. These
three generations are then defined by the doublets


u

d′


 ,


 c

s′


 and


 t

b′


 ,

where no inter-generational weak couplings exist between quark states from different doublets. The d, s
and b quarks that occur in bound states within matter are then superpositions of the primed states:

|d〉 = a1|d′〉+ a2|s′〉+ a3|b′〉,
|s〉 = b1|d′〉+ b2|s′〉+ b3|b′〉,
|b〉 = c1|d′〉+ c2|s′〉+ c3|b′〉.

(1.67)

These equations represent a change of basis from the set of primed states to the unprimed set.

As u quarks couple only to d′ and likewise for the other two generations, a1, for example, must
represent the strength of the coupling between u and d quarks, whilst a2 represents the coupling
between c and d quarks and so on. Introducing the notation Vij for the coupling of the i-th and j-th
quark flavours, equation (1.67) can be rewritten in terms of the ‘CKM matrix’, VCKM:




d

s

b


 =




Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb




︸ ︷︷ ︸
VCKM

T

·




d′

s′

b′


 . (1.68)
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Parametrising the CKM matrix

The CKM matrix was first introduced by Kobayashi and Maskawa [35], as an extension of the Cabibbo
matrix [36] for two-generational mixing. The Chau-Keung representation [37] of VCKM emphasises this
three-dimensional rotation between the weak eigenbasis and the physical quark eigenstates,

VCKM =




1 0 0

0 c23 s23

0 −s23 c23







c13 0 s13e−iδ

0 1 0

−s13e−iδ 0 c13







c12 s12 0

−s12 c12 0

0 0 1


 (1.69)

=




c12c13 s12c13 s13e−iδ

−s12c23 − c12s23s13e−iδ c12c23 − s12s23s13e−iδ s23c13

s12s23 − c12c23s13e−iδ −c12s23 − s12c23s13e−iδ c23c13


 , (1.70)

where cij = cosθij and sij = sinθij. θij are the three Euler angles [38] of the basis rotation (θ12 = θc is
the Cabibbo angle [36]), and δ is the only complex phase which enters the matrix. The angles θij may
be defined to lie in the first quadrant, ensuring all cij and sij are positive. It is known empirically that
θ12∼ 13◦, θ13∼ 0.2◦ and θ23∼ 2◦ [3], and thus that s13 � s23 � s12 � 1. Within the Standard Model,
then, the quark couplings of the weak charged interaction are governed by just four independent
parameters.

Under CP conjugation, the elements of VCKM are complex-conjugated. Thus the possibility of CP
violation in the couplings, responsible for all three forms of CP violation discussed in the previous
section, is allowed within the Standard Model, with its magnitude parameterized by the ‘CP-violating
phase’, δ.

Another useful parameterization of the CKM matrix is given by taking a power expansion in terms
of s12 = sinθc, which is known, from the ratio of u and d quark masses, to be less than one [39] (in fact,
s12∼ 0.2 [3]). This allows the relative sizes of the matrix elements to be estimated, and is thus useful in
simplifying theoretical calculations, where high-order terms may be neglected. This parameterization,
developed by Wolfenstein [40], uses the four parameters

λ ≡ s12, A ≡ s23

s2
12

, ρ ≡ s13cosδ

s12s23
and η ≡ s13sinδ

s12s23
, (1.71)

and, to order λ5, gives

V(5)
CKM =




1− 1
2 λ2 − 1

8 λ4 λ Aλ3(ρ− iη)

−λ + 1
2 A2λ5(1− 2(ρ + iη)) 1− 1

2 λ2 − 1
8 λ4(1 + 4A2) Aλ2

Aλ3(1− ρ− iη) −Aλ2 + Aλ4( 1
2 − ρ− iη) 1− 1

2 A2λ4


+O(λ6), (1.72)

where ρ ≡ ρ(1− 1
2 λ2) and η ≡ η(1− 1

2 λ2). Within this parameterization, all CP violation arises due
to the imaginary term η, which appears only for terms of order λ3 and higher, illustrating the small
degree of CP violation permitted within the Standard Model.
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One natural test of the Standard Model is to independently measure the VCKM elements, to de-
termine whether they are consistent with the parameterizations presented above. As more data are
gathered by experiments, ever higher orders of the Wolfenstein parameterization could be tested, until
a discrepancy is found between independent measurements of the four independent parameters, or
even between independent measurements of the same matrix element. However, a more sophisticated,
and more powerful, way to test the Standard Model involves combining different measurements under
the constraint of unitarity.

Unitarity triangles and γ

The CKM matrix ought to be unitary, since it represents a change of basis only. Insisting on unitarity,
V†V = VV† = I, leads to 18 equations linking the elements of the CKM matrix

V†V = I ⇒ (V†)ikVkj = δij (1.73)

⇒ V∗kiVkj = δij, (1.74)

and

VV† = I ⇒ Vik(V†)kj = δij, (1.75)

⇒ VikV∗jk = δij. (1.76)

The cases for which the right-hand side vanishes give vector sums of three complex numbers, and thus
may be represented as triangles in the complex plane. The six unique triangles obtained involve the
sums

V∗udVcd + V∗usVcs + V∗ubVcb = 0, (cu)

V∗udVtd + V∗usVts + V∗ubVtb = 0, (tu)

V∗cdVtd + V∗csVts + V∗cbVtb = 0, (tc)

VudV∗us + VcdV∗cs + VtdV∗ts = 0, (sd)

VudV∗ub + VcdV∗cb + VtdV∗tb = 0, (bd)

VusV∗ub + VcsV∗cb + VtsV∗tb = 0, (bs) (1.77)

The fact that there is a single complex phase within the CKM matrix results in each triangle having
the same area, given by JCP/2, where JCP is the Jarlskog invariant [41], given in the Chau-Keung
representation by

JCP = c12c23c2
13s12s23s13sinδ. (1.78)

However, due to the relative sizes of the matrix elements, four of the triangles are extremely ‘squashed’,
with one very small internal angle. The two remaining triangles, (bd) and (tu), have three sides of
similar lengths, Oλ3. Normalising the two equations by VcdV∗cb = Aλ3 gives two triangles which
differ only at Oλ5. For the (bd) case, the triangle obtained is known as the unitarity triangle (UT). The
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normalisation gives

VudV∗ub
VcdV∗cb

+ 1 +
VtdV∗tb
VcdV∗cb

= 0. (1.79)

The (bd) and (tu) triangles are displayed in Figure 1.2.

Figure 1.2.: The unitarity triangles, obtained from equation (1.77), for bd (left) and tu (right) [42].

The interior angles of the (bd) triangle are given by

α ≡ arg
(
− VtdV∗tb

VudV∗ub

)
= arg

(
− 1− ρ− iη

ρ + iη

)
, (1.80)

β ≡ arg
(
− VcdV∗cb

VtdV∗tb

)
= arg

(
− 1

1− ρ− iη

)
, (1.81)

γ ≡ arg
(
− VudV∗ub

VcdV∗cb

)
= arg(ρ + iη) (1.82)

whilst for the (tu) triangle the β and γ angles are shifted by (O)λ5 terms, to give

β‘ ≡ arg
(
− VtsV∗us

VtdV∗ud

)
= β + βs, (1.83)

γ‘ ≡ arg
(
− VtbV∗ub

VtsV∗us

)
= γ− βs, (1.84)

where

βs ≡ arg
(
− VtsV∗tb

VcsV∗cb

)
. (1.85)

Overconstraining the Standard Model may now be achieved by overconstraining each of the
unitarity triangles, by combining independent measurements of the different sides and internal angles.
Since the normalisation fixes the lower side of the UT to lie on the real axis, with unit length, this task
equates to overconstraining the position of the apex not lying on the real axis, (1− λ2/2)(ρ, η).
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Relating γ to δ

Since they relate to elements of the CKM matrix, all parameters of the unitarity triangles are sensitive to
CP violation. However, the interior angle γ is especially sensitive, owing to its near-equivalence to the
CP-violating phase δ.

Working in the Chau-Keung representation of the CKM matrix, the definition of γ yields

γ = arg
( −c12c13s13eiδ
(
− s12c23 − c12s23s13eiδ

)(
s23c13

)
)

, (1.86)

which becomes

γ = arg
(
− eiδ)− arg

(
− s12c23 − c12s23s13eiδ). (1.87)

Using the fact that arg(−1) = π gives

γ = π + δ− π − arg
(
s12c23 + c12s23s13eiδ). (1.88)

Finally, noting the empirical relation above for the relative sizes of the sij, the second, complex, term
within the parentheses is found to be significantly smaller than the first. Thus, to a very good approxi-
mation

γ ≈ δ. (1.89)

As such, the precise determination of γ is not only crucial for the constraint it places on the apex of the
unitarity triangle, but is relevant in its own right, for it quantifies the amount of CP violation permitted
within the Standard Model.

1.4.1. Experimental status of CKM parameters

Measurements of CKM parameters are divided into two categories. ‘Indirect’ measurements give
determinations of the side lengths of the unitarity triangles, i.e. by measuring the magnitudes of the
different CKM matrix elements. By assuming a triangular construction, these measurements translate
into a determination of the internal angles and the vertex postion; and thus the CP-violating phase, δ.

‘Direct’ measurements are obtained from experimental determinations of the internal angles them-
selves. These give direct sensitivity to δ, and allow the assumptions of the unitarity triangles to be
tested, by checking whether or not the triangles are closed (i.e. whether the interior angles sum to 180◦).
Any discrepancy between direct and indirect determinations of the UT parameters could indicate the
presence of new physics contributions, which may enter as virtual particles within loop processes [43].

Two collaborations, UTFit [44] and CKMFitter [45], use statistical methods to combine independent
measurements, in order to place constraints on the UTs. The current constraints provided by direct and
indirect measurements, calculated by the CKMFitter group, are shown in Figure 1.3.
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Figure 1.3.: Experimental constraints placed on the free apex of the unitarity triangle, calculated by the CKMFitter
group [45]. The upper plot shows all constraints combined, whilst the middle (lower) plot shows
just those constraints arising from indirect (direct) measurements. In all three cases, the triangle
superimposed is the best-fit result for all constraints combined. The red hashed regions give 68%
confidence intervals on the apex position, whilst the surrounding yellow regions give 95% confidence
intervals.
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The magnitudes of the CKM matrix elements |Vud|, |Vus|, |Vub|, |Vcd|, |Vcs|, |Vcb| and |Vtb| are
determined from studying superallowed nuclear β-decays, and decays of pions, kaons, hyperons,
D-mesons, B-mesons and top quarks (which decay too rapidly to hadronize into mesons). The other
two magnitudes, |Vtd| and |Vts|, are measured by their loop contributions in B-meson mixing. The
global averages for these values, presented in reference [3], give

|VCKM| =




0.97420± 0.00021 0.2243± 0.0005 (3.94± 0.36)× 10−3

0.218± 0.004 0.997± 0.017 (42.2± 0.8)× 10−3

(8.1± 0.5)× 10−3 (39.4± 2.3)× 10−3 1.019± 0.025


 (1.90)

Since the interior angles of the unitarity triangle give sensitivity to the CP-violating phase, δ, it is no
surprise that they can be measured in CP-violating processes. Angle β may be directly extracted from
the study of time-dependent CP asymmetries, for B0 and B0 decaying to any common CP eigenstate.
The current world average combining all such measurements gives [3]

sin(2β) = 0.691± 0.017. (1.91)

For angle α, time-dependent asymmetries extracted from decays involving b→ duu processes may be
used. However, such analyses are complicated by the fact that loop (specifically, b → d penguin [3])
diagrams contribute at the same order in λ as the desired tree-level decays. The current world average
for this angle is [3]

α = (84.5+5.9
−5.2)

◦. (1.92)

Angle γ represents a ‘benchmark’ Standard Model measurement, since it can be measured in
tree-level processes with negligible loop contributions, and therefore little scope for new physics [43].
However, due to the CKM elements involved, decays sensitive to γ have small branching fractions
(O(10−6) [3]), making it difficult to measure precisely. Prior to the contributions of LHCb, γ was the
least well-constrained angle of the UT, with a 2012 world average of γ = (68+10

−11)
◦ [46]. Since then, the

uncertainty has more than halved, giving the current world average [3]

γ = (73.5+4.2
−5.1)

◦. (1.93)

Decays of the form B→ D(∗)K(∗) give sensitivity to γ, since it parameterizes the relative weak phase
between the contributing D0 and D0 components. The ‘GLW’ [47–49] approach detects the D-meson
in CP eigenstates, where these two contributions interfere, and extracts an asymmetry which is thus
sensitive to γ. However, the degree of sensitivity is limited by the relative sizes of the two interfering
components, being greatest when they are of comparable magnitude. For the mode with the highest
branching fraction, B− → DK−, the amplitude involving D0 is colour- and CKM-suppressed, whilst
the amplitude involving D0 is colour- and CKM-favoured.

To increase sensitivity, the ‘ADS’ [50, 51] method detects the D-meson in a chosen final state f (e.g.
K±π∓ ), such that the process D0 → f is doubly-Cabibbo-suppressed, whilst D0 → f is Cabibbo-
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favoured. This gives two interfering amplitudes of comparable magnitude, yielding the maximum
sensitivity possible. Once again asymmetries may be defined in order to extract γ. However, this
method is limited by the small branching fractions of the D-meson decays involved.

The ‘GGSZ’ method [52], uses three body final states f that have large branching fractions for both
D0 and D0, e.g. K0

Sπ+π−. The CP angle γ is extracted in an analysis of the full resonant structure of
the interfering components in the phase space of f (the ‘Dalitz plane’). An analysis of this type is the
subject of the present thesis. The method is described more fully in the following section.

1.5. Measuring CP violation in B→ D(∗)h(∗) decays

The present thesis concerns a combined GGSZ analysis to extract γ in the following modes:

• B− → DK−, with D → K0
Sπ+π−;

• B0 → DK∗0, with K∗0 → K+π− and D → K0
Sπ+π−;

• B− → D∗K−, with D∗ → D(γ/π0) and D → K0
Sπ+π−; and

• B− → DK∗−, with K∗− → K0
Sπ− and D → K0

Sπ+π−.

In every case, the neutral D-meson is detected in the final state (K0
Sπ+π−). In addition, the correspond-

ing B− → D(∗)π− modes provide control samples, used to reduce uncertainties in the mass spectrum
fits performed (described in Chapter 5).

Feynman diagrams for the charged B-meson decays considered are shown in Figure 1.4, whilst
those considered for the neutral B-meson are shown in Figure 1.5.

u

b

u

c

s

u

Vcb

Vus

(a) B− decay via D0

u

b

u

s

c

uVub

Vcs

(b) B− decay via D0

Figure 1.4.: Decays considered for the B− meson. The left-hand diagram corresponds to decay via a D0-meson
(cu), whilst the right corresponds to decay via a D0-meson (cu).

Contributing amplitudes

In each mode, m, considered, the two contributing amplitudes may be written as

Am
b→c = Am

B eiδm
c (1.94)
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Figure 1.5.: Decays considered for the B0 meson. The left-hand diagram corresponds to decay via a D0-meson (cu),
whilst the right corresponds to decay via a D0-meson (cu).

for the diagram involving a b→ c transition, and

Am
b→u = Am

B rm
B e± iγeiδm

u (1.95)

for the diagram involving a b→ u transition. The ratio of the amplitudes is then given by

Am
b→u

Am
b→c

= rm
B ei(δm

B ± γ). (1.96)

The relative weak phase between the two processes is given to a very good approximation by γ

(see Appendix A), due to the CKM matrix elements which appear in the two diagrams. The relative
strong phase, δm

B , and magnitude rm
B , between the interfering decays result from the different strong

interactions that occur in the intermediate state to produce the hadronization into D0 or D0. They take
different values for the different modes considered, since the hadronization interactions will depend on
the spin state, as well as the quark composition, of the mesons involved; so that modes B± → DK± ,
B± → DK∗± and B± → D∗K± are not equivalent. The CP-violating weak phase γ, however, is
common to all modes, thus motivating their combined study. It is useful to note that, for each mode
studied, the flavour of the original B-meson may be distinguished (or ‘tagged’) using the charge of the
kaon or of the daughter mesons in the decay of the K∗-meson.

For the decay modes B0 → DK∗0 and B± → DK∗± , the K∗-meson is detected in a two-body final
state, by placing selection requirements on the mass reconstructed from its daughters. However, the
K∗-meson has a large width. This means that any requirements encompassing a large fraction of the
K∗ resonance are also likely to select non-negligible contributions from other resonances. As such, the
relative strong phase and magnitude observed are not those which would result from pure B→ DK∗

decays alone, but are instead given by the effective variables rm
s and δm

s , obtained by integrating over
the selected region of the B0 → DK+π− or B± → DK0

Sπ± phase space:

(rm
s )

2 =
Γ(B→ D0Kπ)

Γ(B→ D0Kπ)
=

∫
dp(Am

b→u(p))2
∫

dp(Am
b→c(p))2 , (1.97)

κmeiδm
s =

∫
dpAm

b→c(p)Am
b→u(p)eiδm(p)

√∫
dp(Am

b→c(p))2
∫

dp(Am
b→u(p))2

, (1.98)
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where the variable p indicates the position in the decay phase space and the real parameter 0 < κm < 1
parameterizes the fraction of the integrated phase space that is occupied by the K∗ resonance. This
same notation can be used to describe two-body B decays; where κ is set equal to unity, and rs and δs

simplify to become rB and δB.

Interference in the neutral D-meson system

The eigenstates of the neutral D-meson system produced in the B-meson decay are then given, for each
mode, by

|Dm
−〉 ∼

∣∣∣D0
〉
+ zm
−
∣∣∣D0

〉
,

|Dm
+〉 ∼

∣∣∣D0
〉
+ zm

+

∣∣∣D0
〉

,
(1.99)

where the subscript (± ) denotes the flavour eigenstate of the progenitor B-meson2, and the relative
phase and magnitude arising from the contributing B-meson decay diagrams are accounted for by the
‘Cartesian parameters’, zm

± ,

zm
± = xm

± + i ym
± = rm ei(δm ± γ). (1.100)

The amplitude for the full B→ D(∗)h(∗), D → f decay is then given by

Am
−∼ A f + zm

−A f , (1.101)

Am
+∼ A f + zm

+A f , (1.102)

where A f =
〈

f
∣∣T
∣∣D0〉, A f = 〈 f |T|D0〉 and Am

± =
〈

f
∣∣T
∣∣Dm
±
〉
.

Note that, in addition to the weak phase, γ, the strong phases δm and relative magnitudes rm in
each mode are also unknowns. Therefore, any extraction of γ must equally be an extraction of these
parameters. However, a combined analysis of several modes can exploit the mode-invariance of γ to
reduce the number of free parameters, giving a more accurate determination of γ.

Combined approach

As pointed out by Garra-Ticó [53], information from multiple modes may be combined efficiently by
noticing that, for all modes, m,

zm
+

zm
−

= e2iγ ⇒ γ =
1
2

arg
(

zm
+

zm
−

)
. (1.103)

This means that the zm
+ and zm

− coefficients of any mode may be multiplied by any complex factor, ξ,
without altering the information on γ contained.

2B+, B− in the case of charged decays, B0, B0 in the neutral case. These states may be differentiated (‘tagged’) by the charge of
the K∗ daughter in the B-decay.
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In particular, it is useful to relate all coefficients back to those of a single mode, e.g. B± → DK± :

zm
± = ξm zDK

± , (1.104)

where

ξm =
rmeiδm

rDKeiδDK . (1.105)

To give slightly neater notation, it is useful to abbreviate z± = zDK
± , so that zm

± = ξm z± .

This substitution reduces the number of free parameters from 4N to 2(N + 2), where N gives the
number of modes included.3 Therefore, this method is expected to give a more precise determination of
γ than a statistical combination of separate results from each individual mode, when combining N > 2
modes.

Final state phase space

In the GGSZ approach [52], the interference parameterized by γ is studied in the phase space of the
D → K0

Sπ+π− decay. This phase space may be parameterized by the momentum configuration of the
final state particles, (p1, p2, p3), where

Pµ(K0
S) = Pµ

1 , Pµ(π−) = Pµ
2 , and Pµ(π+) = Pµ

3 . (1.106)

Following the usual definition for the combined squared invariant mass of two particles, it is useful
to define

sij = |Pµ
i + Pµ

j |2. (1.107)

Any point in the phase space may then be uniquely specifed by any two of its combined squared mass
coordinates, (si, sj). Each (sij, skj) coordinate system represents a ‘Dalitz plane’, whilst a frequency
histogram of observed events in such a plane is known as a ‘Dalitz plot’. It is useful to work in this plane
since, as noted by Richard Dalitz [54], for a three-body final state parameterized in these coordinates,
the Lorentz-invariant phase space is uniform. This means that any non-uniformity observed in the
Dalitz plot immediately indicates a Physics effect arising from the amplitudes involved. No unfolding
is necessary to separate out Physics and phase-space effects. This makes the Dalitz coordinate system
the natural basis for plotting and analysing three-body decays. A common feature of Dalitz plots is
the presence of ‘resonant substructure’, indicating that the three-body final state arises from a series of
two-body decays, with a short-lived resonance propagating between the two decay vertices. A typical
Dalitz plot is shown in Figure 1.6.

3I.e. from {xm
± , ym

± } to {xDK
± , yDK

± , Re(ξm), Im(ξm)}.
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Figure 1.6.: Dalitz plot of B± → DK± , D → K0
Sπ+π− events selected from the full 2011 and 2012 combined LHCb

dataset. Events are kinematically forbidden from occurring outside the closed red curve. Resonant
structure is evident in the non-uniformity of the observed distribution, which would otherwise be flat,
since the Lorentz-invariant phase space is uniform over the Dalitz plane [54].

Both the magnitude and phase of the D-decay amplitude may depend on position within the Dalitz
plane. In this basis, the amplitude for a D0 decay may be written as

A f (s12, s13) ≡ A(D0 → K0
S(p1)π

−(p2)π
+(p3)), (1.108)

= A12,13eiδ12,13 . (1.109)

Assuming CP violation within the neutral D-meson system may be neglected compared to the
direct CP violation in the B-decay, the amplitude for a D0 decay is then given by

A f (s12, s13) ≡ A(D0 → K0
S(p1)π

−(p2)π
+(p3)), (1.110)

= A(D0 → K0
S(p1)π

−(p3)π
+(p2)), (1.111)

= A f (s13, s12), (1.112)

= A13,12eiδ13,12 , (1.113)

and the equations 1.101 and 1.102 become

Am
−∼ A12,13eiδ12,13 + zm

−A13,12eiδ13,12 , (1.114)

Am
+∼ A13,12eiδ13,12 + zm

+A12,13eiδ12,13 . (1.115)
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From inspection of the relevant Feynman diagrams (Figure 1.7), it is clear that there is no relative
weak phase or magnitude between the decays D0 → K0

Sπ+π− and D0 → K0
Sπ+π−, since the same

CKM elements are involved in each case. As any global phase will give no effect on the decay rates
observed (it disappears in the square modulus), and the absolute value of the rate is not important, only
its variation over the Dalitz plane, then all weak effects can be neglected in these decays. In this case,
the functions Aij,kj and δij,kj give only the magnitudes and phases arising from the strong interaction.
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Figure 1.7.: Feynman diagrams for decay of the neutral D0 (left) and D0 (right) mesons to the final state mesons
KS π+π−. In each diagram, neighbouring pairs of quarks and antiquarks are hadronically bound.

Determination of CP parameters

To give expressions which may be brought to bear on data, allowing the extraction of the CP sensitive
parameters, z± and ξm, Fermi’s ‘golden rule’ for the differential rate is used

dΓ =
∫
|A|2 dP . (1.116)

Combining this with the useful relation |z1 + z2|2 = |z1|2 + |z2|2 + 2|z1||z2|Re(z∗1z2) (derived in
Appendix B), yields

dΓm
−∼

∣∣∣A f

∣∣∣
2
+ |zm

−|2
∣∣∣Ā f

∣∣∣
2
+ 2κm Re

(
zm
− A?

f Ā f

)
, (1.117)

dΓm
+∼

∣∣∣Ā f

∣∣∣
2
+ |zm

+|2
∣∣∣A f

∣∣∣
2
+ 2κm Re

(
zm
+ Ā?

f A f

)
. (1.118)

The authors of reference [52] present two ways of proceeding. The amplitude of the three-body
D0-meson decay, D0 → K0

Sπ+π− is presently beyond the limits of QCD calculation, meaning that there
is no fundamental prescription for the functions A12,13 and δ12,13. However, the empirical observation of
resonant structure in the Dalitz plane for many decays, and the success of resonance-based phenomenol-
ogy in describing scattering and decay processes over many decades, motivates the use of a resonance
model to describe these functions. Any such model must of course be calibrated against a suitably
clean data set before it can be used to extract new information from other decays. Thankfully, the
BaBar collaboration has developed a sophisticated model of D0 → K0

Sπ+π− decays, calibrated against
468.5 fb−1 of data gathered in e+e− collisions [55]. The nominal approach taken within this thesis uses
the BaBar model to fit the observed distribution of events in phase space, and thus to extract the CP
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violating parameters. Since the resonance model used depends on the choice of which resonances
to include, and how to parameterize them, this approach is said to be model-dependent. The theory
underlying resonance models, and the details of the specific model used within this thesis, are presented
in Chapter 2.

An alternative, model-independent approach is also considered, which allows the magnitude and
phase of A f (s12, s13) to remain unknown. In this case, it is useful to re-express equations 1.117 and
1.118 in the form

dΓm
−∼ |A f |2 + |zm

−|2|A f |2 + 2κm |zm
−||A f ||A f | cos

(
arg(zm

−) + arg(A f )− arg(A f )
)

, (1.119)

dΓm
+∼ |A f |2 + |zm

+|2|A f |2 + 2κm |zm
+||A f ||A f | cos

(
arg(zm

+) + arg(A f )− arg(A f )
)

. (1.120)

Substituting from equations 1.109 and 1.113, and using the relation cos(A± B) = cos(A)cos(B)∓ sin(A)sin(B),
gives

dΓm
−∼ A2

12,13 + |zm
−|2 A2

13,12 + 2κm |zm
−|A12,13 A13,12{

cos
(

arg(zm
−)
)

cos
(

δ13,12 − δ12,13

)
− sin

(
arg(zm

−)
)

sin
(

δ13,12 − δ12,13

)}
, (1.121)

dΓm
+∼ A2

13,12 + |zm
+|2 A2

12,13 + 2κm |zm
+|A12,13 A13,12{

cos
(

arg(zm
+)
)

cos
(

δ12,13 − δ13,12

)
− sin

(
arg(zm

+)
)

sin
(

δ12,13 − δ13,12

)}
. (1.122)

Integrating over some region, R of the Dalitz plane, it is useful to define the values

cR ≡
∫

R

[
A12,13 A13,12cos(δ12,13 − δ13,12)

]
dP , (1.123)

sR ≡
∫

R

[
A12,13 A13,12sin(δ12,13 − δ13,12)

]
dP , (1.124)

TR ≡
∫

R

[
A2

12,13
]
dP , (1.125)

T̃R ≡
∫

R

[
A2

13,12
]
dP . (1.126)

The symmetry of the terms cR and sR motivates the splitting of the Dalitz plane into bins arranged
symmetrically about the line s12 = s13. Let bin i lie above this symmetry axis, centred at the point
(s12, s13), whilst bin ĩ is its conjugate below the symmetry axis, centred at the point (s13, s12). Going
from bin i to bin ĩ (or vice-versa) therefore corresponds to interchanging the subscripted indices 12
 13.
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This ensures the validity of the simplifying relations

cĩ = ci, sĩ = −si, (1.127)

T̃ĩ = Ti, T̃i = Tĩ. (1.128)

These give the following expressions for the partial widths for two conjugate bins in the Dalitz plane:

Γm
−, i ∼ Ti + |zm

−|2Tĩ + 2κm|zm
−|
{

ci cos
(

arg(zm
−)
)
− si sin

(
arg(zm

−)
)}

, (1.129)

Γm
−, ĩ ∼ Tĩ + |zm

−|2Ti + 2κm|zm
−|
{

ci cos
(

arg(zm
−)
)
+ si sin

(
arg(zm

−)
)}

, (1.130)

Γm
+, i ∼ Tĩ + |zm

+|2Ti + 2κm|zm
+|
{

ci cos
(

arg(zm
+)
)
+ si sin

(
arg(zm

+)
)}

, (1.131)

Γm
+, ĩ ∼ Ti + |zm

+|2Tĩ + 2κm|zm
+|
{

ci cos
(

arg(zm
+)
)
− si sin

(
arg(zm

+)
)}

. (1.132)

If k gives the number of bins above the line s12 = s13, then the expressions (1.129), (1.130), (1.131) and
(1.132) describe 4k independent equations. Thus by dividing the Dalitz plane into a sufficient number
of bins it is possible to determine all of the CP parameters, z± and ξm. The values Ti and Tĩ may be
found from pure flavour-tagged samples of D → K0

Sπ+π−, e.g. from a semi-leptonic mode such as
B0 → D∗± µ∓ νµ, D∗± → Dπ± , where the flavour of the neutral D-meson is tagged by the charge
of the pion produced in the D∗± -meson decay.

Whilst this method benefits from model-independence, its performance is limited by the available
statistics; in practise, the number of signal events, Γi, observed in each bin of the Dalitz plane is obtained
by performing a fit to the distribution of the reconstructed B-meson mass (as described in Chapter 5).
As such, there must be sufficient population within each bin to allow such a fit to be reliable. To reduce
the resulting uncertainty it is typical to use ci and si values (and the corresponding binning scheme)
obtained from past CLEO measurements [56]. This approach is followed for all model-independent fits
performed within this thesis.

1.6. Strategy of the simultaneous analysis

The simultaneous analysis combines several modes to maximise the precision with which CP parameter
γ can ultimately be extracted. It uses a GGSZ approach, analysing the Dalitz plane of D → K0

Sπ+π−

decays. Both a model-dependent and model-independent method are considered for the determination
of the CP parameters from the observed distributions in the Dalitz plane. The stages of the analysis
may be summarised as follows:

Selection: Candidate events are selected for each mode using similar criteria. In addition to placing
requirements on individual variables, multivariate classifiers (MVAs) are trained to allow better
discrimination between signal and background events. Separate MVAs are trained for each mode,
though the input variables used in each case are the same.

Mass fitting: Even after selecting the most promising candidates for analysis, non-negligible back-
ground contributions remain. In order to determine the yields of selected signal and background
events, the reconstructed B-meson mass spectrum is fitted, with separate fits performed for each
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mode. These yields are needed as inputs for the Dalitz analysis, since the expected distributions
within the Dalitz plane differ for different background components. Failing to account for this
pollution would reduce the precision with which the CP parameters could be extracted.

Efficiency determination: Before the Dalitz plot can be analysed, the variation of the selection effi-
ciency over the Dalitz plane must be determined. The extraction of the CP parameters relies on
measuring asymmetries in the Dalitz plane, and so the effect of efficiency variations must be
separated out in the final analysis. Separate selection efficiencies are obtained for each mode; one
for each selection that is performed.

Combined CP fit: Candidates selected in all modes are combined in a single Dalitz analysis, along
with their determined efficiencies. Different distributions are expected for events of each signal
and background component, but in each case the expected distribution may be related back to the
expressions presented in this chapter, equations 1.117 and 1.118. Both the model-dependent and
model-independent method are considered.

Interpretation of results: Finally, the extraction of the CP phase γ, from measurements of the Cartesian
parameters, zm

± , makes use of a likelihood-maximising approach. The range of allowed (γ, rm, δm)

values are scanned to find those which maximise the likelihood of the observed Cartesians, before
confidence intervals are extracted from the full likelihood profile obtained.

The simultaneous approach presents several benefits relative to measurements made using individ-
ual decay modes, in addition to the reduction in the number of fit parameters discussed in the previous
section:

• The ability to correctly model signal decays that cross-feed between categories in the CP fit.4 In
a standalone analysis, such decays must be treated as a source of background, and reduce the
precision of the measurement produced;

• The ability to make like-for-like comparisons between model-dependent and model-independent
fits, since the exact same selected data samples, estimated efficiencies and mass fit results may be
used as inputs in each case;

• The ability to extract correlations between fitted parameters coming from different decay modes.
This information is inaccessible when standalone results are combined in a statistical meta-analysis;

• A coherent framework in which it is relatively simple to ensure that the different analysis stages are
performed consistently between modes, including consistent treatment of systematic uncertainties.

4I.e. signal decays of one γ-sensitive mode that may satisfy the selection criteria of another.



2. Modelling D0→ KSπ+π− decays

Section 1.5 outlined a model-dependent approach to extracting CKM angle γ from decays of the form
B→ D(∗)K(∗), with D → K0

Sπ+π−. The function P must be fitted to the D-decay phase space

P = |A|2 + |z|2|A|2 + 2κRe(zA∗A),

where A is the amplitude for the decay D0 → K0
Sπ+π−.

However, the theoretical calculation of three-body hadronic decay amplitudes, such as A, is cur-
rently out of reach (though progress is being made in this direction [57]). Instead, a simplified model
is built and calibrated from a large, pure sample of D0 → K0

Sπ+π− decays. Section 2.1 introduces the
effective theory of resonances; the theoretical framework within which such a model may be constructed.
Section 2.2 and Section 2.3 apply this theory, with successively greater degrees of sophistication, to the
problem of two-body resonant scattering, and show that this process is theoretically equivalent to a
three-body decay. Finally, Section 2.4 gives details of the specific model implemented within the present
analysis.

2.1. Effective theory of resonances

A model for the decay D0 → K0
Sπ+π− may be obtained under the assumption that it proceeds via a

short-lived intermediate resonant state, r [58]

D → rc, (2.1)

r → ab. (2.2)

Equations 2.1 and 2.2 introduce the naming convention that will be followed for the rest of this chapter:
a and b denote the final state particles produced by the resonance; and c labels the ‘spectator’ particle,
produced directly by the D-meson decay. This picture may be described using an effective theory,
which parameterizes the D and r decays as ‘vertices’, containing all short-range interactions, and a
‘propagator’ term to describe the resonant particle, as shown in Figure 2.1. Since this diagram is not
a Feynman diagram - the interacting particles are mesons, not quarks - the couplings at the vertices
are unknown, and hence any such resonance model will have parameters for which there is no a priori
value. Therefore it is essential to fit the model to a pure D0 → K0

Sπ+π− data sample, to calibrate these
parameters.

27
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r

D c

b

a

Figure 2.1.: Effective diagram for three-body D-meson decay.

2.2. Isobar model

The Isobar model [59–61] is the simplest type that may be constructed to describe the contributions of
multiple resonances

M = ∑
r

arMr. (2.3)

The different resonances sum at the amplitude level, with relative weights given by |ar| and relative
phases δij = arg(ai)− arg(aj).

Within this model, the amplitude for the decay proceeding via a given resonance r is

Mr(L, mab, mac) = ∑
λ

〈ab|rλ〉Tr(mab)〈crλ|D0〉, (2.4)

where the operator for the interaction is defined as

∆̂r,λ = |rλ〉Tr(mab)〈crλ|. (2.5)

L gives the spin of the resonance, and thus also the orbital angular momentum between r and c,
and between a and b, since the progenitor D-meson and all the final state particles are spin-zero. The
combined invariant mass of the ‘resonant pair’1 is given by mab,

m2
ab ≡ |P

µ
a + Pµ

b |2. (2.6)

Equation 2.4 includes the usual sum over initial helicity states and average over final helicity
states [62]. Since the resonance is the only particle in the decay chain which may have non-zero spin,
this reduces to a sum over the helicity states, λ, of the resonance.

1I.e. the decay products of the resonance.
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It is typical to rewrite equation (2.4), factorising it as

Mr(L, mab, mac) = BD
L (p, pr)Br

L(q, qr)ZL(m2
ab, m2

ac)Tr(mab), (2.7)

where ~p represents the momentum of c (or r) in the rest frame of the progenitor D-meson, and ~q
represents the momentum of a (or b) in the rest frame of the ab system.

One may then define

p ≡ |~p|, q ≡ |~q|,

which can themselves be expressed as functions of mab,

q =
λ

1
2 (m2

ab, m2
a, m2

b)

2mab
=

√
[m2

ab − (ma + mb)2][m2
ab − (ma −mb)2]

2mab
, (2.8)

p =
λ

1
2 (m2

ab, m2
D, m2

c )

2mab
=

√
[m2

ab − (mD + mb)2][m2
ab − (mD −mb)2]

2mab
, (2.9)

where

λ(x, y, z) ≡ x2 + y2 + z2 − 2xy− 2xz− 2yz. (2.10)

One may also define pr and qr, the values taken by p and q when mab = mr so that the resonance is
produced on-shell.

The function ZL parameterizes the angular distribution of the decay products, and will be seen
to arise from the spin-sum rules for the effective theory defined in equation (2.4). BL are centrifugal
barrier factors for each ‘vertex’ of the decay. These account for the fact that angular momentum must be
conserved. Tr is a dynamical function that acts as the ‘propagator factor’ for the resonance, quantifying
how energetically favourable it is for a given resonance r to be produced. The following sections
consider these functions in turn.

2.2.1. Centrifugal barrier factors BL

Since D, KS, and π± mesons have zero spin, the production and decay of any resonance with non-
zero spin implies that some orbital angular momentum is required between the (c, r) pair, and also
between the (a, b) pair, such that the total angular momentum of zero is conserved. This becomes
harder to achieve the smaller the impact parameter between the orbiting pair, and the smaller their
linear momenta. Barrier factors characterise this suppression with increasing resonance spin-values,
and decreasing particle momenta.

Whilst the angular distribution ZL arises naturally from the effective theory of resonances, barrier
factors must be added ‘by hand’; they parameterize knowledge that is not included within the effective
theory, namely the non-zero size of the resonant particle. This size defines a characteristic impact
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parameter, below which production of the resonance is likely to occur, and beyond which it is unlikely
to occur.

Barrier factors have long been used to parameterize nuclear decays, where the characteristic impact
parameter is naturally defined by the radius of the nucleus. The most commonly used barrier factors
are those defined by Blatt and Weisskopf [63, 64]. First, the Blatt-Weisskopf functions are defined, for
the lowest three L-values, as:

F0(q) = 1, (2.11)

F1(q) =

√
2z2

z2 + 1
, and (2.12)

F2(q) =

√
13z4

z4 + 3z2 + 9
, (2.13)

where z = Rq and R is the Blatt-Weisskopf effective radius, the characteristic impact parameter for the
interaction. The functions FL(q) are normalised such that they evaluate to unity when z = 1.

Finally, the barrier factors themselves are defined by

BL(q, qr) ≡
FL(q)
FL(qr)

, (2.14)

which gives

B2
0(q, qr) = 1, (2.15)

B2
1(q, qr) =

(
q
qr

)2
(Rqr)2 + 1
(Rq)2 + 1

, and (2.16)

B2
2(q, qr) =

(
q
qr

)4
(Rqr)4 + 3(Rqr)3 + 9
(Rq)4 + 3(Rq)3 + 9

. (2.17)

For the present analysis, the effective radius is fixed to R = 1.5 GeV−1.

2.2.2. Angular distribution ZL

ZL originates from the two inner product terms of equation (2.4) (the ‘vertex factors’ of the effective
theory defined in Figure 2.1),

ZL = ∑
λ

〈ab|rλ〉〈crλ|D0〉. (2.18)

In the case of a scalar resonance (L = 0), no polarization states, λ, can be defined, and so the
distribution of final state particles has no angular dependence

Z0 = 1. (2.19)



Modelling D0→ KSπ+π− decays 31

In the case of vector (L = 1) or tensor (L = 2) resonances, multiple helicity states are possible for
the resonance, and so the sum must be performed. A quantum field-theoretical2 approach is used to
construct the relevant currents in each case, and to determine the resulting sum rules. A comprehensive
guide to the spin formalisms used in the description of particle scattering is given by reference [66].

Vector resonances

We begin by considering the most general theory that can be used to describe Figure 2.1, guided simply
by the fact that the matrix element (and thus ZL) should be a Lorentz scalar quantity. In the most
general case, Z will have some dependence on the helicity state of the resonance and on the 4-momenta
of the final state particles, since these fully specify the process.

For a spin-1 resonance, three helicity eigenstates are possible (λ = 0, ± 1). To construct a manifestly
covariant expression for Z, the helicity state must be represented by a Lorentz scalar, Lorentz vector or
Lorentz tensor. Three degrees of freedom are needed to represent the helicity state, since at any given
time it will be a superposition of all possible helicity eigenstates:

|ψ〉 = a0|ψ(λ = 0)〉+ a1|ψ(λ = 1)〉+ a−1|ψ(λ = −1)〉, (2.20)

and to fully specify the state |ψ〉 all three coefficients ai must be known. The helicity state may thus be
described using a Lorentz vector ε

µ
λ, where one additional constraint is required to reduce the degrees

of freedom from four (the four elements of the vector) to three.

The constraint chosen is that of ‘transversality’; it is required that the polarisation of the resonance
is orthogonal to its 4-momentum. This also implies that the resonance is on-shell. This constraint can be
expressed mathematically as

Pµrε
µ
λ = 0, (transversality)

mab = mr. (on-shell)

It turns out that requiring the helicity state to transform as a Lorentz vector, combined with the
transversality condition above, is enough to determine the specific form that it must take. The derivation
of this form is the subject of Appendix C, but for now it suffices to assume that ε

µ
λ is a legitimate Lorentz

vector quantity.

We now consider the two ‘vertex factors’ in turn, constructing the most general expression that
yields a Lorentz scalar. Beginning with the term arising from the D-decay vertex, the most general
expression that can be written is

〈crλ|D〉 = g(m2
cr) fµ(Pcµ, Prµ, PDµ)ε

µ
λ, (2.21)

where fµ is some function of the 4-momenta of the three particles which interact at the vertex, and g is
some function of the Lorentz scalar m2

cr, the invariant squared mass of the combined decay products.

2Many introductory texts on QFT for particle physics are available, see for example reference [65].
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Noting conservation of 4-momentum,

Pµ
D = Pµ

c + Pµ
r , (2.22)

the function fµ can be re-written in terms of just two independent 4-momenta. Choosing to use the
combinations (PD + Pc)µ and (PD − Pc)µ, fµ can be expressed, completely generally, as a polynomial in
two variables, with unknown coefficients ai,

fµ =a1(PD + Pc)µ + a2(PD − Pc)µ+

a3(PD + Pc)ν(PD + Pc)
ν(PD + Pc)µ + a4(PD + Pc)ν(PD − Pc)

ν(PD + Pc)µ+

a5(PD + Pc)ν(PD − Pc)
ν(PD − Pc)µ + a6(PD − Pc)ν(PD − Pc)

ν(PD − Pc)µ + · · · . (2.23)

This is the most general expression for a function of two variables which yields a single free Lorentz
index µ.

Working in the low-momentum regime, keeping only the lowest order terms, and renaming a1 = f+
and a2 = f− obtains

fµ = f+(PD + Pc)µ + f−(PD − Pc)µ. (2.24)

Finally, this gives

〈crλ|D〉 = g(m2
cr)[ f+(PD + Pc)µ + f−(PD − Pc)µ]ε

µ
λ. (2.25)

Likewise, an equivalent expression may be found for the vertex factor corresponding to the decay
of the resonance,

〈ab|rλ〉 = g′(m2
ab)[ f ′+(Pa + Pb)ν + f ′−(Pa − Pb)ν]ε

ν
λ. (2.26)

Applying the transversality condition introduced earlier simplifies these expressions. Since

(PD − Pc)µ = (Pr)µ and (2.27)

(Pa + Pb)ν = (Pr)ν, (2.28)

transversality implies that terms involving these factors do not contribute to Z, so that effectively

f− = f ′+ = 0. (2.29)

In addition, since transversality implies the resonance is produced on-shell,

g′(m2
ab) = g′(m2

r ), (2.30)
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which is constant, contributing no angular dependence. Likewise, assuming the progenitor D-meson is
on-shell3,

g(m2
cr) = g(m2

D). (2.31)

Neglecting constant factors, one thus obtains

〈crλ|D〉 = (PD + Pc)µε
µ
λ, (2.32)

〈ab|rλ〉 = (Pa − Pb)νεν
λ. (2.33)

This allows Z1 to be expressed as:

Z1 = ∑
λ

(PD + Pc)µε
µ
λ(Pa − Pb)νεν

λ, (2.34)

= ∑
λ

(PD + Pc)µε
µ
λε∗νλ (Pa − Pb)ν. (2.35)

As mentioned earlier, the condition that ε
µ
λ behaves as a Lorentz vector is enough to explicitly

determine its form. Doing so allows the evaluation of the ‘spin sum’,

∑
λ

ε
µ
λε∗νλ = −gµν +

pµ pν

m2
r

, (2.36)

where pµ represents the 4-momentum of either of the D-meson decay products (c, r) in the D-meson rest
frame. This is discussed in Appendix C. In the ‘Zemach formalism’ [67, 68], the transversality condition
motivates the replacement mr → mab within this expression. Alternatively, the ‘helicity formalism’ [69]
does not make this substitution. For the present analysis, the Zemach formalism is used to obtain the
nominal model, whilst a systematic uncertainty is determined by considering the model obtained in
the helicity formalism as an alternative. Substituting the expression obtained for the spin sum into
equation (2.35), and using the Zemach formalism,

Z1 = (PD + Pc)µ

(
− gµν + pµ pν/m2

ab
)
(Pa − Pb)ν, (2.37)

= (m2
bc −m2

ac) + (m2
D −m2

c )(m
2
a −m2

b)/m2
ab, (2.38)

= −2~p ·~q. (2.39)

Tensor resonances

For a spin-2 resonance, five helicity eigenstates are possible (λ = 0, ± 1, ± 2), and so a 4-component
Lorentz vector is not sufficient to represent the helicity state in this case. Instead, a Lorentz tensor, εµν,
is used. However, since a Lorentz tensor has 16 degrees of freedom4, and only five are needed, eleven

3A reasonable assumption, since the width of the D-meson is narrow.
4I.e. 16 components.
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additional constraints are required. The constraints chosen are

εµνPν = 0, (transversality)

εµν = ενµ, and (symmetry)

εµµ = 0, (tracelessness)

where for the final expression, the Einstein summation convention implies a sum over µ.

The transversality condition provides four constraints, since it holds for all values of the free index.
As for a spin-1 resonance, this condition implies that the resonance is produced ‘on-shell’, so that
mab = mr. The symmetry condition provides six constraints, since it applies for all non-diagonal
elements of the 4× 4 matrix, εµν. Tracelessness provides one constraint, since given the values of any
three diagonal elements, it allows the fourth to be deduced.

Once again, we consider the two vertex factors in turn, in each case writing the most general
expression which yields a Lorentz scalar. Beginning with the D-decay vertex,

〈crλ|D〉 = g(m2
cr) fµν(Pcµ, Prµ, PDµ)ε

µν
λ . (2.40)

Again, choosing to work in terms of the two independent variables (PD + Pc)µ and (PD − Pc)µ, we
write the most general expression for f which yields two free Lorentz indices,

fµν =a1(PD + Pc)µ(PD + Pc)ν + a2(PD + Pc)µ(PD − Pc)ν+

a3(PD − Pc)µ(PD + Pc)ν + a4(PD − Pc)µ(PD − Pc)ν + · · · . (2.41)

An equivalent expression may be written for the vertex factor at the decay of the resonance,

〈ab|rλ〉 = g′(m2
ab) f ′αβ(Paα, Pbα, Prα)ε

αβ
λ , (2.42)

where

f ′αβ =a′1(Pa + Pb)α(Pa + Pb)β + a′2(Pa + Pb)α(Pa − Pb)β+

a′3(Pa − Pb)α(Pa + Pb)β + a′4(Pa − Pb)α(Pa − Pb)β + · · · . (2.43)

Working in the low-momentum limit, the higher order terms of fµν and f ′αβ, denoted by ellipsis, may be
neglected.

Applying the transversality condition, terms of fµν containing any factors of (PD − Pc)ν = (Pr)ν

will not contribute, nor will terms of f ′αβ containing (Pa + Pb)α. Effectively then,

a2 = a3 = a4 = 0, (2.44)

a′1 = a′2 = a′3 = 0. (2.45)
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As for the spin-1 case, assuming that both the D-meson and the resonance are on-shell (the latter is a
consequence of the transversality condition), the functions g(m2

cr) and g′(m2
ab) become constant and

thus contribute no angular dependence to Z2.

Finally, the two vertex factors in the spin-2 case are given by

〈crλ|D〉 = (PD + Pc)µ(PD + Pc)νε
µν
λ , and (2.46)

〈ab|rλ〉 = (Pa − Pb)α(Pa − Pb)βε
αβ
λ , (2.47)

and so Z2 may be expressed as

Z2 = ∑
λ

(PD + Pc)µ(PD + Pc)νε
µν
λ (Pa − Pb)α(Pa − Pb)βε

αβ
λ , (2.48)

= ∑
λ

(PD + Pc)µ(PD + Pc)νε
µν
λ ε
∗αβ
λ (Pa − Pb)α(Pa − Pb)β. (2.49)

As in the spin-1 case, the constraints placed on the helicity tensor allow its specific form to be
deduced. This in turn allows the evaluation of the ‘spin-sum’, giving

∑
λ

ε
µν
λ ε
∗αβ
λ =

1
2
(
TµαTνβ + TµβTνα

)
− 1

3
TµνTαβ, (2.50)

where

Tµν = −gµν +
pµ pν

m2
ab

(2.51)

and the Zemach formalism has been used once more to replace mr with mab. The derivation of this
expression may be found in Sec. 8.3 of reference [70].

Substituting this expression into equation (2.49) yields

Z2 =(PD + Pc)µ(PD + Pc)ν

[
1
2
(
TµαTνβ + TµβTνα

)
− 1

3
TµνTαβ

]
(Pa − Pb)α(Pa − Pb)β, (2.52)

=

(
m2

bc −m2
ac +

(m2
D −m2

c )(m2
a −m2

b)

m2
ab

)2

− 1
3

(
m2

ab − 2(m2
D + m2

c ) +
(m2

D −m2
c )

2

m2
ac

)(
m2

ab − 2(m2
a + m2

b) +
(m2

a −m2
b)

2

m2
ac

)
, (2.53)

=
4
3
[
3(~p ·~q)2 − (|~p||~q|)2]. (2.54)

2.2.3. Dynamical function Tr

In deducing the angular distribution functions ZL, it was assumed (following the Zemach formalism)
that the resonance was created on-shell. However, as a short-lived quantum particle, the resonance has
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a non-negligible amplitude to be created off-shell.5 This is accounted for by the ‘propagator factor’ Tr,
which models the energetical favourability for the decay to proceed via a given resonance.

Breit-Wigner propagator

The simplest propagator is the familiar Breit-Wigner function [71], which originates from the description
of resonant scattering,

TBW
r (mab) =

mrΓ0
r

m2
r −m2

ab − imrΓr(mab)
, (2.55)

where mab is the reconstructed combined invariant mass of the two daughters of the resonance, mr is
the mass of the resonance, Γ0

r is its total width, and the ‘mass dependent width’ [72] is given by

Γr(mab) = Γr

(
qab
qr

)2L+1( mr

mab

)
BL(qab, qr)

2. (2.56)

This corrects the ‘raw’ width of the resonance, Γr, to take into account the fact that, when angular
momentum conservation requires non-zero orbital angular momentum between the resonance and
spectator particle c, the energy required to achieve this reduces the mass-energy available to create the
resonance itself.

The momentum of each resonance daughter (a, b) in the rest frame of the resonance is given by qab,
whilst qr gives the same momentum, calculated under the assumption that the resonance is produced on-
shell. In the common case of a resonance decaying to two daughters of equal mass, ma (e.g. r → π+π−),
these simplify to

qab =

√
m2

ab
4
−m2

a, and (2.57)

qr =

√
m2

r
4
−m2

a. (2.58)

Gounaris-Sakurai propagator

In some cases, an effective-range parameterization, known as the ‘Gounaris-Sakurai’ propagator [73] is
preferred,

TGS
r (mab) =

m2
r + lmrΓ0

r

m2
r −m2

ab + f (m2
ab)− imabΓr(mab)

, (2.59)

where

f (m2
ab) =

Γ0
r m2

r
qr

{(
qab
qr

)2 [
h(m2

ab)− h(m2
r )
]
+ h′(m2

r )
(

m2
r −m2

ab

)}
, (2.60)

5I.e. such that E2 − p2 6= m2.
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(a) ππ → ππ S-wave (b) ππ → ππ D-wave

Figure 2.2.: Observed ππ → ππ scattering rates proceeding via (a) S-wave (spin-zero) and (b) D-wave (spin-two)
resonances. A relativistic Breit-Wigner lineshape is fitted to the isolated resonance in the D-wave
component, whilst for the S-wave distribution a K-matrix model is used [74].

and

h(m2) =
2qab
πm

ln
(

m + 2qab
2ma

)
, (2.61)

h′(m2
r ) =

dh
d (m2)

∣∣∣∣
m2=m2

r

= h(m2
r )

(
1

8q2
r
− 1

2m2
r

)
+

1
2πm2

r
. (2.62)

The range constant, l, is chosen such that TGS
r (mab = 0) = 1, and thus depends on the mass of the

resonant particle,

l =
3m2

a
πq2

r
ln
(

mr + 2qr

2ma

)
+

mr

2πqr
− m2

amr

πq3
r

. (2.63)

2.2.4. Limitations of the Isobar model

Implicit in the derivation of the Breit-Wigner propagator is the assumption that, for the energy range
over which a given resonance has non-negligible amplitude, it is the only available resonance, i.e. it
is assumed that, for a given resonant pair, (ab), at any given value of mab there is only one possible
resonance of spin-L that can couple to a and b. Hence, multiple resonances of the same spin can only be
treated if they are well-separated in energy.6

However, when two resonances of the same spin have nearby central values in mab, this assumption
breaks down. An isobar model built from two terms whose Breit-Wigner propagators overlap does
not give a good match to the more complex structure observed in data. This is evident from Figure 2.2,
which displays the spin-zero and spin-2 contributions to ππ scattering. A relativistic Breit-Wigner
lineshape gives a good parameterization for the single isolated resonance in the D-wave component,
but the distribution in the S-wave, where several nearby resonances contribute, must be fitted using a
more sophisticated model. Furthermore, a model built in this way can violate unitarity.

6I.e. if their masses differ significantly.
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For the decay mode considered by the present analysis,

D0 → K0
Sπ+π−,

this problem arises for the spin-zero (‘S-wave’) component of the (π+π−) system, which is seen to be
made up of several broad overlapping resonances.

This problem cannot be solved by simply replacing the Breit-Wigner propagator with another
function (e.g. the Gounaris-Sakurai propagator). Fundamentally, the isobar model is ill-equipped to
handle the case of closely coupled resonances, since within this model, contributions from different
resonances are combined at the amplitude level,

M = ∑
r

arMr(L, mab, mac), (2.64)

= ∑
r

arBD
L (p, pr)Br

L(q, qr)ZL(m2
ab, m2

ac)Tr(mab). (2.65)

Within this scheme, the calculation of eachMr in the summation depends only on the properties of the
resonance r and the final state particles; there is no way forMr to account for other nearby resonances.
Only two degrees of freedom, |ar| and arg(ar), are available to describe any possible interaction between
resonances, and there is no scope for a more complex relation between any one pair of resonances than
any other.

The K-matrix model [75, 76] is an alternative to the isobar model, which allows the treatment of
many closely-coupled resonances. This model preserves unitarity by combining separate contributions
at the level of Tr, the propagator. In doing so, it effectively treats all available resonances of a given
spin as a single, closely coupled system, which carries a single phase relative to the other terms of the
model. Since these resonances are now combined at the propagator level, interactions between them
may be described, as quanta of energy can transfer between the different resonant modes. Within this
model, the spin-zero resonances of the (π+π−) system are no longer included in the summation of
equation (2.64), but instead treated altogether in a single term, so that equation (2.64) becomes

M = aππMππ + ∑
r

arMr(L, mab, mac), (2.66)

where r indexes only the remaining resonances.

The following section describes the K-matrix formalism used to obtain the amplitude,Mππ , for the
coupled resonance system. Within this formalism, it will be seen that the Breit-Wigner expression arises
as the lowest order term of a series. For a single, isolated resonance, higher order terms are negligible,
and the Breit-Wigner gives a good approximation. However, for a closely coupled system of resonances,
higher order terms are non-negligible, and the Breit-Wigner formalism does not give the full amplitude,
thus violating unitarity.
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Figure 2.3.: Equivalence of diagrams for three-body decay and scattering processes.

2.3. The K-matrix model

The K-matrix formalism applies to any set of (potentially overlapping) resonances of the same spin,
L, decaying to the same ‘resonant pair’ (ab). Spin is handled the same way as in the isobar model,
using barrier factors BL and an angular distribution term ZL. For the present analysis, only spin-zero
resonances are treated using the K-matrix formalism, and since

B0 = 1, and Z0 = 1, (2.67)

these terms are neglected for the rest of this section.

The K-matrix formalism has its roots in the ‘S-matrix’ formalism, which originated as a tool to
describe the resonant scattering of hadrons in the 1950’s and 1960’s [77, 78]. The formalism repre-
sents an alternative to the second-quantisation field-theoretical approach most often encountered in
phenomenology. It remains the de facto method for handling hadronic scattering processes.

As well as resonant scattering, the S-matrix formalism also applies to resonances produced in
decays, since the diagrams for both cases are fundamentally equivalent. This is illustrated in Figure 2.3.
The K-matrix formalism extends the S-matrix formalism to include a P-vector [76] description of the
production process.

Before considering the S- and K-matrices and their mathematical properties, it is useful to note that
they will be functions of a single variable, mab, since all spin and directional dependence is handled by
BL and ZL. This variable defines the energy that is available for the creation of any resonance.

2.3.1. The S-matrix formalism

The S-matrix originated as a description for scattering experiments, which can be represented diagra-
matically by Figure 2.3b. It is defined in terms of the scattering operator, S ,

S f i = 〈 f |S|i〉. (2.68)

S f i gives the amplitude for initial state |i〉 to scatter into final state | f 〉, in some scattering process
characterised by S . In the context of Figure 2.3b, |i〉 denotes the ‘channel’ (12), whilst | f 〉 denotes the
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Figure 2.4.: Schematic diagram for resonant decay within the K-matrix model picture.

channel (ab). The amplitude for the scattering process 12→ ab is thus

M(12→ ab) = 〈ab|S|12〉. (2.69)

S f i is a square n× n matrix, where n is the dimension of the space of allowed states, the number of
eigenvectors needed to completely span the space. In a scattering problem, n is given by the number of
physically distinguishable channels that are possible; these are the eigenvectors of the S-matrix. Since S
describes all interactions between the initial and final channels, it must encapsulate the behaviour of
any resonances. The specific form taken by S will be discussed later in this chapter.

Accounting for the production environment

The treatment so far in this section has proceeded in terms of resonant scattering; going from some
known initial channel (12), to some known final channel (ab), as displayed in Figure 2.3b. However,
the present analysis concerns a resonant decay, in which the production mechanism of the resonance at
the D-decay vertex is not known. To make the connection with the scattering theory outlined so far, the
process is assumed to proceed as follows:

1. At the D-decay vertex, some state (ψ) is produced opposite the spectator hadron c;

2. This state is then propagated into the observed final channel (ab) by ‘re-scattering’ via some
resonance r.

This picture is illustrated in Figure 2.4.

The second stage in this process may be treated using the S-matrix formalism discussed so far, since
it is equivalent to a typical scattering-type experiment. All that needs to be added is some description
of the first stage of the process, the production mechanism at the D-decay vertex.
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Since the initial state ψ is never observed, it needn’t be a physical eigenstate. Instead, in general, it
will be a superposition of all possible channels. The amplitude for the decay process thus becomes

M(ab) = 〈ab|S|ψ〉, (2.70)

where |ψ〉 is given by a superposition in the eigenbasis of the S operator,

|ψ〉 = a1|x1〉+ a2|x2〉+ a3|x3〉+ · · · . (2.71)

Writing the identity operator in terms of the S operator eigenbasis - the set of well-defined channels,

I = ∑
i
|xi〉〈xi| (2.72)

and inserting this into equation (2.70), gives

M(ab) = 〈ab|SI|ψ〉, (2.73)

= ∑
i
〈ab|S|xi〉〈xi|ψ〉, (2.74)

= S f iΨi, (2.75)

where f denotes the specific final channel (ab), and the Einstein summation convention has been used
in the final expression. Here, S f i is the familiar S-matrix, accounting for the scattering part of the
process. Ψi is a vector of amplitudes, which accounts for the production environment.

Equation (2.75) generalises simply to all possible final channels. In this case, one may define the
final state vector (‘F-vector’),

Fj = SjiΨi, (2.76)

so that each element of F gives the amplitude for a different possible final channel.

Determining the form of the S-matrix and Ψ-vector

Equation (2.75) shows that the amplitude for a resonant decay can be treated in terms of a production
vector Ψi and scattering matrix S f i. However, the quantum mechanics leading to that expression does
not indicate any way to determine, a priori, the specific form taken by either of these objects.

A way forward is indicated by considering the simplest case; a single possible channel, with a single
possible resonance. In this case, the S-matrix must reduce to a single element which is identical to the
Breit-Wigner propagator, since the assumptions made in its derivation are now satisfied. In this case,
then,

S(mab) =
mrΓ0

r

m2
r −m2

ab − imrΓr
, (2.77)
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where the mass-dependent width Γab(q) has reduced to Γr since only the L = 0 case is considered.
Inspection of this expression reveals a pole at the point

m2
ab = m2

r − imrΓr. (2.78)

It is suggestive to note that all of the physical properties of the resonance, mr and Γr, are described by the
residue7 at the pole, mrΓ0

r . It is also illuminating to consider adding an extra resonance, well-separated
from the first. In this case, a sum of two Breit-Wigner propagators will give a good description, implying
that the S-matrix should contain a pole for each resonance.

Considering now the Ψ-vector, the specific production mechanism that it describes is unknown
(this is indicated by the large blob of Figure 2.4). It makes sense that it should include some resonant
contribution. It is also reasonable to assume that the resonances that are available to take part in this
production mechanism are the same as those that couple to channel ψ to allow the later scattering into
channel (ab) - the process described by the S-matrix. Thus, the Ψ-vector ought to contain some resonant
contribution, with poles at the same positions as those of the S-matrix. However, the possibility must
remain open for a non-resonant contribution, since the production mechanism is unknown and could
involve more complex interactions, without any resonances.

The ‘K-matrix formalism’ provides a way to satisfy all of the above criteria for the S-matrix and
Ψ-vector, along with unitarity. It is useful to list these conditions for completeness:

1. Poles with correct residue values in the S-matrix elements;

2. Identically located poles in the Ψ-vector elements;

3. Inclusion of non-resonant contributions; and

4. Unitarity.

This formalism is described in the following section.

2.3.2. The K-matrix formalism

Definition of the K-matrix

Conservation of probability implies unitarity of the S-matrix, since it demands that S must preserve the
norm of any amplitude vector on which it acts. Furthermore, time reversal invariance implies that S
must be symmetric, since it requires that 〈 f |S|i〉must equal 〈i|S| f 〉. This gives the constraint

SS† = S†S = I. (2.79)

It is useful to define the ‘transition matrix’, T,

S = I + 2iT, (2.80)

7From the theory of functions of a complex variable [79].
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so that the S-matrix is decomposed into one part (2iT), that describes the case of a transition between
channels, and one part (I), that describes the case where no transition occurs. Applying condition (2.79)
gives

T − T† = 2iT†T = 2iTT†, (2.81)

which can be rewritten in terms of inverse operators as

(T†)−1 − T−1 = 2iI, (2.82)

which further transforms into

(T−1 + iI)† = T−1 + iI. (2.83)

The K operator is then defined as

K−1 ≡ T−1 + iI, (2.84)

which is hermitian, due to equation (2.82). Furthermore, since time-reversal invariance implies that
T is symmetric, K must be symmetric too. Combining this constraint with hermiticity, it is evident
that the K-matrix can be chosen to be real. The definitions of the K- and T-matrices ensure that for
any real, symmetric K-matrix, the corresponding S-matrix is guaranteed to satisfy unitarity, as desired.
Multiplying equation (2.84) by K from the left and T from the right, and vice versa, gives

T = K + iKT = K + iTK, (2.85)

which demonstrates that K and T commute. Solving for T gives

T = K(I − iK)−1 = (I − iK)−1K, (2.86)

and thus

S = (I + iK)(I − iK)−1 = (I − iK)−1(I + iK). (2.87)

Further useful relations may be obtained from equation (2.85). Since K is real, one finds

Re(T) = (I + K2)−1K = K(I + K2)−1, and (2.88)

Im(T) = (I + K2)−1K2 = K2(I + K2)−1. (2.89)

Combined with the unitarity condition (2.81), this gives

Im(T) = T∗T = TT∗. (2.90)
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In addition, from equation (2.84), one obtains

Im(T−1) = −I. (2.91)

Lorentz invariance

The T and K operators discussed so far are not manifestly Lorentz invariant. Invariance is achieved by
applying relativistic normalisation factors for the phase space of the initial and final channels [80]. The
diagonal phase space matrix is defined as

ρjk = δjρk, (2.92)

so that

ρ =




ρ1

ρ2

. . .


 , (2.93)

where ρj is the density of states in channel j. For the final channel (ab), the density of states is

ρ f (m2
ab) =

√[
1− (

ma + mb
mab

)2
][

1− (
ma −mb

mab
)2
]

, (2.94)

normalised such that ρ f (m2
ab)→ 1 as m2

ab → ∞.

The Lorentz invariant transition amplitude, T̂, may then be defined as

Tij = ρ
1
2
i T̂ijρ

1
2
j , (2.95)

or, in matrix notation

T = {ρ} 1
2 T̂{ρ} 1

2 . (2.96)

In terms of T̂, equation (2.90) and (2.91) become

Im(T̂) = T̂∗ρT̂ = T̂ρT̂∗, (2.97)

and

Im(T̂−1) = −ρ. (2.98)

One may also define the invariant form of the K-matrix,

K = {ρ} 1
2 K̂{ρ} 1

2 . (2.99)
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Combining this with equation (2.84) gives

K̂−1 = T̂−1 + iρ. (2.100)

Following the same steps which led to equation (2.85) gives

T̂ = K̂ + iK̂ρT̂ = K̂ + iT̂ρK̂, (2.101)

and thus

T̂ρK̂ = K̂ρT̂. (2.102)

Solving for T̂ gives

T̂ = K̂(I − iρK̂)−1 = (I − iρK̂)−1K̂, (2.103)

and combining with equation (2.87) yields

S = (I + i{ρ} 1
2 K̂{ρ} 1

2 )(I − i{ρ} 1
2 K̂{ρ} 1

2 )−1 (2.104)

= (I − i{ρ} 1
2 K̂{ρ} 1

2 )−1(I + i{ρ} 1
2 K̂{ρ} 1

2 ). (2.105)

Parameterisation of resonances

Within the K-matrix formalism, each resonance is described by a pole term, with independent coeffi-
cients to quantify the strength of its coupling to each possible channel. Typically, the simplest form that
satisfies these conditions is used [75],

Kij(m2
ab) = ∑

α

gαi(m2
ab)gαj(m2

ab)

m2
α −m2

ab
, (2.106)

or, in Lorentz-invariant form,

K̂ij(m2
ab) = ∑

α

gαi(m2
ab)gαj(m2

ab)

(m2
α −m2

ab)
√

ρi(m2
ab)ρj(m2

ab)
, (2.107)

where α indexes the possible resonances, and gαi(m2
ab) gives the coupling of resonance α to channel i.

So long as the coupling factors are real, this parameterization gives a hermitian K-matrix, as required to
preserve unitarity. The mathematical interpretation of the K-matrix is simple. For the case of a single
resonance r, equation (2.106) may be written as

Kij(m2
ab) =

gri(m2
ab)

(mr + mab)

grj(m2
ab)

(mr −mab)
. (2.108)

It is seen that each element i, j of the K-matrix (corresponding to scattering between channels i and j)
contains two poles, one for the initial and one for the final channel. The Laurent coefficient, or residue,
at each pole gives the coupling strength g between the resonance and the corresponding channel. It is
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useful to note that any hermitian matrix may be added to equation (2.106) and equation (2.107), without
violating unitarity. This is the method used to describe any non-resonant contribution [76].

The coupling coefficients gαi(m2
ab) may be written in terms of the ‘mass’ and ‘width’ of the corre-

sponding resonance,

g2
αi(m

2
ab) = mαΓαi(m2

ab). (2.109)

In the case of well-separated resonances, these parameters equate to the same mass, mr, and width, Γr,
which appear in the Breit-Wigner propagator. However, in general the interaction of nearby resonances
produces complex values for these parameters, so that the couplings gαi(m2

ab) are not necessarily
positive.

It is typical to assume that phase space effects provide the dominant source of energy-dependence
contributing to Γαi(m2

ab), so that one may write [61]

Γαi(m2
ab) = Γ0

αiρi(m2
ab), (2.110)

where Γ0
αi are taken to be constant.8 Thus

gαi(m2
ab) = g0

αi

√
ρi(m2

ab), (2.111)

where g0
αi are constant. The K-matrix may then be expressed as

K̂ij = ∑
α

g0
αig

0
αj

m2
α −m2

ab
, (2.112)

where the constant parameters g0
αi must be determined from a fit to data.

It can be shown that the K-matrix, defined and parameterized above, gives rise to poles with
correctly-valued residues in the corresponding S- and T-matrices. This is easily demonstrated for the
simplest case, a single channel, with a single possible resonance. In this case, all matrices reduce to
single elements, and equation (2.106) becomes

K(m2
ab) =

g2
ri(m

2
ab)

(m2
r −m2

ab)
=

mrΓr(m2
ab)

(m2
r −m2

ab)
, (2.113)

where the second equality follows from equation (2.109), and the fact that the Breit-Wigner assumptions
are satisfied. The definition of the K-matrix, equation (2.84), rearranges to give

T = (K−1 − iI)−1, (2.114)

8I.e. their energy-dependence is assumed to be negligible compared to the factors ρi(m2
ab).
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so substitution and simple algebra yields the final expression,

T =
mrΓr(mab)

m2
r −m2

ab − imrΓr(mab)
, (2.115)

=
mrΓ0

r

m2
r −m2

ab − imrΓr(mab)
ρ(mab), (2.116)

giving

T̂ =
mrΓ0

r

m2
r −m2

ab − imrΓr(mab)
, (2.117)

which equates to the Breit-Wigner function as expected.

In order to illustrate how the K-matrix formalism generalises to more complex systems, it is useful
to consider two further examples:

1. a single channel with two allowed resonances; and

2. two channels linked by a single resonance.

Single channel with two allowed resonances

Since there is only one possible channel, all matrices once again reduce to single elements. For two
resonances, 1 and 2, the K-matrix becomes

K(m2
ab) =

m1Γ1(m2
ab)

(m2
1 −m2

ab)
+

m2Γ2(m2
ab)

(m2
2 −m2

ab)
(2.118)

=
m1Γ1(m2

2 −m2
ab) + m2Γ2(m2

1 −m2
ab)

(m2
1 −m2

ab)(m
2
2 −m2

ab)
. (2.119)

Using equation (2.114) for the T-matrix yields the expression

T =
m1Γ1(m2

2 −m2
ab) + m2Γ2(m2

1 −m2
ab)

(m2
1 −m2

ab)(m
2
2 −m2

ab)− i
[
m1Γ1(m2

2 −m2
ab) + m2Γ2(m2

1 −m2
ab)
] . (2.120)

In the limit m1 = m2, this expression reduces to the familiar Breit-Wigner form, with mr = m1 = m2

and Γr = Γ1 + Γ2. The two resonances interfere purely constructively, so that the rates of scattering via
the two resonances sum.

In the limit of two well-separated resonances, equation (2.120) reduces to the sum of two Breit-
Wigners, as expected.9 This is most easily demonstrated by constructing the sum of two Breit-Wigner
functions,

TBW
1 + TBW

2 =
m1Γ1(m2

2 −m2
ab − im2Γ2) + m2Γ2(m2

1 −m2
ab − im1Γ1)

(m2
2 −m2

ab − im2Γ2)(m2
1 −m2

ab − im1Γ1)
, (2.121)

9Since the assumptions of the Breit-Wigner formula are now valid.
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which rearranges to

TBW
1 + TBW

2 =
m1Γ1(m2

2 −m2
ab) + m2Γ2(m2

1 −m2
ab)− 2im1m2Γ1Γ2

(m2
1 −m2

ab)(m
2
2 −m2

ab)− i
[
m1Γ1(m2

2 −m2
ab) + m2Γ2(m2

1 −m2
ab)
]
−m1m2Γ1Γ2

. (2.122)

Applying the condition that the two resonances be well separated,

m2 −m1 � Γ1, Γ2, (2.123)

the final terms of the numerator and denominator become negligible, leaving equation (2.122) identical
to equation (2.120).

Away from the limiting cases discussed above, equation (2.120) cannot be approximated by any
Breit-Wigner-based approach.

Two channels with a single resonance

In this case, since two channels are possible, all matrices are 2× 2. From equation (2.106), the K-matrix
may be expressed as

K(m2
ab) =

1
m2

r −m2
ab


 g2

x gxgy

gygx g2
y


 , (2.124)

where subscripts x and y denote the two possible channels. The corresponding T-matrix may be most
easily found by using equation (2.86). Letting

η =
1

m2
r −m2

ab
, (2.125)

one may write

I − iK =


1− iηg2

x −iηgxgy

−iηgygx 1− iηg2
y


 . (2.126)

Inverting this expression yields

(I − iK)−1 =
1

(1− iηg2
x)(1− iηg2

y)− (−iηgxgy)2


1− iηg2

y −iηgxgy

−iηgygx 1− iηg2
x


 . (2.127)

Finally, T may be obtained,

K(I − iK)−1 =
η

(1− iηg2
x)(1− iηg2

y)− (−iηgxgy)2


 g2

x gxgy

gygx g2
y




1− iηg2

y −iηgxgy

−iηgygx 1− iηg2
x


 . (2.128)
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Simple algebra reduces this to

T =
1

m2
r −m2

ab − i(g2
x + g2

y)


 g2

x − 2iηg2
xg2

y gxgy − 2iηg3
xgy

gxgy − 2iηgxg3
y g2

y − 2iηg2
xg2

y


 . (2.129)

Keeping only the lowest order terms in g yields the Flatté formula [81],

TFlatté =
1

m2
r −m2

ab − i(g2
x + g2

y)


 g2

x gxgy

gygx g2
y


 , (2.130)

originally derived empirically to describe the cusp in amplitude observed when the energy threshold of
a new channel is reached.

The P-vector

The above discussion of the K-matrix applies to scattering between two channels. However, the process
to be modelled in the present analysis,

D0 → K0
Sπ+π−, (2.131)

does not have a well-defined initial channel, but rather some unknown production mechanism at the
D-decay vertex. Equation (2.76) anticipates the form of the full amplitude,

Fj = T̂jiΨi, (2.132)

where Ψi describes the superposition state produced at the D-decay vertex, in the basis of possible
channels. The final state amplitude vector is given by F, whose j’th element gives the amplitude to
produce channel j in the final state. No Standard Model description of the production mechanism is
currently available, since it remains beyond the present limits of lattice QCD calculation. Instead, the
elements of Ψ are treated as unknown constants, which must be determined by fitting experimental
data.

Substituting the explicit form of T̂ from equation (2.86) yields

Fj = [(I − iK̂ρ)−1K̂]jiΨi, (2.133)

= [(I − iK̂ρ)−1]jkK̂kiΨi, (2.134)

which can be rewritten as

F = (I − iK̂ρ)−1P, (2.135)

where the P-vector is defined as

Pk = K̂kiΨi = ∑
α

∑
i

Ψig0
αig

0
αk

m2
α −m2

ab
. (2.136)
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Defining the unknown parameters β0
α,

β0
α = ∑

i
Ψig0

αi, (2.137)

equation (2.136) becomes

Pk = ∑
α

β0
αg0

αk
m2

α −m2
ab

. (2.138)

The poles of P precisely match those of the K-matrix, as desired.

LASS-like effective-range parameterization

The LASS experiment observed a broad, single resonance, centred at 1430 MeV, in the K−π+ S-wave
component of K−p → K−π+η scattering [82]. The Breit-Wigner line shape was found to give a poor
description of the resonance, and so instead an effective range parameterization was used,

TLASS = sin δReiδR e2iδB + sin δBeiδB = sin (δR + δB)ei(δR+δB), (2.139)

where

tan δR =
mrΓ(mab)

m2
r −m2

ab
, (2.140)

cot δB =
1

aqab
+

rqab
2

, (2.141)

and the constants a and r give the scattering length and effective range of the coupling to the resonance.
It is important to note that, despite this interpretation of the parameterization, neither a nor r are defined
to be positive [83]. The operator TLASS satisfies unitarity, and can be obtained in the K-matrix formalism
by considering the special case of a two-body, single channel scattering, with the K-matrix set equal to
K = tan (δR + δB).

This parameterization was originally introduced to describe elastic scattering, but may be general-
ized for the description of production experiments as

TgLASS = R sin δRei(δR+φR)e2i(δB+φB) + B sin(δB + φB)ei(δB+φB), (2.142)

where B, R, φB and φR are real parameters. This reduces to equation (2.139) in the case that B = R = 1
and φB = φR = 0.

Inserting the identities

eiδ sin δ =
1

cot δ− i
, and (2.143)

e2iδ =
cot δ + i
cot δ− i

, (2.144)
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allows the expression (2.142) to be rewritten as

TgLASS =ReiφR e2iφB

(
cot δB + i
cot δB − i

)
mrΓ(mab)

m2
r −m2

ab − imrΓ(mab)

+ BeiφB
cos φB + sin φB cot δB

cot δB − i
,

(2.145)

which therefore gives the Lorentz-invariant expression

T̂gLASS =ReiφR e2iφB

(
qab cot δB + iqab
qab cot δB − iqab

)
mrΓ0

r

m2
r −m2

ab − imrΓ(mab)

+ B
mab

2
eiφB

cos φB + sin φB cot δB
qab cot δB − iqab

.
(2.146)

Factors of qab are not cancelled in this expression, since it is undesirable to work with 1/qab terms,
which diverge for qab → 0.

2.4. Decay model implemented in the present analysis

The present analysis implements the model introduced by BaBar in 2010 [55]. Model parameter values
have been determined at BaBar using a fit to a flavour-tagged D → K0

Sπ+π− sample obtained from
468.5 fb−1 of e+e− data, gathered at SLAC’s PEP-II asymmetric-energy collider, for a centre-of-mass
energy of

√
s = 10.6 GeV. The model may be summarised as

M =Mππ + aKπeiφKπMKπ + ∑
P,D−waves

areiφrMr, (2.147)

where:

• Mππ gives the amplitude for the ππ S-wave, which is described using the K-matrix formalism
with a P-vector approach;

• MKπ gives the amplitude for the Kπ S-wave, which is described using a generalised LASS model;
and

• Mr are the amplitudes included in the isobar model for the P- and D-wave components. The
P-wave description includes the resonances ρ(770)0, ω(782), K∗(782)± and K∗(1680)−, whilst the
D-wave includes the K∗2(1430)± and f2(1270) resonances.

The coefficients of each model component, aKπeiφKπ and areiφr , are included as model parameters, and
have been calibrated experimentally by the BaBar collaboration [55].

P- and D-waves: An isobar model is used to describe the narrow, isolated resonances of the P- and
D-wave components. Relativistic Breit-Wigner propagators are used, except for the ρ(770)0 resonance,
where a Gounaris-Sakurai propagator is preferred. The angular dependence of the decay amplitude
is described using the Zemach formalism (Zl(m2

ab, m2
ac) factors), whilst spin suppression is accounted

for using the Blatt-Weisskopf factors (Bl(q, qr)), with the effective radius fixed to 1.5 GeV−1. The
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Lorentz-invariant amplitude for decay proceeding via a given resonance r is then expressed as

Mr = Zl(m2
ab, m2

ac)Bl(p, pr)Bl(q, qr)∆r(mab). (2.148)

K-matrix for ππ S-wave: The ππ S-wave component is described using a K-matrix formalism with
a P-vector description of the production environment. Five channels (denoted by α) are considered:
π+π−; KK; 4π; η η; and η η′.

The resulting amplitude for the ππ S-wave is given by

Mππ(mππ) = ∑
α

[
I − iK̂(mππ)ρ(mππ)

]−1
ππ,α P̂α(mππ), (2.149)

where the K-matrix is parameterized in the form

K̂ij(mππ) =

(
∑
α

g0
αig

0
αj

m2
α −m2

ππ
+ f sc

ij
1 GeV2 − ssc

0

m2
ππ − sA

0

)[
1 GeV2 − sA

0

m2
ππ − sA

0

(
m2

ππ −
sAm2

π

2

) ]
. (2.150)

The term in square brackets is known as the Adler zero [84, 85], and suppresses the false singularity
that appears at the ππ production threshold. All of the parameters g0

αi, mα, f sc
ij , ssc

0 , sA
0 and sA are fixed

from scattering data [86], with their values given in Table 2.1.

Table 2.1.: K-matrix parameters, in units of GeV, obtained in the global analysis of ππ scattering data of refer-
ence [86].

mα gα
ππ gα

KK
gα

4π gα
ηη gα

ηη′

0.65100 0.22889 -0.55377 0. -0.39899 -0.34639
1.20360 0.94128 0.55095 0. 0.39065 0.31503
1.55817 0.36856 0.23888 0.55639 0.18340 0.18681
1.21000 0.33650 0.40907 0.85679 0.19906 -0.00984
1.82206 0.18171 -0.17558 -0.79658 -0.00355 0.22358

ssc
0 f sc

ππ,ππ f sc
ππ,KK

f sc
ππ,4π f sc

ππ,ηη f sc
ππ,ηη′

-3.92637 0.23399 0.15044 -0.20545 0.32825 0.35412

s0
A sA

-0.15 1

The P-vector is parameterized as

P̂j(mππ) = ∑
α

β0
αg0

αj

m2
α −m2

ππ
+ f pr

ππ,j
1 GeV2 − spr

0

m2
ππ − spr

0
, (2.151)

where the (complex) resonance production parameters β0
α and the non-resonant background parameters

f pr
ππ,j and spr

0 are fixed to values measured by the BaBar collaboration [55]. These values are summarised
in Table 2.2. Parameters βηη′ , f pr

ππ,ηη and f pr
ππ,ηη′ are fixed to zero, since BaBar found these components

to be negligible.
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Table 2.2.: Parameters of the P-vector used to describe the production environment for the ππ S-wave component,
with values taken from BaBar [55].

Amplitude Phase

βππ 5.54± 0.06 −0.054± 0.007
βKK 15.64± 0.06 −3.125± 0.005
β4π 44.6± 1.2 2.731± 0.015
βηη 9.3± 0.2 2.30± 0.02
f pr
ππ,ππ 11.43± 0.11 −0.005± 0.009

f pr
ππ,KK

15.5± 0.4 −1.13± 0.02

f pr
ππ,4π 7.0± 0.7 0.99± 0.11

Generalised LASS-like parameterization:

A generalised-LASS model is used to describe the amplitude of the K∗0(1430)± resonance in the
K0

Sπ± S-wave. This model may be written as

MKπ = R sin δRei(δR+φR)e2i(δB+φB) + B sin(δB + φB)ei(δB+φB), (2.152)

where

tan δR =
mrΓ(mab)

m2
r −m2

ab
, and (2.153)

cot δB =
1

aqab
+

rqab
2

. (2.154)

All of the shape parameters are fixed to the values obtained by BaBar [55], as summarized in Table 2.3.

Table 2.3.: Parameters of the generalised LASS line shape used to describe the Kπ S-wave component, with all
values taken from reference [55].

Parameter Value

MK∗0(1430) 1421.5± 1.6 MeV
ΓK∗0(1430) 247± 3 MeV
B 0.62± 0.04
φB −0.100± 0.010 rad
R 1
φR 1.10± 0.02 rad
a 0.224± 0.003 GeV
r −15.01± 0.13 GeV
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3. The LHC and the LHCb detector

This chapter describes CERN’s Large Hadron Collider (LHC) and the LHCb detector, with a special
focus on the features that make it an excellent laboratory for precision measurements of hadron decays.

3.1. The LHC

The Large Hadron Collider is designed to accelerate and collide protons with a nominal centre-of-mass
energy of 14 TeV [87]. Built within the same circular underground tunnel used for its predecessor, LEP
(the Large Electron-Positron collider [88]), it lies approximately 100 m below surface, on average, and
has a circumference of 26.7 km.

Protons are first accelerated to successively higher energies in a complex of interconnected accel-
erators, shown in Fig. 3.1. Protons are stripped from hydrogen atoms by means of ionisation, and
enter the first acceleration stage, LINAC2. This linear accelerator boosts the protons to an energy
of 50 MeV, before acceleration through the Proton Synchrotron Booster yields an energy of 1.4 GeV.
Protons then enter the Proton Synchrotron, where they reach an energy of 25 GeV. This synchrotron also
uses radio-frequency (RF) cavities to regularise the spacing between bunches of protons. The bunches
of protons are then circulated in the Super Proton Synchrotron, where they attain energies of 450 GeV
before being injected into the main LHC ring. Here, two counter-rotating proton beams are accelerated
in eight superconducting cavities, and finally collide.

The proton beams collide within four separate detectors lying on the LHC ring. ATLAS and CMS
are General Purpose Detectors (GPDs), designed to detect a broad range of particle interactions. ALICE

Figure 3.1.: Schematic of the CERN accelerator complex, which accelerates protons to be collided within one of the
detectors [89].
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Figure 3.2.: Schematic diagram of the two counter-rotating beam paths within the LHC, displaying the interaction
points for the four main detectors [87].

is designed primarily to study the collision of heavy ions, and LHCb is optimised to measure decays of
b and c quarks.

The rate at which events of a given type occur within the LHC is given by

N = Lσt, (3.1)

where σt gives the cross-section for the chosen event type, t, and L is the luminosity, equal to the flux
of protons through unit area per unit time. The luminosity depends on a range of different factors,
including the number of particles per bunch, the period of rotation of the circulating beam, and the
cross-sectional area and crossing angle of the two beams at the collision point [87]. The GPDs are
designed to operate at a luminosity of 1034 cm−2 s−1, whilst LHCb is optimised to operate with a
luminosity 50 times smaller. The number of interactions delivered to a given experiment may be
quantified in terms of the integrated luminosity, given in units of inverse cross-section. During Run
1 of the LHC, approximately 30 fb−1 of pp collisions were produced for the GPDs, whilst for LHCb
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Figure 3.3.: Diagram to display the paths and relative sizes of the two colliding proton beams at the interaction
point within the ATLAS detector [90].

approximately 3 fb−1 were produced. This is due to the fact that LHCb operates at a lower luminosity,
with the colliding beams slightly de-centered. This gives fewer interactions per bunch crossing, allowing
more precise measurements to be made in the region near the beam line.

The LHC’s design collision energy of
√

s = 14 TeV corresponds to counter-rotating beams containing
protons of energy 7 TeV, and thus travelling within approximately 3 ms−1 of the speed of light. The
beams are steered and focused using 1232 helium-cooled superconducting magnets, which operate at
temperatures below 2 K and produced fields above 8 T. The two counter-rotating beam paths are shown
in Figure 3.2. Before colliding, the two beams are focused to a diameter of approximately 14µm using
quadrupole magnets. The machine is designed to circulate beams consisting of approximately 2800
bunches, each containing 1.1× 1011 protons. These bunches circulate with a spacing of 25 ns, giving a
‘bunch crossing rate’ of 40 MHz. The beam paths at a typical interaction point are shown in Figure 3.3.

The LHC running schedule is divided into data taking runs of approximately four years, separated
by ‘long shutdown’ periods of one or two years, along with more regular ‘technical stops’ of a few
months. This is necessary to allow hardware to be maintained and upgraded, and also offers the
benefit that systems can be regularly re-optimised, as their performance becomes better understood.
During Run 1, the LHC operated well below its design energy. This was a consequence of an initial
setback at the start-up of the machine, in September 2008, when a helium leak caused an explosion
which damaged the superconducting magnet system. As a result of this incident the machine did not
collide protons until March 2010, and then only at

√
s = 7 TeV. In 2012, this energy was increased to√

s = 8 TeV. In addition to this reduced energy, the bunch spacing within the machine was doubled
to 50 ns, halving the bunch crossing rate. To recoup some of the lost luminosity resulting from these
changes, the number of protons per bunch was increased to 1.6× 1011. This yielded a peak luminosity
approximately 77% of the design value, but increased the number of pp interactions per bunch crossing
to around 30 for the GPDs; approximately twice the design value; making reconstruction of events
more difficult.
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Figure 3.4.: Angular distribution of the bb production cross-section, σbb [92]. Angles are defined relative to the
beamline. It is evident that bb pairs are preferentially produced with a boost into the forward (θ ≈ 0)
or backward (θ ≈ π) region. The region lying within the acceptance of LHCb is coloured red, with
light red indicating the region for which both beauty particles are within the acceptance.

Run 2 commenced in June 2015, with a push towards the original design energy of the machine.
Five months of pp collision data were gathered, with the machine operating at

√
s = 13 TeV, with a

bunch spacing of 25 ns. At the time of writing the next milestone in the run schedule is the second
long shutdown, LS2, planned to run from December 2018 to March 2021. The third run period, which
follows this shutdown, will maintain similar run conditions, with the intention that it can be used to
test upgraded hardware designed for the ‘high luminosity era’ of the LHC, due to commence in 2026
with the fourth run period of the machine.

3.2. The LHCb experiment

The LHCb detector lies at point 8 of the LHC ring within the cavern originally built to house the
DELPHI experiment during the LEP era. It is optimised to make precision measurement of B- and
D-meson decays, both to study CP violation in these systems and to search for the effects of New
Physics in rare decays [91].

The GPDs aim to instrument as much of the solid angle surrounding their interaction point as
possible, since they value the ability to measure missing energy and momentum for new particle
searches. In contrast, LHCb is a single-arm forward spectrometer. Only the ∼ 4% of solid angle nearest
to the beam pipe, in a single direction, is instrumented, since this is the region where the bb̄ production
cross-section is largest. As shown in Figure 3.4, B-hadron pairs are predominantly produced with a
significant boost in the same direction, either ‘forwards’ (θ ≈ 0) or ‘backwards’ (θ ≈ π).

The LHCb detector has a wedged structure, with subdetectors stacked in layers perpendicular
to the beampipe in the forward region, as shown in Figure 3.5. The two proton beams collide at the
‘interaction point’, which lies within the VELO (Vertex Locator) at the left-hand-side of the diagram.
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This subdetector is responsible for reconstructing the decay vertices of any b- or c-hadrons produced
in the initial pp interaction. The particles originating from these decays then pass through a pair of
Ring-Imaging Cherenkov (RICH) detectors and a series of tracking planes, located either side of a 4 Tm
magnet. Finally, the particles deposit their energy in the electromagnetic and hadronic calorimeters, and
the muon stations. A photograph of the LHCb detector, in situ within its cavern, is shown in Figure 3.6.
Later subsections describe each of these subdetectors in turn.

The detector has a length of approximately 20 m, with a cross-section of 10× 13 m at the muon
stations. The coordinate system is defined such that the z-axis points along the beam pipe, from the
VELO to the muon stations, the y-coordinate corresponds to the vertical dimension, and the x-axis
points towards the centre of the LHC ring. The origin is defined as the centre of the pp interaction
region, within the VELO subdetector. LHCb has an angular acceptance of 10-300 mrad in the bending
plane of the magnet (x, z), and 10-250 mrad in the non-bending plane (y, z). The lack of acceptance in
the central region is due to the beam pipe.

Angular acceptance is often quoted in terms of pseudorapidity, η, since this is the variable typically
used to describe the angular dependence of particle probability distributions. It is useful to first define
particle rapidity,

y ≡ 1
2

ln
(

E + pz

E− pz

)
, (3.2)

where E gives the energy of the particle and pz its momentum along the beam axis. Pseudorapidity is
then defined as the rapidity obtained for a massless particle,

η =
1
2

ln
( |p|+ pz

|p| − pz

)
= − ln

(
tan

(
θ

2

))
, (3.3)

where p is the particle’s 3-momentum and θ its angle relative to the beam axis. Using this variable, the
acceptance of the LHCb detector is 2 < η < 5. This complements the GPDs, which are instrumented at
lower η (for example, the inner detector of ATLAS has acceptance η < 2.5).

The LHCb beam pipe is assembled from four separate conical sections. The three sections nearest to
the interaction point are fabricated from beryllium, due to its high efficiency of transmission for a range
of particles. However, due to its toxicity, fragility and cost, it is not used for the fourth, which has the
greatest diameter. Stainless steel is used for this section instead. The vacuum system of the LHCb beam
pipe is isolated from that of the LHC, to enable it to be independently removed.

During Run 1 of the LHC, an integrated luminosity of 1.26 fb−1 was delivered to LHCb at a centre-
of-mass energy of 7 TeV (2010 and 2011), and 2.21 fb−1 was delivered at a centre-of-mass energy of
8 TeV (2012). The cumulative growth of this integrated luminosity with time is displayed in Figure 3.7.
LHCb recorded collision data with an average efficiency of 91% in 2011 and 94% in 2012, with dominant
inefficiencies arising in the data acquisition system and the dead time of the readout chain [94].

By design, the integrated luminosity gathered by LHCb is significantly lower than that of the GPDs.
This is because LHCb defocusses the interacting proton beams, and aligns them off-centre, to give a
sub-maximal overlap of the beam cross-sections. This is done to avoid ‘pile-up’ - instances of multiple
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pp interactions occurring during a single bunch crossing. Uniquely at the LHC, LHCb is optimised for
precise reconstruction of individual hadron tracks close to the beam pipe, and multiple interactions
serve to make this reconstruction very challenging. To combat pile-up, LHCb runs at a relatively low
peak instantaneous luminosity, operating at L = 4× 1032 cm−2 s−1 during 2012. Since LHCb operates
at sub-maximal luminosity, it is possible to keep the luminosity fairly constant for the duration of each
fill. This luminosity levelling is achieved by gradually increasing the transverse overlap of the colliding
beams, to counteract the decreasing population within their bunches. The luminosity during a typical
fill is displayed for LHCb and the GPDs in Figure 3.8. The luminosity at LHCb is kept constant to
within 5% for the first 15 hours of the fill. Since the peak luminosity experienced within the LHCb
detector is less than that within the GPDs, the radiation damage to its components is correspondingly
lower.

In order to conteract the 50 ns bunch spacing provided by the LHC during Run 1, LHCb was run at
a luminosity more than double its design value. During 2012, the average number of interactions per
bunch crossing was approximately 1.8, around 2.5 times greater than the design value of 0.7, as shown
in Figure 3.9. Impressively, LHCb’s performance was comparable to its design specification, despite the
non-negligible pile-up.
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Figure 3.6.: Photograph of the LHCb detector in situ at point 8 of the LHC. Note that the z-axis runs from right to
left in this photograph, so that the interaction point is located on the right-hand-side.

Figure 3.7.: Integrated luminosity delivered (darker shading) and recorded (lighter shading) for LHCb throughout
Run 1 of the LHC [94].
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Figure 3.8.: Instantaneous luminosity profile over the duration of a typical fill of the LHC for LHCb and the GPDs.
Luminosity levelling allows the luminosity at LHCb to be kept constant to within 5% for the first 15
hours of each fill [94].

Figure 3.9.: Average pile-up (µvis) and peak instantaneous luminosity observed during each Run 1 fill at LHCb.
Recorded values are consistently above the detector’s design specifications, plotted as dotted lines [94].
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Figure 3.10.: Schematic diagram of the VELO subdetector, which surrounds the LHCb pp interaction point [93].
The upper diagram shows a top-down view of the distribution of VELO modules along the beam line.
R-sensor modules are indicated in red, and φ-sensor modules in blue. The lower diagram shows a
view of two modules, as seen when looking along the beam line, for both the closed and open VELO
configurations.

3.2.1. Vertex Locator

The VELO is a silicon tracking detector that closely surrounds the LHCb pp interaction region. It is
designed to allow for precise tracking of individual charged particles near the interaction region and
the accurate and reliable reconstruction of the decay vertices of b- and c-hadrons. The VELO consists
of 42 modules, paired into 21 tracking stations, distributed as shown in Figure 3.10. Each module is
semi-circular in shape, and lies perpendicular to the beam on one side. A small semi-circular cutout at
each module’s centre allows the beam to pass through, as can be seen in Figure 3.11. The z-coordinates
chosen for the modules ensure that the entire LHCb acceptance is covered, with each possible particle
trajectory traversing at least three VELO stations. Two additional stations are installed upstream of the
pp interaction region, to provide a veto against events with an unmanageable level of pile-up.

B-mesons have a mean lifetime of around 1.5 ps [3], and at LHC energies decay over a distance of
O(1 cm). Since the role of the VELO is to track such mesons, it must be instrumented as close as possible
to the pp interaction region. To achieve this, whilst avoiding subjecting the hardware to radiation
damage during unstable beam periods, the VELO is able to move between two different configurations.
In the ‘closed’ position, used during data-taking runs, the edges of the VELO modules lie just 5 mm
from the beam axis, with the sensitive region beginning at a radius of 8 mm. In the ‘open’ position,
used at the start of each LHC fill, when the beams are unstable, the modules are retracted by 3 cm. The
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Figure 3.11.: Photograph of VELO modules at LHCb.

VELO modules overlap slightly in the closed position, to allow their relative alignment to be monitored
and adjusted.

The VELO is operated in a vacuum in order to minimise the amount of material present in the
detector acceptance. A vacuum vessel surrounds the entire subdetector, which is isolated from the LHC
vacuum by aluminium RF-boxes, used to shield the VELO electronics from the electromagnetic fields
produced by the LHC beams. The layout of the sensors within these boxes is shown in Figure 3.12.

Each module is comprised of one R-sensor and one φ-sensor. For each particle that leaves a ‘hit’ in
the module, the φ-sensor records the azimuthal position of the hit and the R-sensor provides its radial
distance relative to the beam axis, with the third coordinate provided by the module’s position along
the beam line. This coordinate system is chosen for the VELO since it is the one used by the fast vertex
reconstruction algorithm used to trigger on events containing b-hadrons.

The geometry of the two sensor types is shown in Figure 3.13. Each R-sensor is divided into four
sections of 45◦, each containing 512 concentric silicon strips, centred on the beam line. The separation
between the centres of adjacent strips, or pitch, ranges from 38µm at the edge nearest the beam pipe, to
101.6µm at the circumference, ensuring that similar occupancies are experienced by all strips, so that
they each contribute with similar statistical weight to the impact parameter resolution of the VELO.
Since the φ-sensors measure the azimuthal position of hits, a simple design could make use of radial
strips lying orthogonal to those of the R-sensors. However, several sophistications are introduced to
improve performance relative to this first approximation. Firstly, each φ-sensor is divided into two
concentric regions, with an inner region extending from the inner sensitive radius (8 mm) to a radius of
17.25 mm, and an outer region extending from that radius to the outer circumference, 41.9 mm. The
inner region contains 683 strips, with their pitch varying linearly from 37.7µm at the inside to 78.3µm at
the outside. The outer region contains 1365 strips, with pitch varying linearly from 39.3µm to 96.9µm.
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Figure 3.12.: Internal view of a VELO RF-box, showing the R- and φ-sensors and the RF-foil [93].

This design allows the occupancy in the inner strips to be reduced, whilst sensitivity is retained in the
lower occupancy outer region. Pattern recognition is improved by skewing the strips by approximately
20◦ relative to the radial in the inner region, and by approximately 10◦ in the outer region, with the
direction of the skew alternated in adjacent φ-sensors.

Vertex reconstruction in the VELO is achieved with a resolution of 10-25µm in the directions
transverse to the beam, and 50-100µm parallel to the beam. The resolution varies with the number of
tracks originating from the vertex, as shown in Figure 3.14 for the reconstruction of pp primary vertices
(PVs). The VELO is also able to measure impact parameters of tracks relative to these vertices, with
the resolution in 2012 data shown in Figure 3.15. A typical impact parameter resolution of 35µm is
obtained for a track with transverse momentum of pT = 1 GeV/c.

3.2.2. Tracking stations

The VELO forms the first part of the LHCb tracking system. In addition, there are four other silicon
tracking stations within LHCb. The Tracker Turicensis (TT), is situated immediately downstream of the
RICH1 subdetector, and three further tracking stations, T1-3, are located downstream of the magnet.

Tracks detected within LHCb are classified depending on which tracking stations are hit, as shown
in Figure 3.16. For the present analysis it is important to distinguish between long and downstream tracks,
since these will be treated separately when selecting candidate events. Long tracks leave hits in all of
the tracking stations, including the VELO, and are thus more precisely measured than downstream
tracks, for which no VELO hits are recorded. Downstream tracks can arise from daughter particles
originating from a relatively long-lived meson, which decays downstream of the VELO.
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Figure 3.13.: Schematic diagram of the R- and φ-sensors used in the VELO subdetector [93]. The strips of two
adjacent φ-sensors are displayed to indicate their alternating skew.

The TT uses four layers of silicon strips, with a pitch of approximately 200µm, to cover the full
LHCb acceptance, and is 150 cm wide and 130 cm tall, giving a total active area of about 8.4 m2. The
two middle layers are rotated by angles of −5◦ and +5◦ relative to the outermost layers, since the

(a) (b)

Figure 3.14.: Resolution obtained for primary vertex reconstruction in the VELO during 2011 [95]. The variation of
resolution with the number of tracks, N, associated with the reconstructed vertex is shown for (a) the
plane transverse to the beam axis and (b) the z direction. Functions of the form A/NB + C are fitted
to the observations.
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(a) (b)

Figure 3.15.: Resolution obtained for impact parameter reconstruction in the VELO during 2012 [95]. Resolution
in the plane transverse to the beam axis is shown as a function of (a) track momentum, and (b) the
inverse of the transverse track momentum.

Figure 3.16.: Track categories defined at LHCb, depending on whether hits are detected in the VELO, TT and
downstream tracking stations [96].

resulting stereo effect improves the performance of the track reconstruction algorithms. Particles with
momenta below 1.5 GeV/c are bent out of the LHCb acceptance by the magnet between the TT and the
downstream tracking stations, and so the TT is especially important in the reconstruction of these low
momentum ‘upstream’ tracks.

Each downstream tracking station, T1-3, is divided into two parts, an Inner Tracker (IT) and an Outer
Tracker (OT). As in the TT, these each use a four-layer structure with stereo-rotated detector planes.
Each IT consists of four separate boxes, arranged in a cross configuration, as shown in Figure 3.17. In
total, the four boxes occupy a 120× 40 cm region around the beam pipe. The boxes are instrumented
with planes of silicon strips, giving an active area of 4.0 m2. The inner trackers cover only 2% of the total
area of the T1-3 stations, but are intersected by approximately 20% of detected tracks. They provide a
spatial resolution below 50µm.
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Figure 3.17.: An Inner Tracker subdetector at LHCb. The silicon strip detector planes are housed in four separate
boxes, arranged in a cross configuration around the beam pipe [93].

Figure 3.18.: Schematic diagram to show the configuration of the three Outer Trackers of LHCb. Each Outer tracker
consists of 72 modules of double-monolayer straw tubes, divided between four independently moving
support frames [97]. The region normally occupied by each Inner Tracker may be seen at the centre of
each OT, nearest the beampipe.

The majority of the area covered by each tracking station T1-3 is occupied by its OT. In the interest
of economy, silicon strips are eschewed here in favour of an array of straw-tube modules. Each module
contains two layers of 2.4 m long straw tubes of inner diameter 4.9 mm. The straws are filled with a
mixture of argon and carbon dioxide, and act as drift-time detectors. They are designed to provide a
spatial drift-coordinate resolution of approximately 200µm, thanks to their short drift time, which is
below 50 ns. Each OT consists of 72 modules arranged in 4 layers of 18, supported by four independently
moving frames, as shown in Figure 3.18. The total active area of all OTs combined is approximately
6× 5 m, and during Run 1 a hit detection efficiency of 99.2% was obtained [97], with an average spatial
resolution of 205µm.
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(a) (b)

Figure 3.19.: Reconstruction efficiency for the full LHCb tracking system, obtained using 2012 data and simulation,
for the case of long tracks, determined as a function of (a) track momentum, and (b) the number of
tracks reconstructed in the event [96].

Data from the entire LHCb tracking system is taken together when reconstructing particle tracks
through the detector. As demonstrated pictorially in Figure 3.16, the distance from the VELO to the
final tracking station, T3, provides a significant lever-arm for track measurements. As a result, the
reconstruction efficiency and momentum resolution when combining all subdetectors exceeds that of
any single subdetector, especially for long tracks, which leave hits in both the VELO and the downstream
tracking stations. In 2012, the reconstruction efficiency for long tracks was over 96% on average [96].
The variation of reconstruction efficiency with track momentum and the total number of tracks in an
event is shown in Figure 3.19. The combined LHCb tracking system has a design momentum resolution

of
δp
p

< 0.4%, and this has been measured to lie in a range from 0.5% at low momentum, to 1.0% for

tracks with p = 200 GeV/c [94].

3.2.3. Dipole magnet

LHCb uses a dipole magnet to bend the trajectories of charged particles passing through the detector,
to allow their momenta to be inferred from the resulting curvature. It is a warm magnet built from two
trapezoidal coils, each weighing 27 tonnes, situated inside a 1500-tonne iron yoke [98]. The magnet
encloses the full LHCb acceptance, up to ± 300 mrad horizontally and ± 250 mrad vertically. The
field is strongest in the region directly between the coils, which lie between the TT and T1 tracking
stations. The peak field produced is 1.1 T, and for a track of length 10 m the integrated magnetic
field is

∫
Bdl = 4 Tm. In order for momentum measurements to be correctly calibrated, the magnet

properties must be accurately measured. An array of Hall probes is used to determine the value of∫
Bdl to a precision of 10−4, and the location of peak field strength to within a few millimetres [93].

The variation of the magnetic field magnitude, with z-position within the detector, is displayed in
Figure 3.20, alongside a schematic diagram of the magnet assembly.

A crucial feature of the LHCb magnet is the ability to reverse its polarity. This allows systematic
effects due to detector asymmetries to be studied and quantified, since in each field configuration
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(a) The dipole magnet of LHCb (b) Variation of the LHCb magnetic field with z-position within
the detector

Figure 3.20.: Schematic diagram of LHCb’s dipole magnet, and the variation of its magnetic field along the beam
axis [93].

particles of a given charge are bent towards opposite sides of the detector. The two polarities are
referred to as ‘up’ and ‘down’, such that ‘up’ corresponds to the magnetic field pointing in the positive
y direction, bending positive particles towards negative x (away from the center of the LHC ring).
Magnet polarity is alternated on a roughly fortnightly schedule. In 2011, the magnet was in the ‘down’
polarisation for approximately 56% of the data taken, whilst for 2012 it was 52%.

3.2.4. Ring-Imaging Cherenkov detectors

The Ring-Imaging Cherenkov (RICH) subsystem provides the primary means to distinguish between
different species of charged hadrons at LHCb. It makes use of the phenomenon of Cherenkov radiation,
which is emitted by a charged particle whenever it travels through a medium faster than the local speed
of light. The radiation is emitted at a characteristic angle, θ, relative to the particle trajectory, and is a
function of the particle’s speed

cos θ =
c

vn
, (3.4)

where c gives the speed of light in a vacuum, n is the refractive index of the medium, and v is the speed
of the charged particle. By measuring the angular distribution of Cherenkov radiation emitted within a
radiator of known refractive index, the particle’s speed may be inferred. This can then be combined
with a momentum measurement from the tracking system to determine the mass, and thus the identity,
of the particle.

The RICH subsystem consists of two separate subdetectors. RICH1 is located between the VELO
and the LHCb magnet; RICH2 lies downstream of the magnet and tracking stations. RICH1 uses a C4F10

flourocarbon gas radiator, with a refractive index of 1.0014. The minimum momentum required for a
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(a) RICH1 (b) RICH2

Figure 3.21.: Schematic diagrams of RICH1, viewed from the side, and RICH2, viewed from above [93].

kaon to produce Cherenkov emission in this medium is 9.3 GeV/c. For the duration of Run 1, a 50 mm
thick block of silica aerogel was positioned at the entrance of RICH1. This material has a refractive
index of 1.03, extending the momentum range for effective kaon identification down to roughly 2 GeV/c.
RICH1 is also responsible for identifying very low-momentum particles (<1.5 GeV/c) before they are
bent outside the LHCb acceptance by the magnet. RICH2 uses a CF4 gas radiator, giving a refractive
index of 1.0004, and is doped with 5% carbon dioxide to quench scintillations. This refractive index is
optimised for the identification of particles with momenta between 15 and 100 GeV/c. RICH2 does not
instrument the full range of the LHCb acceptance. Instead it covers the most central region, which is
where high-momentum decay products are most likely to be found: 15-120 mrad in the horizontal (x, z)
plane; and 15-100 mrad in the vertical plane.

In order to minimise the amount of material lying within the particle paths, both RICH subdetectors
use lightweight spherical mirror assemblies to reflect emitted Cherenkov photons out of the LHCb
acceptance. The photons are further reflected by a flat mirror, onto planes of photon detectors. The use
of a spherical mirror transforms the solid disc of photons emitted by a charged particle continuously
over its path, from entering the RICH subdetector to reaching the mirror surface, into a ring of photons
in the detection plane. The Cherenkov angle during the emission may be determined from the radius
of this ring. Each of the RICH subdetectors is divided into two halves around the beampipe, with
RICH1 divided horizontally into upper and lower halves, and RICH2 vertically into A-side (the half
lying nearest the centre of the LHC ring) and C-side. The RICH system is displayed schematically in
Figure 3.21.

The RICH detection planes are instrumented with Hybrid Photon Detectors (HPDs), which are
capable of detecting single Cherenkov photons of wavelength 200-600 nm. Each HPD consists of a
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Figure 3.22.: Calculated Cherenkov angles expected for various particle types, as a function of particle momentum,
for each of the radiator media used within the RICH subsystem [93]. An aerogel radiator is used to
extend the range of effective identification for kaons down to ∼ 2 GeV/c.

vacuum tube of 75 mm diameter, with a 7 mm quartz window at one end and a silicon detector at
the other. A multialkali film coats the inner surface of the entrance window, and is kept at a −16 kV
potential difference relative to the silicon detector. Photons incident on the photocathode produce
photoelectrons, which accelerate through this potential difference to be detected by the silicon detector,
which is divided into a 32× 32 array of 2.5× 2.5 mm2 pixels. RICH1 is instrumented with 196 HPD
tubes and RICH2 uses 288.

The HPD array making up each detector plane is enclosed within a shielding box to protect it from
the field of the dipole magnet. The boxes are constructed from iron plates, 100 mm thick in RICH1 and
60 mm thick in RICH2. Due to this shielding, the design value for the magnetic field at the detector
plane is 2.4 mT in RICH1 and 0.6 mT in RICH2, and the fields are measured during running so that they
can be corrected for in the Cherenkov angle reconstruction.

The particle identification performance of the RICH subsystem is illustrated in Figure 3.22. This
shows the Cherenkov angles expected for various particle types, as a function of momentum, for each
of the radiator media used. The performance observed when measuring isolated tracks in 2012 data is
shown in Figure 3.23.

Before data from the RICH subsystem can be used to calculate the Cherenkov angle for a particle,
the direction of the particle’s trajectory through the radiator must be known. This is achieved by
combining RICH data with measurements from the tracking system. A further complication arises
from the uncertainty of the emission point of each Cherenkov photon. As pointed out in the discussion
above, a charged particle continuously emitting Cherenkov radiation would give rise to a disc of light
incident on the spherical mirror. However, in practise a particle typically emits just O(10) photons
during its traversal of each RICH detector. To simplify the calculation, all photons arising from a given
particle are assumed to be emitted from the midpoint of its trajectory within the radiator medium.
Using the known geometry of the mirror system and detector planes, photons detected in the HPDs
are traced back and associated with charged tracks. The Cherenkov angle extracted has a resolution of
approximately 1.6 mrad for C4F10 and 0.7 mrad for CF4 [99].
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Figure 3.23.: Cherenkov angles measured in the RICH1 gas radiator, C4F10, for isolated tracks in 2012 data, as
a function of particle momentum [99]. The particle identification power of the RICH subsystem is
evident from the distinct bands observed for each particle species.

Since many charged hadrons are produced in each pp collision, the occupancy of the RICH1
subdetector is high, with many overlapping Cherenkov rings that must be distinguished. A likelihood-
maximising algorithm is used to assign the identity of each particle track. The algorithm considers all
tracks in the event together, and combines data from both RICH subdetectors. It proceeds as follows:

1. take as a starting point the hypothesis that every track in the event arise from a pion, and calculate
total likelihood of the observed RICH and tracking hits under this assumption;

2. select one of the tracks, and consider each particle mass hypothesis in turn (e−, µ−, π+, K+, p),
recalculating the likelihood in each case. All other track hypotheses are kept unchanged;

3. fix the hypothesis for this track to the one that gives the greatest increase in calculated likelihood;
and

4. repeat this procedure until the optimal hypothesis has been reached for all tracks in the event, and
no further improvement can be found.

The likelihoods calculated in this process are often used in analysis to select candidate events. By
constructing the difference in log-likelihood between two separate mass hypotheses, variables known
as delta-log-likelihoods (DLLs) may be calculated. For each decay mode studied in this thesis, the final
state consists of just kaons and pions, so the variable

DLLKπ = ln
(

Likelihood calculated with kaon hypothesis
Likelihood calculated with pion hypothesis

)
(3.5)

is an extremely useful discriminator. Positive values for this DLL indicate tracks that match the kaon
hypothesis better than the pion hypothesis.

RICH performance may be evaluated using pure samples of protons, pions and kaons from data. The
decay channels D∗+ → (D0 → K−π+)π+, Λ→ pπ− and K0

S → π+π− are used, with purely kinematic
cuts used to purify the samples. Performance has been found to match the design specification, with
the criterion DLLKπ > 0 yielding a kaon identification efficiency of 95% in 2011 data, averaging over
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Figure 3.24.: Efficiency of kaon identification and probability of pion mis-identification, using information from
the RICH subsystem for 2011 data. Two alternative criteria on the value of DLLKπ (here denoted
‘∆LL(K− π)’) are considered [99].

the full accepted momentum range 2-100 GeV/c, with a pion mis-identification rate of 10%. Both of
these quantities are studied as functions of particle momentum, for two alternative requirements on
DLLKπ , in Figure 3.24.

3.2.5. Calorimeters

The interactions in high energy collisions at the LHC occur directly between individual partons from
within colliding protons. Since these partons may carry any fraction of the protons’ energy and
momentum, the total energy, E, and momentum, ~p, present in each interaction is unknown. Instead, it is
useful to define the transverse momentum, ~pT , as the momentum component in the plane perpendicular
to the beam axis. This allows the transverse energy to be defined

ET ≡
√

m2 + p2
T . (3.6)

These variables are often used in particle physics analyses. In particular, since the interacting partons
must initially be travelling close to parallel with the beam axis, ~pT ≈~0. Conservation of momentum
allows this to be used as a criterion within the reconstruction.

Particle energies at LHCb are measured using the calorimeter subsystem, which is comprised of
four subdetectors: the Scintillating Pad Detector (SPD); Preshower Detector (PS); Electromagnetic
Calorimeter (ECAL); and Hadron Calorimeter (HCAL). These serve to measure energy deposited by
electrons, photons and hadrons, providing information used in the reconstruction. In addition, this
subsystem is able to rapidly identify candidates with large transverse energies, on which criteria are
placed in the first trigger stage, detailed fully in Section 3.2.7.

The SPD and PS subdetectors each consist of a 7.6× 6.2 m plane of scintillating tiles, and are
separated by 15 mm thick layer of lead. The SPD lies upstream of the lead layer whilst the PS lies
downstream. Both of these subdetectors search for scintillations produced by charged particles. The
thickness of the lead equates to 2.5 radiation lengths, meaning that photons traversing the layer are
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Figure 3.25.: Downstream view of the ECAL subdetector during installation.

likely to interact, producing electron-positron pairs. Thus the presence of a signal within the PS, but
not within the SPD, gives a good indication of the presence of a neutral particle. This is useful in
distinguishing high ET neutral pions from electrons.

The ECAL uses ‘shashlik’ layering, with 2 mm thick lead absorber plates alternated with 4 mm thick
scintillator tiles. Charged particles cause showers in the lead plates, giving rise to charged particles
which interact within the scintillator tiles. The light produced by these scintillations is channelled
through optical fibres to be read out. In order to accurately quantify the energy deposited, the ECAL
must be long enough to contain the particle showers caused by high energy photons. To achieve this,
its thickness is 25 radiation lengths. The resulting energy resolution has been measured using data from
beam tests performed during the commissioning of the ECAL, and is found to be [100]

σE
E

=
(8.5-9.5)%√

E
⊕ 0.8%,

for E in units of GeV. A photograph taken of the ECAL during its installation is displayed in Figure 3.25.

The HCAL uses scintillating tiles interspersed between iron plates, with a cross-section of 8.4× 6.8× 1.65 m.
Its thickness is limited by space constraints within the cavern housing LHCb, and is equivalent to 5.6
radiation lengths. The primary function of this subdetector is to provide measurements of hadron
energies to be used in the first trigger stage, and so a low response time is more important than a precise
measurement. The energy resolution of the HCAL is measured as [100]

σE
E

=
(69± 5)%√

E
⊕ (9± 2)%.
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Figure 3.26.: Schematic to show the segmentation of the (left) SPD, PS and ECAL and (right) HCAL subdetectors,
viewed in the plane transverse to the beam pipe. Only the upper right quadrant of the calorimeter is
shown in each case, with the black shading indicating the non-instrumented region surrounding the
beam pipe [93].

The LHCb calorimeter subsystem covers the entire acceptance, except for the most central region,
25× 25 mrad, where radiation damage would outweigh the advantage of increased coverage. Since
occupancy is higher nearer the beam pipe than farther away, each calorimeter uses segments of finer
granularity near the center, with the HCAL segmented into two granularities, and each of the other
calorimeters using three segments. This segmentation is illustrated in Figure 3.26.

3.2.6. Muon systems

Several decays of interest to LHCb produce final states containing muons. To measure these elusive
particles, LHCb uses a subsystem of five muon stations, with the first (M1) situated immediately
upstream of the calorimeters and the remaining four (M2-5) situated at the extreme downstream
end of the detector. The full LHCb acceptance is covered, with angular ranges of 16-258 mrad in the
non-bending plane (as shown in Figure 3.27) and 20-306 mrad in the bending plane of the magnet.
Each muon station is subdivided into four separate regions, labelled R1-4, with a segmentation which
increases with distance from the beam pipe in the ratio 1 : 2 : 4 : 16. Roughly equal particle fluxes are
expected in each of the four regions.

The most upstream of the muon stations, M1, is specialised to provide the fast response needed
for its output to be used in the first stage of the LHCb trigger system; it is used to give a rough
measurement of muon pT. The downstream muon stations are alternated with absorber layers of 80 cm
thick iron. These are used to identify and track high momentum muons, providing information useful
for subsequent trigger stages and analysis. Only muons of energy greater than approximately 6 GeV/c
can traverse all five muon stations.

The muon stations are predominantly instrumented with multi-wire proportional chambers (MW-
PCs). These consist of a gas enclosure containing a wire at a voltage of 2.8 kV. Incident muons cause
ionisation of the gas, an Ar/CO2/CF4 mixture, with the ionisation products accelerated through the
electric field of the wire, in which a corresponding current is induced. Each MWPC contains four
separate 5 mm thick gas chambers, except for those used in M1, where only two are used to reduce
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(a) Side view (b) Cross-sectional view

Figure 3.27.: (a) Schematic to show a side view of the full LHCb muon system. The subdivision of each muon
station into four segmentation regions (R1-4) is shown. (b) Schematic diagram of the segmentation
regions (R1-4) within the upper right quadrant of a muon station, viewed in the plane perpendicular
to the beam axis [101].

the volume of absorber upstream of the calorimeters. In total, the muon subsystem of LHCb uses 1368
MWPCs.

The particle flux is highest in the innermost region of the upstream muon station, M1R1, and here
MWPCs are eschewed in favour of more durable triple Gas Electron Multiplier (GEM) detectors. Instead
of high tension wires, these detectors use three foils, separating an anode and cathode, with the gaps
between layers filled with Ar/CO2/CF4 gas mixture.

The muon subsystem has a design efficiency of > 95%, which requires each individual muon
station to identify muons with an efficency greater than 99%. For data gathered during 2011, the total
identification efficiency is measured to be over 98% for muons with p > 3 GeV/c and pT > 0.8 GeV/c,
with hadrons of p > 30 GeV/c giving a mis-identification probability of less than 1%. This performance
is shown in Figure 3.28.

3.2.7. The LHCb trigger

The LHC is designed to operate at a bunch crossing rate of 40 MHz, and the LHCb detector is designed
to produce 0.7 pp interactions per crossing. This would imply that the detector ought to be read out at
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Figure 3.28.: (a) Total efficiency of muon identification, and probability for (b) protons, (c) pions and (d) kaons to be
mis-identified as muons, given as functions of particle momentum, for different ranges of transverse
momentum [102].

an average rate of 28 MHz, in order to gather data from each interaction.1 However, detector data can
only be stored at a rate of around 5 kHz. A trigger system is used to select only the most promising
events for retention.

The LHCb trigger consists of an initial, fast-response, hardware stage, known as Level-0 (L0),
which is synchronised with the bunch crossing rate of the collider. This stage uses limited information
from the detector subsystems to discriminate between events, and outputs selected events at a rate of
approximately 1 MHz. The data for these selected events are then passed into the second trigger stage,
the software-based High Level Trigger (HLT). This stage runs on a dedicated on-site computing farm,
and uses the full information from all detector subsystems to retain events at the final required rate.

1In actuality, for Run 1 the bunch crossing rate was half the design value, but the pile-up rate was approximately doubled, so
the hypothetical required read-out rate is the same in each case.
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Line Requirements applied during 2011 (2012)

L0Electron nSPD < 600 and ET > 2.5 (2.72)GeV
L0Hadron nSPD < 600 and ET > 3.5 (3.62)GeV
L0Photon nSPD < 600 and ET > 2.5 (2.72)GeV
L0Muon nSPD < 600 and pT > 1.48 (1.76)GeV/c

L0DiMuon nSPD < 900 and
√

pT1× pT2 > 1.296 (1.6)GeV/c

Table 3.1.: Criteria set by the LHCb L0 hardware trigger for data gathered during 2011 (2012) [104]. Several groups
of criteria, or ‘trigger lines’ are defined, with events passing any line fed forward to the HLT software
trigger. For the dimuon line, pT1 and pT2 refer to the two highest pT tracks through the muon stations.
Tighter requirements are used for 2012 data than for 2011, as the rate of events in the detector was
greater due to the increased pp collision energy.

Hardware trigger: The L0 trigger has a latency of 4µs, and uses a few key criteria to select events. The
overall occupancy of the event is approximately quantified using the number of hits detected in the
SPD subdetector, nSPD, and events with a large number of hits are rejected. Such events would con-
sume a disproportionate amount of CPU power in the full reconstruction, due to combinatoric effects.
For 2011 data, approximately 9% of events containing b-hadrons were rejected by the requirement
nSPD < 600 [103]. In addition, the L0 trigger places criteria on the highest ET clusters in the ECAL, the
highest ET cluster in the HCAL, and the two highest pT tracks through the muon stations. Separate
sets of criteria, or ‘trigger lines’ are used to select candidates for a range of decay types, as shown in
Table 3.1. Events meeting any of these sets of criteria are sent to the HLT.

Software trigger: The HLT software trigger is divided into two stages. The first stage, HLT1, uses
limited detector information from the VELO and tracking stations to reconstruct tracks within each
event. Like the L0 trigger, a range of trigger lines are defined, each aiming to select some particular
physically-interesting subset of events, with all events passing any of the lines sent to the next trigger
stage. HLT1 produced an output rate of 40 kHz in 2011 and 80 kHz in 2012.

The HLT1 trigger line ‘Hlt1TrackAllL0’ is used for the analyses described in this thesis. This requires
candidate events to contain at least one track reconstructed with transverse momentum pT > 1.6 GeV/c,
and with good separation from the reconstructed pp interaction vertex, to indicate that it originated
from the secondary decay of a B- or D-meson [105]. During 2012, around 40 such trigger lines were
used to select events in HLT1.

The second software trigger stage, HLT2, fully reconstructs events using information read out from
all of the detector subsystems. In order to produce an acceptable rate of throughput, only tracks meeting
some minimum momentum requirements are fully reconstructed. For 2011 data, tracks were required
to satisfy pT > 0.5 GeV/c and p > 5 GeV/c, giving a final output rate of 3 kHz, which increased to 5 kHz
during 2012, with the loosening of the pT requirement to pT > 0.3 GeV/c.

HLT2 trigger lines are tuned quite closely to the requirements of specific types of analyses, with over
200 lines presently defined. The analyses described in this thesis make use of a group of ‘topological’
triggers in the HLT2 stage, ‘Hlt2Topo(2,3,4)BodyBDT’. These use good quality tracks detected in the
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VELO subdetector to reconstruct candidate secondary vertices. Only tracks with a good separation from
the PV are used, with adjacent sets of two, three and four tracks of separation below 0.2 mm combined to
make 2-, 3- and 4-body objects - candidate b- or c-hadrons. The masses of these candidates are assigned
using a corrected mass variable, to take into account any tracks missing from the reconstruction,

mcorr =

√
m2 + |pT

miss|2 + pT
miss, (3.7)

where m is the total reconstructed mass of the hadron candidate and pT
miss is the total missing transverse

momentum in the decay. Finally, a multivariate classifier trained to select only the most physically
interesting events, combines the corrected masses calculated for the event along with a range of other
kinematic variables, to select a few percent of events for retention [103, 106].

Trigger categories: Once an event has been fully reconstructed, each trigger decision assigned to it may
be classified as ‘TOS’ or ‘TIS’. A trigger decision is considered TOS if it is ‘triggered on signal’, i.e. the
trigger was fired by tracks coming from the reconstructed signal candidate. A decision is considered
TIS if it is ‘triggered independently of signal’ - such that the same trigger decision would have been
made if all tracks associated with the reconstructed signal candidate were removed from the event.
The TIS category can be defined relative to a specific trigger line, or globally - allowing the event, after
removal of the signal candidate, to be selected by any defined trigger line. Some events satisfy both
TOS and TIS conditions, and thus provide a measure of the efficiency of the relevant trigger line [107].

3.2.8. Software and simulation

Data processing and simulation at LHCb is performed within a dedicated object-oriented framework
implemented in C++, known as GAUDI [108]. Different tasks are handled by different software projects,
each making use of the common tools and interfaces provided by the GAUDI framework. Since GAUDI

sets up an environment within which all other LHCb software can be run, it allows effective use of
distributed computing resources, in particular the LHC worldwide computing grid, with analysis code
dispatched to run on nodes at data storage sites around the world, where the LHCb experimental
dataset is stored. This distributed computing functionality is controlled using LHCb DIRAC [109, 110]
software, with job configuration handled by the GANGA [111] project.

Simulated samples are used extensively in LHCb analyses. These events are generated using
the GAUSS framework [112, 113], which brings together several different generation tools. First,
PYTHIA [114, 115] is used to simulated pp interactions, before final state hadron decays are simulated
using EVTGEN [116], with final state radiation added using PHOTOS [117]. Following this generation
stage, the interaction of each simulated particle with the LHCb detector is treated using the GEANT4
toolkit [118, 119], with a description of the detector’s material composition and geometry, before the
digital signals arising from the generated particle trajectories are simulated by the BOOLE [120] package.

The next stage in the workflow proceeds identically for the simulation as it does for data. The
BRUNEL [121] project reconstructs tracks in the detector, and gathers particle identification information
from the RICH, calorimeter and muon subsystems. Finally, the dedicated physics analysis project,
DAVINCI [122], is run to reconstruct and fully identify events. Track information from BRUNEL is used
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to locate decay vertices, whilst particle identification information is used to assign mass hypotheses
to observed tracks. These operations allow intermediate (i.e. not directly detected) particles to be
reconstructed and identified. LHCb analysts typically configure DAVINCI to reconstruct only those
events matching a given decay hypothesis, and specify a list of variables of relevance for the later stages
of the analysis.

For data samples, selection requirements may be specified within the DAVINCI stage to determine
which reconstructed candidate events are stored as output. A set of requirements designed to select
the most promising candidates for a given analysis is known as a ‘stripping’ line. These requirements
are not normally applied to simulation, so that the same generated samples can be used for multiple
analyses.

The output of the DAVINCI stage is a ROOT [123] ntuple, storing the requested variable values for
each selected event. These ntuples are small enough to be stored and manipulated locally by analysts,
to perform the final ‘offline’ stages of the analysis. The analyses discussed in this thesis make extensive
use of ROOT, which is the de facto standard tool used for statistical data analysis at LHCb. Fitting is
performed in ROOFIT, a specialised modelling package within the ROOT framework, and in cfit [124],
an object-oriented C++ library optimised specifically for fitting complex amplitude models.

Filtered simulation

The LHCb simulation framework may be configured in order to generate samples that are useful to
specific analyses. Typically this is done by specifying the decay chain of interest as a ‘decay descriptor’,
which is passed as input to the EVTGEN simulation loop. Only events matching this descriptor are then
passed through the full simulation chain and written to disk.

However, in order to use simulated samples within an analysis, e.g. to examine mass PDFs or
angular distributions expected to arise from certain decays, it is usually necessary to first apply the
same requirements that will be used to select candidate events in data. In analyses for which these
requirements must be made very stringent, due to the presence of background components with much
higher branching fractions, an extremely large number of events must be simulated and stored in order
to retain a statistically significant number of events once the requirements have been applied.

‘Filtered simulation’ addresses this problem by applying selection requirements that would nor-
mally be applied in the ‘offline’ analysis directly within the DAVINCI step of the simulation, reducing
the fraction of simulated events written to disk. The process of writing and locally testing these selection
requirements requires more expertise than a normal simulation, and simulations must be actively moni-
tored to ensure that selection requirements are functioning correctly within the production environment.
In addition, in order to evaluate the efficiency of each selection requirement used, retention statistics
must be generated from the log files written during the DAVINCI step. The Filtered Production Liaison
is the person responsible for overseeing these processes for all LHCb filtered productions. The author
held this role from June 2013 to January 2016, and oversaw the filtered production of many simulated
samples used within this thesis.
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3.3. The LHCb Upgrade

The ‘high luminosity era’ of the LHC is set to begin in the third run period, commencing in May
2021. In this period, it is intended to increase LHCb’s operating luminosity by a factor of five, to
L = 2× 1033 cm−2 s−1. It is also intended to read out the detector at every bunch crossing, allowing
more flexible software-based triggering to be performed using the signals recorded.

In order to gather data effectively in these new conditions, various upgraded components are in
development for the LHCb detector. One area where significant changes are expected is in the photon
detection arrays used within each RICH subdetector, with the existing Hybrid Photon Detectors and
onboard readout electronics being replaced by an entirely new opto-electronic chain. The new system
will use multi-anode photomultiplier tubes (MaPMTs), capable of recovering baseline voltage within
the 25 ns window between bunch crossings, read out via a specially developed radiation-tolerant ASIC.
The author took part in beam line testing of the candidate opto-electronic chain during 2014, holding
responsibility for the data acquisition (DAQ) system used to configure the readout electronics and
record data.

3.3.1. Opto-electronic chain

The opto-electronic chain used during 2014 beam tests is illustrated schematically in Figure 3.29 and
consists of:

• Four Hamamatsu R11265 [8] MaPMTs of 8× 8 pixels. Each MaPMT measures 26.2× 26.2 mm2,
with a pixel size of 2.9× 2.9 mm2, giving an active area of 23× 23 mm2;

• A common baseboard (BB) providing high voltage connections to each MaPMT;

• Four front-end-boards (FEB) connecting to the baseboard, each equipped with eight eight-channel
CLARO ASICs [125], used to digitize the MaPMT output;

• A common backboard (BkB), connecting to each front end board;

• Two digital boards (DB) connecting to the backboard, each housing a field-programmable gate
array (FPGA) carrying firmware to interface with the DAQ PC via Gbit ethernet connection.

The block consisting of four MaPMTs and four FEBs, connected via a common baseboard and backboard,
is known as an elementary cell (EC). This is intended to be the basic building block of the upgraded
RICH detector planes, allowing a modular design to be used for mechanical support and cooling
structures.

Each pixel of an MaPMT acts as an individual photomultiplier tube, with a high voltage photocath-
ode followed by a series of dynodes. Photons incident on the photocathode stimulate the emission
of photoelectrons, which accelerate through the potential difference and create cascades of electrons
between the dynodes, generating a detectible current at the output. The CLARO ASIC (‘chip’) is respon-
sible for converting this analogue output into a digital signal. Each CLARO has eight channels, so eight
chips are needed to read out a single MaPMT. Within the CLARO, a separate binary discriminator with
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Figure 3.29.: Candidate RICH opto-electronic chain used during 2014 and 2015 beam tests.

variable threshold is used to digitise each channel. A discriminator converts an incoming analogue
signal into a binary one by outputting a fixed ‘high’ voltage when the input signal exceeds the threshold
voltage, and a fixed ‘low’ voltage otherwise. Each threshold is set using a 6-bit register, allowing 64
different possible threshold values. Different thresholds may be used for different channels to counter
variations in the gain of each MaPMT pixel (the gain can differ between pixels by a factor of three [8]),
or in order to suppress pixels that are particularly suceptible to cross-talk.

The digital signals output by sixteen CLARO chips are combined in each digital board. This uses a
40 MHz clock pulse, combined with trigger input (trigger signals may be generated either externally
or using the inbuilt pulser of the digital board), to format the signals as ‘events’. Events are then
aggregated within a buffer on the digital board, from which they are read out as ‘multi-event packets’
via the gigabit ethernet link. Communication between the two digital boards and the DAQ system is
routed via a network switch.

3.3.2. DAQ system

A JAVA based GUI, implemented using the Swing library, is used to configure the parameters of the
opto-electronic chain and to send run control signals. Preferences which may be configured include:

• Network address of the DAQ PC and each of the connected digital boards. Using a recognised
network protocol allows data packets to be routed efficiently by the network switch, since each
packet is broadcast only to its intended recipients;

• The hexadecimal identifier (‘DNA’) of each digital board. These are used to generate unique
identifiers for each connected CLARO chip. The resulting identifiers are interpreted by the
firmware of the digital boards, and used to propagate the desired settings to each CLARO;
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Figure 3.30.: Screen capture taken during operation of the DAQ GUI. The upper frame is the main window
displayed each time the GUI is run. Clicking “Configure Host . . . ” in this window generates the lower
frame, where network addresses for the DAQ PC may be configured.

• The per-channel settings of each CLARO chip, including the threshold of the discriminator and
the attenuation factor (used in pulse-shaping the incoming analogue signal).

The different windows of the GUI are shown in Figure 3.30 and Figure 3.31. Individual GUI windows
are generated for the configuration of each digital board and each CLARO chip, allowing flexible
configuration of any number of elementary cells. Configured preferences are stored in .xml format so
that they can be remembered between runs.

Run control and data readout require the sending and receiving of data packets between the DAQ
PC, where the GUI is running, and the digital boards. A simple application, implemented in the C

language, is used to handle this interaction. The application is ported into JAVA as a shared library, so
that it can be called from within the GUI.

At the start of each run, the stored preferences are gathered and formatted into a C struct, encoded
in binary. This struct is then sent as a single data packet to the connected digital boards. The firmware
implemented in the FPGA of each digital board interprets the encoded settings and uses them to
configure each of the connected front-end boards, before commencing data-taking. During a data-
taking run, multi-event packets are sent from the digital boards to the DAQ PC, where a waiting
socket-reading process appends all incoming packets to a single file. To terminate the run, a final packet
is sent from the DAQ PC to the boards.
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Figure 3.32.: Planoconvex lens used to generate and focus Cherenkov photons during beam tests of the candidate
optoelectronic chain [8].

3.3.3. Beam test setup

To assess its suitability for use in the RICH subdetectors, beam tests focused on the candidate opto-
electronic chain’s ability to precisely detect individual Cherenkov photons. The tests were performed
using a beam of momentum 180 GeV/c, consisting mainly of protons and pions, at the SPS facility at
CERN.

A planoconvex borosilicate glass lens is used, both as a radiator medium and to focus the resulting
Cherenkov photons. As shown in Figure 3.32, Cherenkov photons emitted within the lens are totally
internally reflected at the flat surface, before being reflected once more from an aluminium annulus
deposited on the convex surface. In order to reduce emission-point uncertainty, a circular portion at the
centre of the flat surface is masked.

For these beam tests, sufficient components were available to fully instrument a single elementary
cell only. In order to allow testing of the Cherenkov ring reconstruction, it was decided to instead
half-instrument two elementary cells, placed at diamaterically opposing points of the expected ring
position in the focal plane of the lens. This arrangement is shown in Figure 3.33.

The lens is housed within a light-tight box, with windows to accommodate the plastic housing of
each elementary cell, as shown in Figure 3.34. The installation of the box within the SPS beam area is
shown in Figure 3.35.

Readout is triggered by a dedicated circuit board, sending synchronous signals to each of the digital
boards. Triggers are generated either in response to incident beam particles, or using the trigger board’s
internal pulser. Triggering on beam particles makes use of two beam scintillators, placed upstream and
downstream of the box. The trigger signal toggles on the coincidence of the two scintillators. Adjustable
dead time is used in each digital board so that signals originating from the same event reach the output
of each board at the same time, along with the corresponding trigger pulse. The logic used to achieve
this is shown in Figure 3.36, and the timing of each pulse is shown in Figure 3.37.
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Figure 3.33.: Positioning of half-instrumented elementary cells relative to the expected Cherenkov ring during
beam tests of the candidate optoelectronic chain [8].

Figure 3.34.: Photograph of the lens used during beam tests of the candidate optoelectronic chain, in situ within
the light-tight box. The entry windows of the elementary cells are visible [8].

To assist with the recontruction of particle trajectories, a dedicated ‘tracking telescope’ is used
to track beam particles upstream of the light-tight box. This tracking information also allows events
containing multiple beam particles to be identified. The telescope uses eight planes of silicon pixels
detectors, of pixel size 55 µm× 55 µm, giving a position resolution of O(1) µm in the detector plane [8].
Telescope readout is triggerless, with continuous hit recording during each beam run. Each particle
hit detected is associated with a timestamp of precision 1 ns. The trigger board is connected to the
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Figure 3.35.: Photograph of the experimental setup used for beam tests of the candidate optoelectronic chain. The
light-tight box housing the lens is visible, with one digital board projecting from each connected
elementary cell [8].

Figure 3.36.: Trigger logic used during beam tests of the candidate optoelectronic chain [8].

telescope, with a telescope timestamp recorded each time a trigger signal is sent. This allows matching
of events between the telescope and digital boards.

3.3.4. Results

A hitmap obtained during a typical beam run is shown in Figure 3.38. The resolution of the Cherenkov
ring is seen to be of the order of the pixel width, since few hits are observed for off-ring pixels.
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Figure 3.37.: Signal timing used during beam tests of the candidate optoelectronic chain [8].

Figure 3.38.: Integrated hit map recorded during a typical beam test data-taking run [8].

Threshold scans are performed to characterise each detector pixel. Thresholds are varied between
one and 63, in steps of two units, where for each CLARO channel one unit corresponds to a difference
of approximately 35× 103 e− in the incoming pulse [8]. Integrated hits are plotted against threshold
level, as shown in Figure 3.39, to give an ‘S-curve’ for each channel.

Numerical differentiation of this histogram gives the ‘single photon spectrum’ for each channel, as
shown in Figure 3.40. This spectrum indicates what threshold value is most suitable for a given channel
- somewhere in between the noise which dominates at low thresholds and the approximately Gaussian
spectrum arising from a single incident Cherenkov photon.

Finally, the photon hits detected in each event may be used to reconstruct the full Cherenkov ring.
A simple approach assumes the particle trajectory is perpendicular to the flat surface of the lens, giving
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Figure 3.39.: Integrated hit spectrum (‘S-curve’) obtained during a threshold scan for a single CLARO channel
during beam tests of the candidate optoelectronic chain.

Figure 3.40.: Single photon spectrum obtained for a single CLARO channel during beam tests of the candidate
optoelectronic chain.

a precisely circular ring in the detector plane. A least-squares fit may be then performed to find the ring
centre, (x0, y0), and radius, r, which best describe the observed hits. The result of such a fit for a single
typical event is shown in Figure 3.41.

3.4. Summary

The LHCb detector has been purpose built for the study of hadronic decays at the LHC. It is optimised
for the measurement of interactions involving b- and c-quarks, thanks particularly to the fact it is
instrumented very close to the pp interaction region; allowing secondary decay vertices to be located;
and to the dedicated subsystems it uses to distinguish the identities of hadrons and muons.
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Figure 3.41.: Pixel hits and reconstructed Cherenkov ring obtained for a single beam test event [8].

All measurements presented in this thesis make use of the full 2011 and 2012 datasets gathered at
the LHCb detector. A total integrated luminosity of 1.0 fb−1 was collected during 2011 at centre-of-mass
energy

√
s = 7 TeV, of which 56% was obtained with the LHCb dipole magnet in the ‘down’ polarity.

During 2012, a total integrated luminosity of 2.0 fb−1 was collected at
√

s = 8 TeV, of which 52% was
obtained with the magnet in the ‘down’ polarity.



4. Selection of candidate events

Section 1.5 and Chapter 2 describe techniques that can be used to extract γ from decays of the form
B→ D(∗)K(∗). Before these techniques can be applied in practice, samples of candidate events must be
isolated for each of the decay modes under study:

• B+ → DK+, with D → K0
Sπ+π−;

• B0 → DK∗0, with K∗0 → K+π− and D → K0
Sπ+π−;

• B+ → D∗K+, with D∗ → D(γ/π0) and D → K0
Sπ+π−; and

• B+ → DK∗+, with K∗± → K0
Sπ± and D → K0

Sπ+π−.

The following control modes are also used:

• B+ → Dπ+, with D → K0
Sπ+π−;

• B0
s → DK∗0, with K∗0 → K+π− and D → K0

Sπ+π−; and

• B+ → D∗π+, with D∗ → D(γ/π0) and D → K0
Sπ+π− .

Since it is often useful to describe a given signal mode and its corresponding control mode together,
the label h is used to denote both π and K, so that e.g. B+ → Dh+ denotes both B+ → DK+ and
B+ → Dπ+.

Starting from the full LHCb Run 1 dataset, successive requirements (‘cuts’) are applied to select can-
didate events. In the language of statistical learning1, each cut represents a binary classifier separating
the dataset into two categories - ‘signal’ and ‘background’.

Throughout this thesis the 2011 and 2012 datasets are merged and analysed together. As described
in Chapter 3, changes were made to running conditions and detector configuration between the two
years. However, cross-checks performed during the standalone B0 → DK∗0 analysis [128] did not find
significant differences in the behaviour of the variables used in the analysis. Likewise, MC simulation
generated using both 2011 and 2012 conditions behaves similarly, and is combined throughout the
analysis. Throughout this thesis all samples are generated using 2012 conditions unless otherwise
specified.

Selection stages

The first set of cuts are applied within the DAVINCI stage of the event processing as stripping lines,
as described in Section 3.2.8. The stripping lines used to select candidates in each decay mode are

1The theory of statistical learning and statistical inference has been comprehensively treated by Hastie et al. [126]. Practical
details on implementing statistical learning are given by Géron [127]
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discussed in Section 4.1. These requirements determine the events that are written out to ROOT ntuples
for local (‘offline’) analysis.

The offline selection proceeds in two stages. First, a handful of physically-motivated simple cuts
are used to reject obvious background from each sample. These ‘preselection’ cuts are described in
Section 4.2 and Section 4.3. Section 4.2 describes a set of cuts common to all decay modes included,
whilst Section 4.3 describes cuts specific to each mode. Finally, a multivariate binary classifier (or
‘multivariate analysis’, MVA) is applied for each decay mode. Various types of multivariate classifier
are implemented, as discussed in Section 4.4.

Variables on which selection requirements are placed are introduced throughout this chapter. The
first time each variable is mentioned, its name is written in italics, and a brief description is given.

Classification of K0
S candidates

Each decay mode studied in this thesis includes a neutral D-meson decaying to the state (K0
Sπ+π−),

with the K0
S-meson reconstructed in the (π+π−) final state. Throughout this work, a distinction will

be made between two classes of K0
S candidates. For long-long (LL) K0

S candidates, the two pions leave
long tracks in the LHCb detector, giving rise to hits both in the VELO and in the downstream tracking
stations, and thus the decay vertex of the reconstructed K0

S must lie within the VELO subdetector. For
down-down (DD) K0

S candidates, the two pions leave downstream tracks only, with no associated VELO
hits. As such, the reconstructed K0

S decay vertex lies downstream of the VELO region. It is useful
to separate the two categories in the selection, since in each case the resolution and correlations of
numerous variables relating to the K0

S candidates differ.

For the decay mode B+ → DK∗+, with D → K0
Sπ+π− and K∗+ → K0

Sπ+, an additional K0
S

candidate is reconstructed in the decay of the K∗+-meson. In principle, this could motivate the use of
four separate categories in the selection for this mode, to treat each possible combination of K0

S types.
However, to keep the selection as similar as possible to the other modes, no criteria relating to the K0

S
originating from the K∗± are used in the selection, except for a simple mass window. As such, no
significant difference is expected whether this candidate is reconstructed from long or downstream
pion tracks, and so only two categories are defined for this mode; separating events containing LL and
DD K0

S candidates originating from the D-meson decay.

Refitted intermediate mass variables

‘Mass windows’ are used at several points within the selection. These require that the reconstructed
mass of a given particle lie within some range of its known mass, with the allowed range reflecting
both the finite width, Γ, of the relativistic lineshape and the finite resolution of the LHCb detector and
reconstruction algorithms.

Combinatoric candidates, reconstructed from tracks which do not actually originate from the
same particle, can fall within these mass windows by chance. In order to reduce contamination
from this source of background, the DecayTreeFitter package [129] is used to perform alternative
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reconstructions of the full decay chain, to obtain ‘refitted’ mass variables for the intermediate particles
in each case:

• in the ‘KsFit’ reconstruction, once a K0
S-meson candidate has been identified and reconstructed

from its daughter tracks, its mass is fixed to the nominal value, before it is used to reconstruct the
other candidates above it in the decay chain;

• in the ‘DFit’ reconstruction, once a D-meson has been identified and reconstructed, its mass is
fixed to the nominal value, before it is used to reconstruct the other candidates above it in the
decay chain;

• the ‘PVFit’ reconstruction fixes the masses of both K0
S- and D-meson candidates to their nominal

values, before reconstructing the other candidates above them in the decay chain.

This combination of reconstructions allows mass windows to be placed on each intermediate hadron
whilst constraining those further down the decay chain.

Events containing multiple candidates

In any case where multiple candidate B-meson decays are selected from a single event, the candidate
returning the lowest DecayTreeFitter ‘PVFit’ χ2 per degree of freedom (i.e. the highest quality of fit)
is kept and the others are discarded.

Truth-matching Monte Carlo simulation

All MC samples used within this thesis are ‘truth-matched’. This means that truth-level information
produced in the simulation stage is used to match mother and daughter particles in the decay chain,
and only events matching the desired decay hypothesis are retained.

4.1. Stripping requirements

Stripping requirements to select decay candidates of the form B → DX have been developed by the
LHCb ‘B decays to open charm’ Working Group [130]. B represents any charged or neutral B-meson,
D represents any charged or neutral D-meson and X represents a range of possible charmless states,
including those obtained in the signal and control modes of the present analysis (K± , π± , K∗0, and
K∗± ). The requirements chosen are as follows:

• the number of long tracks present in each event is required to be less than 100. This removes events
whose reconstruction requires disproportionate CPU usage;

• all charged particle tracks used in the reconstruction of the event are required to have a momentum
greater than 2000 MeV, and transverse momentum greater than 250 MeV. For each track, the χ2

returned by the track reconstruction algorithm, (χ2)track, is required to be less than 5. This variable
measures the goodness-of-fit achieved, with smaller values indicating better fit quality. In addition,
the track’s impact parameter χ2 with respect to the primary vertex (PV), (χ2)IP,PV, is required to
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be greater than 4. This variable gives the change in χ2 of the reconstruction, when the relevant
track is associated directly with the PV, instead of its reconstructed creation vertex. As such, this
variable is sensitive to the impact parameter (perpendicular separation) of the track relative to the
PV. Tracks that really do originate at the PV, e.g. true B-meson candidates, give low values, whilst
tracks that originate from displaced secondary vertices give higher values;

• K∗-meson candidates decaying to Kπ are required to have a momentum greater than 1000 MeV,
whilst the daughter kaon and pion used to reconstruct them are required to have transverse
momenta greater than 300 MeV. Each K∗-meson candidate is also required to have a (χ2)IP,PV

greater than 4. In addition, the candidate’s decay vertex χ2, (χ2)endvtx, is required to be less than 12.
This variable gives the χ2 returned by the vertex reconstruction algorithm for the decay vertex of
the candidate meson, and measures the goodness-of-fit achieved, with smaller values indicating
better fit quality;

• D-meson candidates decaying to K0
Sπ+π− are required to have a mass, MD, between 1764.8

and 1964.8 MeV, a transverse momentum greater than 1500 MeV, a (χ2)endvtx less than 12 and a
(χ2)IP,PV greater than 100. The distance of closest approach between the two daughter pion tracks
used to reconstruct the D-meson candidate, lDOCA

ππ , is required to be less than 1.5 mm. In addition,
the cosine of the direction angle of the candidate, cos(θDIRA), is required to be greater than 0.9. This
variable gives the cosine of the angle between a candidate’s momentum vector, and the direction
vector between its production and decay vertices. For a well-reconstructed particle this angle is
small, giving cosine values which peak at 1;

• D-meson daughter K0
S candidates are required to have a mass, MK0

S
between 467.6 and 527.6 MeV,

and a (χ2)endvtx less than 16. In addition, the flight distance χ2 of each K0
S candidate relative to its

own creation (or ‘origin’) vertex, (χ2)FD,orivtx, is required to be greater than 4. For a given meson
candidate, this variable gives the difference in χ2 for the reconstruction when all of the meson’s
daughter candidates are associated directly with its creation vertex, i.e. as if the intermediate
decayed instantly. This difference is larger for mesons that travel further between production and
decay, and so longer-lived particles give higher values for this variable;

• B-meson candidates are required to have a mass, MB, between 4750 and 7000 MeV, a transverse
momentum greater than 5000 MeV, (χ2)IP,PV less than 25, cos(θDIRA) greater than 0.999, and a
lifetime, τ, greater than 0.2 ps. In addition, the (χ2) per degree of freedom in the vertex fit at the
B-meson decay vertex, (χ2/ndof)endvtx is required to be less than 10; and

• the output of a multivariate classifier [130], B2CMVA, is required to be greater than 0.05. The
classifier is trained on three input variables:

– the transverse momentum of the reconstructed B-meson candidate;

– the B-meson (χ2)FD,orivtx
B ; and

– the sum of the χ2 per degrees of freedom over all reconstructed B- and D-meson decay vertices
within the event.

These requirements are summarised in Table 4.1.
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Candidate Requirement

Each event Nlong tracks < 100

All charged tracks used in reconstruction (χ2)track < 5
pT > 250 MeV
p > 2000 MeV
(χ2)IP,PV > 4

K∗-meson decaying to Kπ pT > 1000 MeV
(χ2)endvtx < 12
(χ2)IP,PV > 4

pT
daughter > 300 MeV

D-meson decaying to K0
Sπ+π− 1764.8 < MD < 1964.8 MeV

pT > 1500 MeV
(χ2)endvtx < 12
(χ2)IP,PV > 100.0
cos(θDIRA) > 0.9
lDOCA
ππ < 1.5 mm

D-meson daughter K0
S 467.6 < MK0

S
< 527.6 MeV

(χ2)endvtx < 16
(χ2)FD,orivtx > 4

B-meson 4750 < MB < 7000 MeV
pT > 5000 MeV

(χ2/ndof)endvtx < 10
(χ2)IP,PV < 25

cos(θDIRA) > 0.999
τ > 0.2 ps

B2CMVA > 0.05

Table 4.1.: Stripping selection requirements developed by the LHCb ‘B decays to open charm’ Working Group [130]
for decays of the form B→ DX.

4.2. Preselection requirements common to all decay modes

Loose requirements are placed by eye to remove obvious background from samples before they proceed
to the MVA stage of the selection. Requirements are placed on:

• all three stages of the LHCb trigger (as described in Section 3.2.7);

• the output of the DecayTreeFitter algorithm used to refit the reconstructed decay chain. To
ensure that the refitted mass variables described in the previous section may safely be used,
the DecayTreeFitter algorithm is required to have run successfully, with return code zero. In
addition, well-reconstructed events are selected by requiring that the χ2 per degree of freedom
achieved by the refit, (χ2/ndof)PVrefit, is less than 90;
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• the momenta, pπ+
D

and pπ−D
, of the pion daughters of the D-meson candidate, and the momentum

of the ‘bachelor’ candidate, pbach, which are all constrained to lie within the range [2; 100] GeV, for
which the RICH subdetectors give reliable pion and kaon identification. Throughout this thesis,
bachelor denotes the final state particle produced opposite the D-meson. For the B± → DK∗± and
B0 → DK∗0 decay modes, the bachelor requirement is placed on the charged daughter meson/s of
the K∗ candidate;

• the masses, MK0
S

and MD, of the intermediate particles in the decay, which are each required to lie

within a window surrounding their expected value, taken from the global averages of reference [3]2.
A 30 MeV window is used for MK0

S
, and a 50 MeV window is used for MD. These windows are

shown in Figure 4.1 for a sample of B± → D0π± MC, after the application of all other preselection
requirements;
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Figure 4.1.: An illustration of the mass window requirements placed on reconstructed K0
S-meson candidates (left)

and D-meson candidates (right): 482.6 < MK0
S
< 512.6 MeV and 1839.8 < MD < 1889.8 MeV. The

MK0
S

and MD distributions obtained from a sample of B± → D0π± MC events are plotted, with
vertical grey lines marking the cut positions chosen.

• the impact parameter χ2 of the reconstructed B-meson candidate with respect to the primary
vertex (PV), (χ2)IP,PV

B , which is required to be less than 25;

• the difference in the decay vertex z-coordinate between the D- and B-meson candidates, zendvtx
D −

zendvtx
B , which is required to be greater than zero. This requirement reduces contamination from

events reconstructed with fake D-meson candidates, and is discussed in the following subsection;
and

• the flight distance χ2 of the reconstructed K0
S-meson candidate relative to its origin vertex,

(χ2)FD,orivtx
K0

S
, which is required to be greater than 100. This requirement reduces contamina-

tion from events reconstructed with fake K0
S-meson candidates, and is discussed in the following

subsection.

These preselection requirements are summarized in Table 4.2.

2These windows are centred on different values to the corresponding windows defined in the stripping selection (Table 4.1), but
given the looseness of both sets of windows, the difference is insignificant.
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Preselection requirement Purpose

B_L0HadronDecision_TOS = 1 || B_L0Global_TIS = 1 trigger selection -
B_Hlt1TrackAllL0Decision_TOS = 1 see Section 3.2.7

B_Hlt2Topo{2,3,4}BodyBBDTDecision_TOS = 1

DTF_PVrefit_status = 0 B-meson is well-reconstructed
(χ2/ndof)PVrefit < 90

(χ2)IP,PV
B < 25

2 < pbach < 100 GeV decay products in RICH
2 < pπ−D

< 100 GeV momentum acceptance

2 < pπ+
D
< 100 GeV

482.6 < MK0
S
< 512.6 MeV mass windows on intermediates

1839.8 < MD < 1889.8 MeV

zendvtx
D − zendvtx

B > 0 reduce combinatoric D candidates
(χ2)FD,orivtx

K0
S

> 100 reduce combinatoric K0
S candidates

(LL K0
S candidates only)

Table 4.2.: Preselection requirements common to all decay modes studied.

4.2.1. Fake D/K0
S candidate backgrounds

The final two rows of Table 4.2 describe requirements that are used to discriminate against events
reconstructed from ‘fake’ D- or K0

S-meson candidates. These arise when the candidate event is a real B-
meson decay, and all tracks are correctly associated (i.e. the candidate is not combinatoric background),
but the true decay does not proceed via the hypothesised intermediate. For example, in the mode
B± → (KSππ)DK± :

1. fake D candidates may arise from B± → KSππK± ; and

2. fake K0
S candidates may arise from B± → (ππππ)DK± . However, this is only possible for K0

S
candidates of track type LL, since for DD candidates the K0

S candidate flies beyond the end of the
VELO subdetector before decaying, so cannot be faked by two pion tracks originating within the
VELO.

Fake D-meson candidates

For fake D-meson candidates, the (K0
Sπ+π−) state does not originate from a real D-meson, so these

events cannot be used in the CP interference analysis. However, they do originate from the decay of a
real B-meson, and therefore give a peak in the B-mass spectrum which coincides precisely with the real
signal peak.

Figure 4.2 illustrates the effect of the requirement that zendvtx
D − zendvtx

B > 0, for a sample of fake
D-meson candidates. First, in subfigure (a), events are selected from the upper sideband of the
reconstructed D-mass spectrum for B± → DK± data candidates, after the application of all other
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selection criteria except the D- and K0
S-mass requirements. These criteria include a requirement on

an MVA classifier trained to select this decay mode, as described in Section 4.4. However, in order to
ensure that the MVA classifier used in this study does not bias the sample obtained, it is trained without
any DecayTreeFitter mass variables used as inputs, since these variables apply constraints on the
masses of the intermediates, and could indirectly teach the classifier to favour the constrained values.

To check that the resulting MVA is non-biasing, the distribution of the reconstructed D-meson mass
is studied after the application of successively tighter MVA requirements, for a sample of combinatoric
background. This sample is obtained from ‘wrong-sign’ B± → DK± data, for which the two charged
pion daughters of the reconstructed D-meson candidate have the same sign charge, and thus cannot
originate from a correctly-reconstructed decay. The resulting distributions are plotted in Figure 4.3,
and show no sign of bias, since the distribution remains flat as the MVA classifier requirement is
tightened. This indicates that the sample obtained from the sidebands of the reconstructed D-meson
mass spectrum in Figure 4.2 (a) is indeed unbiased.

Next, the B-mass spectrum of the selected events is plotted, and fitted using an exponential shape
and a Gaussian. The Gaussian peak describes the component originating from fake D-meson candidates,
whilst the exponential shape describes the combinatoric component, containing D-meson candidates
reconstructed from tracks which do not originate from the same B-decay.

Finally, the fit is repeated after the application of the chosen cut. The population within the Gaussian
peak, and thus the yield of fake D-meson candidates, is seen to reduce. The amount of pollution from
fake D-meson candidates remaining after this cut for each mode is studied in detail in Section 5.5.

The requirement zendvtx
D − zendvtx

B > 0 would be expected to retain half of the non-real D-meson
candidates, since the tracks used to reconstruct the D-meson in this case actually do originate from the
PV, and after smearing by resolution effects ought to lie upstream or downstream of the PV with equal
probability. As such, background due to fake D-meson candidates is likely to be non-negligible, and
should be considered as a source of systematic uncertainty.

Fake K0
S-meson candidates

For fake K0
S-meson candidates, the D meson does not decay to the desired (K0

Sπ+π−) state, and the
weak phase involved gives no information on γ, so these events cannot be used in the CP interference
analysis. However, they do originate from the decay of a real B-meson, thus giving a peak in the B-mass
spectrum which coincides precisely with the real signal peak. Figure 4.4 illustrates the effect of the
requirement that (χ2)FD,orivtx

K0
S

> 100, for a sample of fake K0
S-meson candidates. The study proceeds

analogously to that shown in Figure 4.2 for fake D-meson candidates. The requirement used to reduce
non-real K0

S background is highly effective, retaining a negligible fraction of the background, and so the
bias check of Figure 4.3 is not repeated.
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Figure 4.2.: A demonstration of the criterion used to reduce background from events containing fake D-meson
candidates, B→ K0

Sπ+π−h(∗), reconstructed as B→ D(∗)h(∗). (a) illustrates the requirement used to
select sideband data in the reconstructed D mass spectrum. (b) and (c) show the B-mass distribution of
these sideband events before and after the application of the requirement that zendvtx

D − zendvtx
B > 0. In

both (b) and (c), the solid red line shows the result of a fit to the observed distribution using the sum of
an exponential and a Gaussian component, and the dashed red line shows the Gaussian component
alone. In each plot, the x-axis displays reconstructed mass in MeV/c2, and the y-axis displays the
number of events per histogram bin. Identical binning schemes and axis ranges are used for plots (b)
and (c), for ease of comparison.
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Figure 4.3.: Study performed to check that the MVA classifier used to select fake D-meson candidates does
not bias the distribution of combinatoric background events in the reconstructed D mass spectrum.
The distribution of reconstructed D-meson mass is shown for combinatoric D-meson candidates,
reconstructed in events with LL (left) and DD (right) K0

S-meson candidates. Distributions are obtained
after successively tighter MVA requirements, shown in lighter shades. In both plots, the x-axis displays
reconstructed mass in MeV/c2, and the y-axis displays the number of events per histogram bin.
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Figure 4.4.: A demonstration of the criterion used to reduce background from events containing fake K0
S-meson

candidates, B → (π+π−π+π−)Dh(∗), reconstructed as B → D(∗)h(∗). (a) illustrates the cuts used to
select sideband data in the reconstructed K0

S mass spectrum. (b) and (c) show the B-mass distribution
of these sideband events before and after the application of the requirement that (χ2)FD,orivtx

K0
S

> 100. In

both (b) and (c), the solid red line shows the result of a fit to the observed distribution using the sum of
an exponential and a Gaussian component, and the dashed red line shows the Gaussian component
alone. In each plot, the x-axis displays reconstructed mass in MeV/c2, and the y-axis displays the
number of events per histogram bin. Identical binning schemes and axis ranges are used for plots (b)
and (c), for ease of comparison.
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4.3. Mode-specific requirements

The mode-specific kinematic and PID (particle identification) requirements used to select candidates for
further analysis in each decay mode are detailed in the following subsections, and summarised together
in Table 4.4.

4.3.1. B± → Dh±

Delta-log-likelihood (DLL) PID requirements are placed on the bachelor meson candidate to separate
candidate events into the signal and control decay modes. Events for which DLLKπ(bach) < 4 are
assigned to the control mode, B± → Dπ± , whilst those for which DLLKπ(bach) > 4 are assigned to
the signal mode, B± → DK± . The PID variables used throughout this thesis are all DLLs, as explained
in Section 3.2.4.

4.3.2. B0
(s)→ DK∗0

For candidates reconstructed in the decay modes B0
(s) → DK∗0, the absolute value of the cosine of the

helicity angle of the K∗0-meson candidate, |cos(θhelicity
K∗ )|, is used as a discriminating variable, since for

signal events this angle peaks at 0 and π radians (spin aligned parallel or antiparallel to momentum),
whilst for combinatoric K∗0 candidates it is flat. The requirement |cos(θhelicity

K∗ )| > 0.4 is chosen, and is
illustrated in Figure 4.5 for a sample of B0

s → DK∗0 signal MC, and a sample of combinatoric background
from data, after the application of all other preselection requirements. The combinatoric sample is
taken from ‘upper sideband’ data, MB > 5600 MeV, since combinatoric background dominates peaking
components in this region. This requirement matches a previous ADS/GLW analysis [131], ensuring that
the same region of B-Dalitz phase space is selected. This allows meaningful comparison of efficiencies
in this space.

The mass of the reconstructed K∗0-meson candidate, MK∗0 , is required to lie within a 100 MeV
mass window centred on its known mass [3]. This window is illustrated in Figure 4.6 for a sample
of B0

s → DK∗0 MC, and a sample of combinatoric background from upper sideband data, after the
application of all other preselection requirements.

The PID requirements, DLLKπ(K) > 3, and DLLKπ(π) < 3, are applied to the K∗0 daughter
candidates, to eliminate double counting of events. It is possible for the same physical event to be
reconstructed twice within the DAVINCI stage, with the identities of the two K∗0 daughter candidates
reversed, to give two separate candidate events. Without this pair of PID requirements it would be
possible for both candidate events to pass the selection.



Selection of candidate events 105

Kst0helicity
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

F
re

qu
en

cy
 (

no
rm

al
iz

ed
)

0.006

0.008

0.01

0.012

0.014

0.016

0.018

0.02

0.022 Signal MC

Combinatoric Data

Figure 4.5.: An illustration of the requirement placed on the absolute value of the helicity angle cosine for K∗0-
meson candidates reconstructed in modes B0

(s) → DK∗0. The |cos(θhelicity
K∗ )| distributions obtained in a

sample of B0
s → DK∗0 MC and combinatoric background from data are plotted, with a vertical grey

line marking the cut position chosen.
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Figure 4.6.: An illustration of the mass window requirement placed on K∗0-meson candidates reconstructed in
modes B0

(s) → DK∗0. The MK∗0 distributions obtained in a sample of B0
s → DK∗0 MC and combinatoric

background from data are plotted, with vertical grey lines marking the cut positions chosen.

4.3.3. B± → D∗h±

Signal categories

Three distinct categories of signal are possible for these modes, which may be classified depending on
the true neutral particles present in the decay, and the neutral candidates which are associated with the
event in the reconstruction, as presented in Table 4.3. A real π0 meson may be correctly reconstructed
from either ‘merged’ or ‘resolved’ photon candidates, detected in the ECAL subdetector. In the ‘merged’
case, the two daughter photons interact in the same cell, giving a single energy deposit, which is
correlated to the pion mass and momentum. In the ‘resolved’ case, the two daughter photons interact
in separate cells of the ECAL, giving two separate energy deposits which must be combined in the
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True decay Reconstructed neutrals Reconstructed hypothesis

D∗ → Dγ γ D∗ → Dγ

D∗ → Dπ0, π0 → γγ γ, γ (‘resolved’) D∗ → Dπ0

π0 (‘merged’)

D∗ → Dπ0, π0 → γγ γ (‘partially D∗ → Dγ

reconstructed’)

Table 4.3.: Signal categories defined for decay mode B± → D∗h± .

reconstruction to make the pion candidate. Reconstruction is more difficult in this case, and each of the
photons may be incorrectly associated directly to the D∗ decay vertex; these partially-reconstructed π0

events thus provide a background to D∗ → Dγ.

For all three cases, the CP parameters may be extracted, since the same weak phase difference is
present in the B-meson decay in each case, and the B-meson flavour may be tagged by the bachelor
charge. However, the three signal categories must be distinguished, since a strong phase shift of π

radians is present between D∗ → Dπ0 and D∗ → Dγ [43].

Missing mass variables

In order to achieve discrimination between these categories, it is useful to consider the ‘missing mass
variables’, m2 and m3, which are defined, for a decay of the form D∗ → DX0, by

m2 = m(D∗)−m(D), (4.1)

m3 = m(D∗)−m(D)−m(X). (4.2)

Distributions obtained for these variables, for simulated signal samples are displayed in Figure 4.7 (m2)
and Figure 4.8 (m3). Separate distributions are shown for each of the three signal categories, which
are identified by using truth-level information to determine the true decay chain, and thus the true
provenance of the neutral particle reconstructed.

Each of the three signal components are observed to peak in both the m2 and m3 spectra. Three sep-
arate peaks are observed in m3, whilst for m2 the peaks arising from both of the correctly-reconstructed
components coincide. This peaking structure suggests that requirements placed on these two variables
can be used to efficiently separate the three components. In addition, any such requirements have
the potential to remove contamination due to combinatoric candidates. Windows in the m2 and m3

spectra are considered, centred on each peak and with a width equal to the RMS of the component
distribution found in truth-matched simulation. These windows are illustrated, for both simulation
and combinatoric background samples, by shaded regions in Figure 4.9. In order to give the cleanest
data samples possible, both the m2 and m3 requirements are applied in the final selection. In later
analysis, m3 requirements are also used to separate candidate events matching each of the three ‘neutral
hypotheses’: X0 = γ; X0 = π0; and X0 = partially-reconstructed π0.



Selection of candidate events 107

(a) (b)

(c) (d)

Figure 4.7.: Distributions obtained for missing mass variable m2 ≡ m(D∗) − m(D), for truth-matched B± →
D∗π± Monte Carlo. Simulated events meeting truth-matching requirements for (a) D∗ → Dπ0, (b)
D∗ → Dγ and (c) partially-reconstructed D∗ → Dπ0, π0 → γγ hypotheses are plotted separately, and
are combined together in (d). It is seen that the peaks arising from events matching the hypotheses of
(a) and (b) coincide for this variable. In each plot, the x-axis displays missing mass in units of MeV/c2,
and the y-axis displays the number of events per histogram bin.

Requirements

Finally then, the two requirements

• (60 < m2 < 100)||(130 < m2 < 160) MeV, and

• (2.5 < m3 < 12.5)||(60 < m3 < 100)||(130 < m3 < 160) MeV

are used to discriminates against combinatoric background in these modes.

In addition, DLL PID requirements are placed on the bachelor meson candidate to separate candi-
date events into the signal and control decay modes. Events for which DLLKπ(bach) < 4 are assigned
to the control mode, B± → D∗π± , whilst those for which DLLKπ(bach) > 4 are assigned to the signal
mode, B± → D∗K± .
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(a) (b)

(c) (d)

Figure 4.8.: Distributions obtained for missing mass variable m3 ≡ m(D∗)− m(D)− m(X), for truth-matched
B± → D∗π± Monte Carlo. Simulated events meeting truth-matching requirements for (a) D∗ → Dπ0,
(b) D∗ → Dγ and (c) partially-reconstructed D∗ → Dπ0, π0 → γγ hypotheses are plotted separately,
and are combined together in (d). In each plot, the x-axis displays missing mass in units of MeV/c2,
and the y-axis displays the number of events per histogram bin.
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(a) (c)

(b)

(c)

(a,b)

Figure 4.9.: Criteria considered to select data candidates matching (a) D∗ → Dπ0, (b) D∗ → Dγ and (c) partially-
reconstructed D∗ → Dπ0, π0 → γγ hypotheses, using the variables (left) m3 ≡ m(D∗)−m(D)−m(X)
and (right) m2 ≡ m(D∗)−m(D). The selected ranges considered are shown as shaded regions, for
distributions taken from (top) truth-matched B± → D∗π± Monte Carlo simulation and (bottom) a
sample of combinatoric B± → D∗h± candidates taken from the reconstructed B-mass data sideband
(> 5800 MeV). In each plot, the x-axis displays missing mass in units of MeV/c2, and the y-axis
displays the number of events per histogram bin.
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Figure 4.10.: A demonstration of the criterion used to reduce background from events containing fake K0
S-meson

candidates, B± → D(π+π−π± )K∗± , reconstructed as B± → D(K0
Sπ± )K∗± . (a) illustrates the

cuts used to select sideband data in the reconstructed K0
S mass spectrum. (b) and (c) show the B-

mass distribution of these sideband events before and after the application of the requirement that
(χ2)FD,orivtx

K0
S

> 25.0. In both (b) and (c), the solid red line shows the result of a fit to the observed

distribution using the sum of an exponential and a Gaussian component, and the dashed red line
shows the Gaussian component alone. In each plot, the x-axis displays reconstructed mass in MeV/c2,
and the y-axis displays the number of events per histogram bin. Identical binning schemes and axis
ranges are used for plots (b) and (c), for ease of comparison.

4.3.4. B± → DK∗±

For this mode, the K∗± -meson is reconstructed in the final state K0
Sπ± , meaning that an extra K0

S-meson
is present compared to the other modes considered. Background due to fake candidates is also possible
for this meson, and is handled using the same approach detailed in Section 4.2.1. For these fake events,
the K∗± decays to the state (π+π−π± ) instead of (K0

Sπ± ). The validation of the flight-distance χ2

requirement used to reduced the contribution of these non-real events is presented in Figure 4.10. The
requirement (χ2)FD,oriVX

K0
S

> 25 is observed to be highly effective at removing such events.

Mass window requirements are placed on K∗± -meson candidates, and on their K0
S-meson daughter

candidates. The K∗± -meson mass is required to lie within a 150 MeV window centred on its mass [3].
The requirement on the mass of the K0

S-meson is identical to that placed on the K0
S-meson arising from
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the D-meson decay. These windows are shown in Figure 4.11 for a sample of B± → DK∗± MC, after
the application of all other preselection requirements.
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Figure 4.11.: An illustration of the mass window requirements placed on K∗± -meson candidates (left) and their K0
S-

meson daughter candidates (right), reconstructed in the B± → DK∗± signal mode. The requirements
|MK∗± − 891.66| < 75 MeV and 482.6 < MK0

S
< 512.6 MeV are used. The MK∗± and MK0

S
distributions

obtained from a sample of B± → DK∗± MC events are plotted, with vertical grey lines marking the
cut positions chosen.

As for the decay modes B0
(s) → DK∗0, the absolute value of the helicity angle cosine of the K∗± -

meson candidate, |cos(θhelicity
K∗ )|, is used as a discriminating variable. The requirement |cos(θhelicity

K∗ )| >
0.3 is chosen, and is illustrated in Figure 4.12 for a sample of B± → DK∗± signal MC, and a sample of
combinatoric background from data, after the application of all other preselection requirements. The
combinatoric sample is taken from upper sideband data, MB > 5600 MeV.
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Figure 4.12.: An illustration of the requirement placed on the absolute value of the helicity angle cosine for K∗± -
meson candidates reconstructed in the decay mode B± → DK∗± . The |cos(θhelicity

K∗ )| distributions
obtained in a sample of B± → DK∗± MC and combinatoric background from data are plotted, with
a vertical grey line marking the cut position chosen.
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4.4. MVA selection

Each cut described so far represents a simple univariate binary classifier - it takes a single variable
as input, and separates data into two categories, signal and background. Combining several such
cuts yields a multivariate linear classifier (or multivariate analysis, ‘MVA’), since each input variable is
treated independently.

However, in reality, it is to be expected that the optimal multivariate classifier may depend
on a non-linear combination of many input variables. Essentially, one wishes to answer the ques-
tion, ‘what function f (~x) will best map the space of observables {xj} onto the classification space
{signal, background}?’. This is an ‘inverse problem’, for which there is no general analytic solution.
Instead, a range of algorithm-based approaches have been developed, collectively known as ‘machine
learning’.

One common approach to machine learning is known as ‘supervised learning’. This method uses a
trial classifier, which is optimised iteratively using a set of ‘labelled’ data, consisting of events whose
category is known a priori. The parameters of the classifier are optimised to give the best possible match
between the classifier output and the known categories of the training data, before the classifier is then
applied on the experimental (‘unlabelled’) dataset. This optimisation process is known as ‘training’,
and the labelled dataset used is known as ‘training data’. Often, a subset of the training data is reserved
for use as a validation dataset, to quantify the performance of the trained classifier.

Each multivariate classifier used within this thesis is implemented using the TMVA [132] module of
the ROOT package, and is trained using supervised learning. Each classifier is set up so that for each
event it outputs a single numerical value between zero and one, where values closer to one indicate
greater confidence that the event belongs to the signal category, and values closer to zero indicate
greater confidence that the event belongs to the background category. In each mode, two different types
of classifier are considered - decision tree ensembles, and neural networks. These are described in the
following subsections.

Decision trees

A decision tree is a multivariate classifier built using a set of sequentially-applied binary univariate
cuts on the input observables. It uses these cuts to divide the space of input observables into regions
which are dominated by each category. A simple example of a decision tree used in a biological setting
is shown in Figure 4.13, for the case of a classifier trained to distinguish sick and healthy patients using
two input observables (X1, X2) [133]. Applying repeated cuts on the same input variable allows region
boundaries of arbitrary complexity to be modelled. It is worth noting that the set of all preselection
cuts defined so far in this chapter, taken together, form a decision tree, defining a decision boundary in
N-dimensional space, where N is the number of variables for which preselection cuts are specified.

Decision trees may be trained (or ‘built’) using the CART (Classification And Regression Tree)
algorithm [127]. Each successive cut of the tree is chosen by finding the input observable and cut value
that divide the training data into the purest possible pair of subsamples. The algorithm ceases building
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Figure 4.13.: An example decision tree (left) and the decision boundary it defines. The tree is trained to distinguish
between two categories of data (‘sick’ and ‘healthy’), using two input observables (X1 and X2) [133].

new layers of the tree once it has reached a user specified depth. Finally, those branch points which
do not give statistically significant separation between categories are removed, in a process known as
‘pruning’.

The CART algorithm is ‘greedy’ since at each branch point it chooses the optimal cut, with no
consideration of the coming layers of the tree. As such, it is not guaranteed to find the globally optimal
solution. Decision trees are also prone to overtraining, since the position of successive cuts can be
sensitive to statistical fluctuations in the data, altering the structure of the tree created [126].

‘Ensemble methods’ are used to overcome these shortfalls. These work by combining many decision
trees to improve accuracy whilst reducing the likelihood of overtraining. In particular, the ‘AdaBoost’
(or adaptive boosting) algorithm [134] is used to train ensembles of trees within this thesis. This method
begins by training a single tree, and using it to classify the training data. The dataset is then reweighted
to give a greater weight to misclassified events, and a second tree is trained on the reweighted data.
This process is repeated iteratively to create an ensemble of trees. Finally, predictions on new data are
made by combining the output of all trees in the ensemble, weighted by their accuracy.

Within this thesis, each AdaBoost ensemble trained contains 800 decision trees, each with a maxi-
mum depth of three. The ‘learning rate’, which determines how strongly the training data is reweighted
at each step, is set to 0.3. Each ensemble of decision trees generated using the AdaBoost method will be
referred to throughout this thesis as ‘AdaBDT’.
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Neural networks

A neural network is typically represented by a ‘network diagram’, consisting of an array of ‘nodes’,
arranged in successive ‘layers’. An example network diagram is shown in Figure 4.14. Each node of a
given layer is connected to every node in the layer on its left, and every node in the layer on its right. A
neural network set up using several layers of nodes is often referred to as a ‘multi-layer perceptron’
(MLP). The first layer of the network is the ‘input layer’, and the final layer is the ‘output layer’. The
layers in between are called ‘hidden layers’.

Figure 4.14.: Node diagram for a four-layer neural network [135].

An evaluation of the network output, for a single set of input values, proceeds as a single ‘forward
pass’, with each node taking input values from the layer on its left, and passing its output to the layer
on its right. The output values of each node in the l-th layer are calculated as

zl j = σl
(
αl j0 +

Nl−1

∑
i=0

αl jiz(l−1)i
)

, (4.3)

where i indexes the nodes in the preceding layer, and j indexes the nodes in the current layer. σl denotes
a univariate function, the ‘activation function’, which may be different for the nodes in each layer. The
values αl jk are constants, known as ‘synapse weights’, since they parameterize the degree to which each
node is influenced by each of the preceding nodes.

This equation shows that at each node a weighted sum of input values from the preceding layer
is formed, which is then fed to the activation function σl . A nonlinear function is used for the hidden
layers (this is what allows a neural network to replicate nonlinear dependencies in the data), whilst the
output layer may use a different function depending on the properties desired for the output variable.
A commonly-used nonlinear function is the sigmoid,

σsigmoid(ν) =
1

1 + e−ν
, (4.4)
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as plotted in Figure 4.15. The calculation performed at each node is simple, but it has been shown that a
single neural network is mathematically sufficient to describe any multivariate function.3

Figure 4.15.: The sigmoid activation function, 1/1 + e−ν.

Neural networks are trained using ‘backpropagation’. For each training datum, this algorithm
calculates the network output, also recording the gradient of the activation function at each node. The
error in the network output (i.e. the difference with respect to the training label) is propagated back
through the nodes using the stored gradients, and used to update the weights, {αl,j,k}. This process is
repeated for each datum in the training set, and the trained network is then specified by the final set of
weights obtained.

Within this thesis, all MLP classifiers trained have a single hidden layer, with a number of nodes
approximately 1.3 times that of the input layer. The activation function used is the hyperbolic tangent,
tanh(x), since its gradient does not tend to zero as fast as the sigmoid function for x → ∞ or x → −∞,
reducing the chance of the backpropagation algorithm getting stuck in a region of near-zero gradient.
The error function minimised by the backpropagation algorithm is chosen to be the ‘cross-entropy’ of
the training data [126]. The number of training ‘epochs’ used is 750, meaning that the entire training
dataset is iterated over 750 times. Each MLP classifier trained in this way will be referred to throughout
this thesis as ‘MLPBPCE’.

4.4.1. Training

Training samples

For all of the MVAs trained in this thesis, labelled background samples are taken from data lying in
the upper sideband of the B-meson mass spectrum, since this region is dominated by combinatoric
background. Labelled signal samples cannot be obtained from data, so instead truth-matched signal
MC events are used. Separate classifiers are trained for each mode, and for each class of K0

S candidates
(LL and DD), since the distributions of the input kinematic variables are expected to differ in each case.

3More formally, it can be shown that a neural network is mathematically equivalent to a Fourier decomposition for any Borel-
measurable function. Consequently, any such function can be represented to any desired degree of accuracy by including
sufficiently many nodes in the network [136].
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Mode KS type Signal training sample Background training sample
(from D) description no. events description no. events

B± → Dh± LL B± → Dπ± MC 88509 B± → Dπ± data, 14929
DD 271453 B_PVFit_M > 5800 23336

B0 → DK∗0 LL B0 → DK∗0 MC 22843 B0 → DK∗0 data, 4262
DD 67584 B_PVFit_M > 5800 8361

B± → D∗h± LL B± → D∗π± MC 1548 B± → D∗π± data, 9414
DD 5790 B_PVFit_M > 5800 14000

B± → DK∗± LL B± → DK∗± MC 1353 B± → DK∗± data, 3354
DD 4535 B_PVFit_M > 5600 5952

Table 4.5.: Samples available for training each MVA classifier, after preselection cuts have been applied.

All common preselection cuts (as shown in Table 4.2) are applied before training of MVAs, along
with some of the mode-specific cuts, as specified in Table 4.4. In particular, since PID variables are
found to be imperfectly modelled in simulation [137], no PID requirements are placed on the training
samples (as all signal samples are taken from simulation).

The numbers of candidates available for training each MVA classifier, after preselection cuts, are
shown in Table 4.5. For each sample, 20% of these events are reserved for use as a validation sample,
and are not used in the learning process. The limited statistics available for training, especially for
modes B± → D∗h± and B± → DK∗± , motivate several choices later in the analysis. For now it is
useful to note that no events from the signal and background samples are kept aside as a ‘hold-back’
dataset; all are used for either training or validation.

Input variables

The input variables to each MVA are chosen to be common to all decay modes. For those preselection
requirements that are placed on the real data but not on on the MVA training samples, it is not efficient
to include these variables as inputs to the MVA classifier, since the learning process may then rely on the
information contained in these variables, which will not be present in the real data. However, for the
requirements that are placed on both the real data and the MVA training samples, it is safe to include
these same variables as inputs to the MVAs, and they may provide additional discriminating power.

A range of possible inputs are considered, and the following are chosen:

• the natural logarithm of the χ2 per degree of freedom of the refit of the reconstructed B-meson
candidate, ln((χ2/ndof)PVrefit). Logarithms are applied to input variables that otherwise exhibit
long upper tails, in order to create more symmetrical input distributions for training;

• the cosine of the direction angle, for reconstructed B-, D- and K0
S-meson candidates: cos(θDIRA

B );
cos(θDIRA

D ); and cos(θDIRA
K0

S
). (Note that throughout this section K0

S refers to the candidate orig-

inating in the D-meson decay. For decay mode B± → DK∗± , where an additional K0
S-meson
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candidate is reconstructed in the K∗± -meson decay, no variables pertaining to this candidate are
included as MVA inputs);

• the natural logarithm of the momentum of the B-, D-meson candidates, ln(pB) and ln(pD);

• the impact parameter χ2, with respect to the PV, for the reconstructed B-meson candidate, (χ2)IP,PV
B .

No logarithm is applied to this variable, since low values are expected, as the B-meson track
should be consistent with originating at the PV;

• the natural logarithm of the impact parameter χ2, with respect to the PV, for the reconstructed D-,
K0

S- and bachelor meson candidates: ln((χ2)IP,PV
D ); ln((χ2)IP,PV

K0
S

); and ln((χ2)IP,PV
bach ). For the decay

mode B0 → DK∗0, the charged kaon produced in the decay of the K∗0 is treated as the bachelor,
whilst for the decay mode B± → DK∗± , the charged pion produced in the decay of the K∗± is
used;

• the natural logarithm of the maximum and minimum impact parameter χ2, with respect to the PV,
taken across both pion daughters of the reconstructed D-meson candidate, ln(max((χ2)IP,PV

π+
D

, (χ2)IP,PV
π−D

))

and ln(min((χ2)IP,PV
π+

D
, (χ2)IP,PV

π−D
)). These variables are symmetrised in the two daughter pions, to

avoid introducing a charge asymmetry;

• the natural logarithm of the maximum and minimum impact parameter χ2, with respect to the PV,
taken across both pion daughters of the reconstructed K0

S-meson candidate, ln(max((χ2)IP,PV
π+

K0
S

, (χ2)IP,PV
π−

K0
S

))

and ln(min((χ2)IP,PV
π+

K0
S

, (χ2)IP,PV
π−

K0
S

));

• the natural logarithm of the χ2 per degree of freedom in the vertex fit at the decay vertex of the B-
and D-meson candidates, ln((χ2/ndof)endvtx

B ) and ln((χ2/ndof)endvtx
D );

• the natural logarithm of the flight distance χ2 of the reconstructed B-, D- and K0
S-meson candidates,

with respect to the PV: ln((χ2)FD,ownPV
B ); ln((χ2)FD,ownPV

D ); and ln((χ2)FD,ownPV
K0

S
);

• the significance of the flight distance of the K0
S-meson candidate with respect to its own creation

vertex, constructed as

(zendvtx
K0

S
− zendvtx

D )/
√
(∆zendvtx

K0
S

)2 + (∆zendvtx
D )2, (4.5)

where ∆zendvtx
K0

S
and ∆zendvtx

D give the uncertainty on the z-coordinate of the K0
S- and D-meson

decay vertices; and

• the lifetime of the D-meson candidate, τD.

A summary of the input variables chosen is shown in Table 4.6.



Selection of candidate events 119

Table 4.6.: Input variables to the MVA classifier.

MVA Input variable Description

cos(θDIRA
B ) cosine of the angle between the reconstructed

B candidate momentum and direction vectors
(χ2)IP,PV

B impact parameter χ2 of the reconstructed B candidate
with respect to the PV

ln((χ2)FD,ownPV
B ) log of the flight distance χ2 of the reconstructed

B candidate with respect to the PV
ln((χ2/ndof)PVrefit) log of the refit χ2/ndo f of the reconstructed B candidate
cos(θDIRA

D ) cosine of the angle between the reconstructed
D candidate momentum and direction vectors

ln((χ2)IP,PV
D ) log of the impact parameter χ2 of the reconstructed

D candidate with respect to the PV
cos(θDIRA

K0
S

) cosine of the angle between the reconstructed

K0
S candidate momentum and direction vectors

ln((χ2)IP,PV
K0

S
) log of the impact parameter χ2 of the reconstructed

K0
S candidate with respect to the PV

ln((χ2)IP,PV
bach ) log of the impact parameter χ2 of the bachelor

with respect to the PV
ln( max((χ2)IP,PV

π+
D

, (χ2)IP,PV
π−D

)) symmetrised log of the impact parameter χ2 of the

reconstructed D daughter pions with respect to the PV
ln( min((χ2)IP,PV

π+
D

, (χ2)IP,PV
π−D

)) symmetrised log of the impact parameter χ2 of the

reconstructed D daughter pions with respect to the PV
ln(pB) log of the reconstructed B candidate momentum
ln(pD) log of the reconstructed D candidate momentum
ln( max((χ2)IP,PV

π+

K0
S

, (χ2)IP,PV
π−

K0
S

)) symmetrised log of the impact parameter χ2 of the

reconstructed K0
S daughter pions with respect to the PV

ln( min((χ2)IP,PV
π+

K0
S

, (χ2)IP,PV
π−

K0
S

)) symmetrised log of the impact parameter χ2 of the

reconstructed K0
S daughter pions with respect to the PV

ln((χ2/ndof)endvtx
B ) log of the B candidate decay vertex χ2/ndo f

ln((χ2/ndof)endvtx
D ) log of the D candidate decay vertex χ2/ndo f

ln((χ2)FD,ownPV
D ) log of the flight distance χ2 of the reconstructed

D candidate with respect to the PV
ln((χ2)FD,ownPV

K0
S

) log of the flight distance χ2 of the reconstructed

K0
S candidate with respect to the PV

(zendvtx
K0

S
− zendvtx

D )/
√
(∆zendvtx

K0
S

)2 + (∆zendvtx
D )2 flight distance significance of the K0

S candidate

with respect to its origin vertex
τD D candidate lifetime
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In order to verify that the MVA input variables are well-modelled in the MC signal samples used
for training4, their distributions are compared for a sample of B± → Dπ± MC, a sample of real
B± → Dπ± signal data, and a sample of combinatoric background taken from the upper sideband
of the B± → Dπ± data. The preselection requirements of Table 4.2 are applied to each sample. In
addition, for the signal data sample a requirement is placed on the reconstructed B-meson mass, which
is constrained to lie within 30 MeV of its mean (as returned by the full mass spectrum fit, described
in Chapter 5) 5252.0 < MB < 5312.0 MeV, to select the signal peak. For the combinatoric background
sample, the reconstructed B-meson mass is required to lie above 5600 MeV. This gives 41647 signal
data events, 63065 combinatoric data events, and 381987 MC events for comparison.

Distributions of each input variable, for each of the three samples described, are shown in Figures
4.16, 4.17, 4.18 and 4.19. For the flight distance significance of the K0

S candidate and the symmetrised
logarithms of the impact parameter χ2 across the K0

S daughter pions, separate comparisons are made
for events containing LL and DD K0

S meson candidates, since the distributions in each case differ
significantly. In each case, the distributions in signal data and signal MC are very close, and quite
different from the distribution in background data.5 This indicates that training MVAs using signal
MC and combinatoric background data should yield classifiers capable of separating signal data from
combinatoric background data.

Distributions of all input variables and their correlations, for the signal and background training
samples introduced in Table 4.5, are contained in Appendix D.

4If the input variables are not well-modelled, the MVA classifier may learn to rely on features which are not present in real data,
giving poorer discrimination.

5The signal data and signal MC distributions are not expected to coincide, since the signal data sample retains some level of
background contamination.
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Figure 4.16.: Normalized distributions obtained for (a) cos(θDIRA
B ), (b) cos(θDIRA

D ), (c) cos(θDIRA
K0

S
), (d) (χ2)IP,PV

B , (e)

ln((χ2)IP,PV
D ), and (f) ln((χ2)IP,PV

K0
S

), obtained in signal MC (black), signal data (green) and combinatoric

background (blue).
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Figure 4.17.: Normalized distributions obtained for (a) ln((χ2)IP,PV
bach ), (b) ln((χ2/ndof)PVrefit) , (c) ln(pB), (d) ln(pD),

(e) τD, and (f) ln((χ2)FD,ownPV
B ), obtained in signal MC (black), signal data (green) and combinatoric

background (blue).
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Figure 4.18.: Normalized distributions obtained for (a) ln((χ2)FD,ownPV
D ), (b) ln((χ2)FD,ownPV
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Training results

A range of decision-tree and neural-network classifiers are trained and evaluated. The first check
measures the performance of each classifier on its own training samples, by counting the number of
signal and background events retained when a cut is placed on the classifier output. By scanning the
cut value, a ‘receiver operating characteristic’ (ROC) curve may be constructed, plotting the fraction
of signal events retained against the fraction of background events rejected. The ROC curves for
the each MVA trained are shown in Figure 4.20. A perfect classifier would give a ROC curve which
touches the point (1, 1), keeping all signal events whilst rejecting all background. The performance
of most classifiers are very similar for each mode, whilst a few appear to give poor performance due
to the relatively low training statistics available. To further compare the tree- and network-based
classifiers, both AdaBDT and MLPBPCE classifiers (which each give good performance across all modes
in Figure 4.20) are carried forward to the next check.

The next check performed involves comparing the normalized distributions of classifier output for
both the data used to train the classifier, and the reserved validation set. Histograms of four distributions
are plotted together: the classifier output for the signal training sample; background training sample;
signal validation sample; and background validation sample. Plots of these distributions are shown for
AdaBDT and MLPBPCE classifiers trained for each decay mode, in Figures 4.21, 4.22, 4.23 and 4.24.
This check performs two fuctions. Firstly, it allows the separation between signal and background to be
inspected. A perfect classifier would map signal and background events to completely separate regions
of output space, so that a single cut on the output allows all background to be rejected. The smaller the
overlap between the signal and background distributions, the greater the classifier’s discriminatory
power. Secondly, these plots give an indication of any potential ‘overtraining’, which occurs when a
classifier gives better separation when acting on its training data than when acting on the validation
data. This can indicate that the classifer has learned to rely on features that are only present within its
training data, but not within the population more generally. This can occur when a classifier is trained
using a very small training sample, since then the degrees of freedom in even a simple classifier may be
sufficient for the optimisation algorithm to explore fine structure within parameter space, which may
not generalise between samples.

The output of the MLPBPCE classifiers is observed to be slightly better separated than that of the
AdaBDT classifiers and so these are chosen for the final selection.

For the two modes B± → D∗h± (Figure 4.23) and B± → DK∗± (Figure 4.24), there is some
difference between the histograms obtained for the training and validation samples. This may indicate
slight overtraining of the classifiers, but in any case the trained classifiers are still shown to provide good
discrimination between the signal and background validation samples. No overtraining is observed for
decay modes B± → Dh± and B0 → DK∗0, where more training and validation data is available.
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Figure 4.20.: ROC curves for MVAs trained to select LL and DD (a)B± → Dh± , (b)B0 → DK∗0, (c)B± → D∗h± ,
and (d)B± → DK∗± candidates. MVAs trained to select LL K0

S-meson candidates are shown on the
left-hand side, whilst MVAs trained to select DD K0

S-meson candidates are shown on the right-hand
side.
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Figure 4.21.: Performance of classifiers trained to select B± → Dh± candidates.
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Figure 4.22.: Performance of classifiers trained to select B0 → DK∗0 candidates.
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Figure 4.23.: Performance of classifiers trained to select B± → D∗h± candidates.
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Figure 4.24.: Performance of classifiers trained to select B± → DK∗± candidates.
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4.5. MVA and PID cut optimisation

Having developed an MVA classifier for each mode, a cut of the form (MVA > Xj) may be used to
select candidate signal events for decay mode j. However, it remains to choose the most appropriate
cut value, Xj, to be used for each decay mode.

In addition, a final set of PID requirements are introduced at this stage, placed on the bachelor
candidate of decay modes B0 → DK∗0 and B± → DK∗± . For the decay mode B0 → DK∗0, a
requirement is placed on the PID of the charged kaon originating from the K∗0 decay of the form
(DLLKπ(K± from K∗0) > Y). For the decay mode B± → DK∗± , a requirement is placed on the
PID of the charged pion originating from the K∗± decay of the form (DLLKπ(π

± from K∗± ) < Z).
These variables cannot be included as MVA inputs, since they are not well-modelled in the training
sample. Optimisation of these PID requirements is important, since they are crucial in reducing peaking
background contributions.

The choice of cut value is made by defining a suitable figure of merit (‘FOM’) to maximise. Common
FOMs include:

• purity = S
S+B ;

• significance = S√
S+B

; and

• hybrid = purity · significance = S2

(S+B)3/2 .

In this analysis, the hybrid FOM is used. It balances the need for high yield and high purity, and in a
previous analysis it was found that this FOM was well-correlated with sensitivity to measured γ [128].
The MVA and PID cuts of decay modes B0 → DK∗0 and B± → DK∗± are optimised simultaneously,
since there is no guarantee that optimising each separately will yield the global maximum FOM.

This optimisation is performed on experimental data since, as mentioned above, low signal and
background statistics mean that all available candidates are already used for training and validation of
the MVA classifiers, and so cannot be used again here. In principle, it is possible that this approach
may introduce bias, since the selection is optimised on precisely the same data it will be used to select.
However, since the present analysis consists in extracting phase information within the Dalitz plane,
rather than simply counting events, it is not easily susceptible to experimenter bias6. To guard against
any possibility of such bias, no Dalitz fits are performed until the selection has been frozen.

The final optimisation is performed only after mass fits have been defined for each decay mode
(described in Chapter 5), allowing accurate estimates of the signal and background populations to be
produced for each trial cut value. The optimisation then proceeds as follows:

• apply initial trial MVA requirements, roughly tuned using simplified fits of control mode decays;

6For example, choosing cut values that give spuriously high signal purity in the mass fit, by increasing the mis-labelling of
background candidates as signal, would not necessarily increase the apparent sensitivity to γ extracted in the Dalitz fit, since
this depends on each selected candidate being modelled correctly in the Dalitz plane.
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• develop full mass fits at this initial working point;

• use full fits of signal modes to optimise cut choice:

– for each decay mode, scan a broad range of possible cut values. For decay modes B0 → DK∗0

and B± → DK∗± , a two-dimensional cut space is scanned, since the PID and MVA cuts are
tuned simultaneously;

– for each cut value, perform the full mass fit;

– determine yields in the signal region and calculate the figures of merit; and

• choose cut values that maximise the hybrid FOM.

Figure 4.25 shows the corresponding FOM scans for B± → DK± decays with LL K0
S candidates. A

cut at MVA> 0.92 is chosen as optimal in this case. Figure 4.26 shows the FOM scans for B± → DK±

decays with DD K0
S candidates. A cut at MVA> 0.68 is chosen as optimal. The FOM scans for B± →

D∗K± decays with LL K0
S candidates are shown in Figure 4.27. A cut at MVA> 0.96 is chosen as optimal.

Figure 4.28 shows the FOM scans for B± → D∗K± decays with DD K0
S candidates. A cut at MVA> 0.72

is chosen as optimal. Figure 4.29 shows the FOM scans for B0 → DK∗0 decays with LL K0
S candidates.

Cut values of MVA> 0.722 and DLLKπ(K± from K∗0) > 5.58 are chosen as optimal in this case.
Figure 4.30 shows the FOM scans for B0 → DK∗0 decays with DD K0

S candidates. Cut values of MVA>

0.781 and DLLKπ(K± from K∗0) > 4.68 are chosen. The FOM scans for B± → DK∗± decays with LL K0
S

candidates are shown in Figure 4.31. Cut values of MVA> 0.871 and DLLKπ(π
± from K∗± ) < −2.08

are chosen as optimal in this case. The FOM scans for B± → DK∗± decays with DD K0
S candidates

are shown in Figure 4.32. Cut values of MVA> 0.704 and DLLKπ(π
± from K∗± ) < 2.00 are chosen as

optimal. Table 4.7 summarises the optimised cut values obtained for the different decay modes.

Mode Optimised MVA requirement Optimised PID requirement

B± → Dh± LL > 0.92 -
B± → Dh± DD > 0.68 -
B± → D∗h± LL > 0.96 -
B± → D∗h± DD > 0.72 -
B0 → DK∗0 LL > 0.722 DLLKπ(K± from K∗0) > 5.58
B0 → DK∗0 DD > 0.781 DLLKπ(K± from K∗0) > 4.68
B± → DK∗± LL > 0.871 DLLKπ(π

± from K∗± ) < −2.08
B± → DK∗± DD > 0.704 DLLKπ(π

± from K∗± ) < 2.00

Table 4.7.: Optimised selection requirements applied to candidates of each mode.



Selection of candidate events 131

MVA cut value
0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1

S
ig

na
l y

ie
ld

600

650

700

750

800

(a)

MVA cut value
0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1

B
ac

kg
ro

un
d 

yi
el

d

120

140

160

180

200

220

240

260

280

(b)

MVA cut value
0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1

S
/(

S
+

B
)

0.74

0.75

0.76

0.77

0.78

0.79

0.8

0.81

0.82

0.83

(c)

MVA cut value
0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1

1/
2

S
/(

S
+

B
)

22.6

22.8

23

23.2

23.4

23.6

23.8

24

24.2

24.4

(d)

MVA cut value
0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1

3/
2

/(
S

+
B

)
2

S

17.8

18

18.2

18.4

18.6

18.8

19

(e)

MVA cut value
0.84 0.86 0.88 0.9 0.92 0.94 0.96 0.98 1

3/
2

/(
S

+
B

)
2

S

17.4

17.6

17.8

18

18.2

18.4

18.6

18.8

19

(f)

Figure 4.25.: Figures of merit extracted from fits to the B-mass spectrum of selected LL B± → DK± candidates,
for a range of MVA cut values. Signal (a) and background (b) yields extracted within the signal
window are plotted, along with the resulting purity (c), significance (d) and ‘hybrid’ (e) figure of
merit, for a coarse sampling of cut values. Finally, a fine-grained scan is used to find the cut value
which maximises the hybrid figure of merit (f).
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Figure 4.26.: Figures of merit extracted from fits to the B-mass spectrum of selected DD B± → DK± candidates,
for a range of MVA cut values. Signal (a) and background (b) yields extracted within the signal
window are plotted, along with the resulting purity (c), significance (d) and ‘hybrid’ (e) figure of
merit, for a coarse sampling of cut values. Finally, a fine-grained scan is used to find the cut value
which maximises the hybrid figure of merit (f).
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Figure 4.27.: Figures of merit extracted from fits to the B-mass spectrum of selected LL B± → D∗K± candidates,
for a range of MVA cut values. Signal (a) and background (b) yields extracted within the signal
window are plotted, along with the resulting purity (c), significance (d) and ‘hybrid’ (e) figure of
merit, for a coarse sampling of cut values. Finally, a fine-grained scan is used to find the cut value
which maximises the hybrid figure of merit (f). The increase in signal yield (a) for high MVA cut
values reflects the fact that these yields are extracted from the full mass fit, and statistical fluctuations
in the fit result are possible as events are removed from the fitted sample.
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Figure 4.28.: Figures of merit extracted from fits to the B-mass spectrum of selected DD B± → D∗K± candidates,
for a range of MVA cut values. Signal (a) and background (b) yields extracted within the signal
window are plotted, along with the resulting purity (c), significance (d) and ‘hybrid’ (e) figure of
merit, for a coarse sampling of cut values. Finally, a fine-grained scan is used to find the cut value
which maximises the hybrid figure of merit (f).
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Figure 4.29.: Figures of merit extracted from fits to the B-mass spectrum of selected LL B0 → DK∗0 candidates,
for a range of MVA and PID cut values. Signal (a) and background (b) yields extracted within the
signal window are plotted, along with the resulting purity (c), significance (d) and ‘hybrid’ (e) figure
of merit, for a coarse sampling of cut values. Finally, a fine-grained scan is used to find the cut value
which maximises the hybrid figure of merit (f).



136 Selection of candidate events

MVA cut value
0.4 0.5 0.6 0.7 0.8 0.9

P
ID

 c
ut

 v
al

ue

3

4

5

6

7

8

30

35

40

45

50

(a)

MVA cut value
0.4 0.5 0.6 0.7 0.8 0.9

P
ID

 c
ut

 v
al

ue

3

4

5

6

7

8

15

20

25

30

35

(b)

MVA cut value
0.4 0.5 0.6 0.7 0.8 0.9

P
ID

 c
ut

 v
al

ue

3

4

5

6

7

8

0.58

0.6

0.62

0.64

0.66

0.68

0.7

(c)

MVA cut value
0.4 0.5 0.6 0.7 0.8 0.9

P
ID

 c
ut

 v
al

ue

3

4

5

6

7

8

4.4

4.6

4.8

5

5.2

5.4

5.6

(d)

MVA cut value
0.4 0.5 0.6 0.7 0.8 0.9

P
ID

 c
ut

 v
al

ue

3

4

5

6

7

8

3

3.1

3.2

3.3

3.4

3.5

3.6

3.7

3.8

(e)

MVA cut value
0.76 0.765 0.77 0.775 0.78 0.785 0.79

P
ID

 c
ut

 v
al

ue

4.4

4.45

4.5

4.55

4.6

4.65

4.7

4.75

4.8

3.95

4

4.05

4.1

4.15

(f)

Figure 4.30.: Figures of merit extracted from fits to the B-mass spectrum of selected DD B0 → DK∗0 candidates,
for a range of MVA and PID cut values. Signal (a) and background (b) yields extracted within the
signal window are plotted, along with the resulting purity (c), significance (d) and ‘hybrid’ (e) figure
of merit, for a coarse sampling of cut values. Finally, a fine-grained scan is used to find the cut value
which maximises the hybrid figure of merit (f).



Selection of candidate events 137

MVA cut value
0.4 0.5 0.6 0.7 0.8 0.9 1

P
ID

 c
ut

 v
al

ue

4−

3−

2−

1−

0

1

9.5

10

10.5

11

11.5

12

12.5

(a)

MVA cut value
0.4 0.5 0.6 0.7 0.8 0.9 1

P
ID

 c
ut

 v
al

ue

4−

3−

2−

1−

0

1

1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8

(b)

MVA cut value
0.4 0.5 0.6 0.7 0.8 0.9 1

P
ID

 c
ut

 v
al

ue

4−

3−

2−

1−

0

1

0.82

0.84

0.86

0.88

0.9

(c)

MVA cut value
0.4 0.5 0.6 0.7 0.8 0.9 1

P
ID

 c
ut

 v
al

ue

4−

3−

2−

1−

0

1

2.95

3

3.05

3.1

3.15

3.2

3.25

3.3

(d)

MVA cut value
0.4 0.5 0.6 0.7 0.8 0.9 1

P
ID

 c
ut

 v
al

ue

4−

3−

2−

1−

0

1

2.5

2.55

2.6

2.65

2.7

2.75

2.8

(e)

MVA cut value
0.85 0.86 0.87 0.88 0.89 0.9 0.91 0.92

P
ID

 c
ut

 v
al

ue

3.2−

3−

2.8−

2.6−

2.4−

2.2−

2−

1.8−

1.6−

2.78

2.8

2.82

2.84

2.86

2.88

2.9

2.92

(f)

Figure 4.31.: Figures of merit extracted from fits to the B-mass spectrum of selected LL B± → DK∗± candidates,
for a range of MVA and PID cut values. Signal (a) and background (b) yields extracted within the
signal window are plotted, along with the resulting purity (c), significance (d) and ‘hybrid’ (e) figure
of merit, for a coarse sampling of cut values. Finally, a fine-grained scan is used to find the cut value
which maximises the hybrid figure of merit (f).
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Figure 4.32.: Figures of merit extracted from fits to the B-mass spectrum of selected DD B± → DK∗± candidates,
for a range of MVA and PID cut values. Signal (a) and background (b) yields extracted within the
signal window are plotted, along with the resulting purity (c), significance (d) and ‘hybrid’ (e) figure
of merit, for a coarse sampling of cut values. Finally, a fine-grained scan is used to find the cut value
which maximises the hybrid figure of merit (f).
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4.6. Selection summary

In summary, the offline selection requirements placed on candidates of each mode are given in Tables
4.2, 4.4 and 4.7. MVA classifiers are trained, and the requirements placed on their output to select
the final candidate samples are optimised using full fits to the reconstructed B-meson mass spectra of
selected data.
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5. Fit to reconstructed B-meson mass spectrum

After the application of the selection requirements described in Chapter 4, candidates remain that do
not correspond to signal decay modes - non-negligible contributions are present for several background
components. The yields of the signal and background components are determined using unbinned
extended maximum likelihood fits (described below) to the reconstructed B-mass spectrum.

The spectrum fitted is that of the reconstructed B-meson mass. Where possible, analytic probability
density functions (PDFs) are used to describe the expected distributions of the fitted components, with
some shape parameters fixed to values extracted from fits to MC. Where this is unfeasible, non-analytic
PDFs are extracted from MC directly, using the kernel estimation functionality provided within the
RooFit software library [138]. In each case, simulated data provide an important input into the fit. This
simulation is performed centrally within the LHCb collaboration, following the procedure outlined in
Section 3.2.8. Before each simulated sample is used to extract a PDF, its full decay chain is first checked
using truth-level information to match mother and daughter candidates at each decay vertex, allowing
incorrectly reconstructed candidates to be rejected, before the full selection is finally applied.

Independent mass fits are performed for each signal mode. These are described sequentially in the
following sections, following a brief interlude to describe the fitting process used.

Likelihood fitting

Likelihood fitting is a technique commonplace in statistics, often used when it is necessary to determine
the unknown parameters of some theoretical model, by making a comparison1 with experimental data.

The theoretical model takes the form of a probability density function, F, expressing the predicted
conditional probability for the values of a set of observables, ~x, given the values of a set of model
parameters,~q;

F(~x |~q). (5.1)

In order to make a comparison of the model expectation with some observed data point, ~X ∈ ~x, it is
useful to consider the value of

F(~X |~q), (5.2)

where greater values clearly indicate better agreement between the two, since the observables take
values that are predicted by the model to be more likely. For a set of independent measurements of the

1Or, perhaps more appropriately, a ‘calibration’.
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observables, {~X1, ~X2, . . . , ~Xn}, the conditional probability is given by

F({~X1, ~X2, . . . , ~Xn} |~q) =
n

∏
i=1

F(~Xi |~q). (5.3)

The likelihood formalism reinterprets the model as a function of both the observable values and the
model parameters, since the above PDF can be evaluated for different parameter values in just the same
way as it can for different observable values. The likelihood function, for a given set of observations, is
thus defined as

L(~q; ~X1, ~X2, . . . , ~Xn) = F({~X1, ~X2, . . . , ~Xn} |~q). (5.4)

In order to calibrate the model, the likelihood function is maximised with respect to the model
parameter values~q. For some simple models this maximisation may proceed analytically, but in more
complex applications, typical of high energy physics analyses, a numerical approach is used. This
approach relies on sampling points within the~q parameter space, and calculating the likelihood for each
choice, to find that which gives the greatest value. For computational efficiency, it is usual to consider
the logarithm of the likelihood (or ‘log-likelihood’), since this decomposes simply into a sum of terms
corresponding to the set of observations

lnL(~q; ~X1, ~X2, . . . , ~Xn) =
n

∑
i=1

ln F(~Xi |~q). (5.5)

In practice, all of the models considered within this thesis are composites, with separate terms
to describe each signal and background component expected in data, weighted by their relative
populations

F(~X |N,~θ,~q) = ∑
j

θjFj(~X |~q), (5.6)

θj ≡
Nj

N
, (5.7)

where ~X denotes the set of observed data points, ~X = ∪i~X, N denotes the total data yield predicted
by the model, Nj gives the data yield predicted for the j-th model component, and the weights~θ thus
sum to unity. Within this composite model, N and~θ are free parameters, and can thus be treated in the
same way as the other parameters,~q, in the maximisation. However, additional information is available
regarding the true value of N, since an estimator for N is given directly by the number of data points
observed, n. To take account of this information, the likelihood function is multiplied by the Poissonian
probability to observe n candidates, given the model expectation of N, to give an ‘extended likelihood
function’ [139]:

L(~q, N,~θ; ~X) =
Nn

n
e−N F(~X |N,~θ,~q) =

e−N

n

n

∏
i=1

∑
j

NjFj(~Xi |~q). (5.8)
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All likelihood maximisations performed in this thesis make use of the MINUIT [140] package, which
uses a range of algorithms to minimise the negative logarithm of the likelihood (NLL). The minimum
of the NLL is found using the MIGRAD algorithm, which estimates the gradient of the NLL function (in
parameter space~q) after each evaluation and steps iteratively in the direction of steepest descent, until a
minimum is reached.

Once the minimum has been located, the uncertainty on the estimation of each parameter must be
determined. Keeping all other parameters fixed to their chosen values, a single parameter is varied
at a time, to find an interval containing values within some chosen variation from the minimum NLL.
The allowed variation is chosen such that the combined interval, including all parameters, corresponds
to a maximum of one standard deviation from the minimum. Within MINUIT, symmetric likelihood
intervals (i.e. intervals centred on the chosen values) are calculated by the HESSE module, under
the assumption that the NLL function is well-approximated by a quadratic over the range of the
interval considered.2 Asymmetric likelihood intervals are calculated for the final fits, using the more
sophisticated MINOS module. Uncertainties arising in this way are purely statistical, and are thus
expected to reduce as more data are included.

Pulls

In order to visually assess the quality of a fit to a histogram, it is typical to include a plot to show the
‘pull’ pk calculated for each bin, k. This is defined as the difference between the bin population observed,
nobs

k , and the bin population expected according to the fitted model, nexpected
k , in units of the standard

deviation on the population that would be expected, σk,

pk ≡
nobs

k − nexpected
k

σk
. (5.9)

The event count in each bin is a discrete variable, and so the uncertainty σk is given by the Poissonian

uncertainty on the bin population,
√

nobs
k .

If the difference between observed and expected distributions are due purely to statistical fluctua-
tions in the data, then the pulls should be Normally-distributed about zero, with unit variance. Any
noticeable structure within the pulls therefore indicates imperfections in the model chosen to fit the
data, and highlights the specific regions that are poorly modelled. Throughout this chapter, all fitted
mass distributions are shown with their corresponding pull distribution directly below, for ease of
comparison.

2As it will be for sufficiently narrow intervals around the minimum; where a Taylor expansion of the NLL is dominated by the
quadratic term.
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5.1. Fit to selected B± → Dh± candidates

Two sets of simultaneous fits are performed to the reconstructed B-meson mass of selected B± → Dh±

candidates. Separate fits are performed depending on the track type (tt) of the reconstructed K0
S

candidate (LL or DD). For each fit, two data samples are fitted simultaneously; one containing B± →
DK± candidates, selected by the requirement DLLKπ(bach) > 4, and one containing B± → Dπ±

candidates, selected by the requirement DLLKπ(bach) < 4. For convenience, the shorthand DK± and
Dπ± are adopted to describe these two samples.

For the fit to B± → Dπ± candidates, shapes are used to describe the contributions from:

• Signal candidates;

• ‘Cross-feed’ from B± → DK± candidates;

• ‘Low-mass’ background from partially-reconstructed decays:

– B→ D∗π, where the B- and π-mesons may be charged or neutral;

– B→ D∗ρ, where the B- and ρ-mesons may be charged or neutral;

– B→ Dρ, where the B- and ρ-mesons may be charged or neutral; and

• Background from combinatoric candidates.

The fit to B± → DK± candidates includes shapes to describe all of the above contributions, plus
additional ‘low-mass’ backgrounds:

• B→ D∗K, where the B- and K-mesons may be charged or neutral;

• B0 → DK∗0; and

• B0
s → DK∗0.

The PDF shapes used to describe each of these components are taken directly from a previous
analysis [141]3, which was performed using the 2011 LHCb dataset only. The shapes are described here
to allow a meaningful interpretation of the fit results obtained.

The shapes used to describe all components except combinatoric background were determined
from fits to simulated samples in reference [141]. Each sample was reconstructed twice, once under
the B± → Dπ± hypothesis, and once under the B± → DK± hypothesis, and separate shapes were
extracted in each case, to be used in the separate categories of the simultaneous fit.

Most of the low-mass, partially-reconstructed background components include contributions from
more than one mode, each expected to have a similar distribution in the reconstructed B-mass vari-
able. For example, the PDF labelled ‘B → D∗π’ accounts for both B0 → [D∗∓ → Dπ∓ ]π± and
B± → [D∗0 → Dγ, π0]π± candidates. In such cases, reference [141] combined simulated samples

3This analysis resulted in the publication [142], but full details of the mass fit procedure are best found in the note [141].
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corresponding to the different decays, according to their relative branching fractions and selection
efficiencies obtained in MC, before the combined sample was fitted to calibrate the PDF parameters.

The choice to use the PDF shapes of the 2011 analysis [141] without recalibration is made to save
time, since the present analysis has three other modes to consider, and carries more value as a proof
of concept for the simultaneous approach than as an update of the 2011 analysis of this mode. This
choice may lead to reduced mass fit quality, and thus poorer estimates of component yields than would
be possible if each shape were calibrated to MC samples generated in 2012 conditions, on which the
current selection had been applied. However, it will be seen that many of these shapes are negligible
within the signal region, and so the impact of this choice on sensitivity to γ is expected to be slight.

The shapes used for each component are described below, summarized in Table 5.1, and are plotted
in Figures 5.1–5.4.

Dh± signal

In each fit category, Dπ± and DK± , signal candidates are described using the sum of a Gaussian with
a Crystal Ball function [143], which is defined as

CB(m; µ, σ, α, n) ≡





( n
|α| )

n · exp(− 1
2 |α|2)

( n
|α|−|α|−

m−µ
σ )n , m−µ

σ < α,

exp
(
− 1

2 (
m−µ

σ )2), m−µ
σ ≥ α,

(5.10)

and consists of a Gaussian core with an added exponential tail on the low-mass side. Parameters µ

and σ give the mean and standard deviation of the Gaussian core, whilst α defines the boundary point
between the core and exponential tail. The slope of the tail is parameterized by parameter n.

The Crystal Ball and Gaussian shape share a common mean and standard deviation. The signal
PDF used in the Dπ± fit category for each track type is given by

FDh,tt
sig (m; NDh,tt

sig , µtt
sig, σDh,tt

sig ) ≡
NDh,tt

sig ·
(

f Dh,tt
sig ·G(m; µtt

sig, σDh,tt
sig ) + (1− f Dh,tt

sig ) · CB(m; µtt
sig, σDh,tt

sig , αDh,tt
sig , nDh,tt

sig )
)
, (5.11)

where

• G(m; µ, σ) denotes a Gaussian function of mean µ and standard deviation σ,

• NDh,tt
sig denotes the signal yield,

• f Dh,tt
sig parameterizes the relative populations of the Gaussian and Crystal Ball components, and

Only the free parameters, NDh,tt
sig , µtt

sig and σDh,tt
sig , are listed as arguments of the PDF function. This

convention is used throughout the present chapter, to allow free parameters to be easily distinguished.
All other parameters are fixed to their values from the previous analysis [141], where they were
calibrated in fits to MC, shown in subplot (a) of Figures 5.1–5.4. Fixed parameter values used to describe
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this PDF, and all others described in this section, are listed in Tables 5.2–5.3 for candidates of track type
LL, and Tables 5.4–5.5 for candidates of track type DD.

A single mean, µtt
sig, is used to describe both Dπ± and DK± signal. The signal yield in the DK

decay mode is parameterized in terms of that in the Dπ decay mode, as

NDK,tt
sig = rtt

N ·NDπ,tt
sig , (5.12)

where the ratio, rtt
N , is a free parameter in the fit. Likewise, the width of the signal PDF in the DK decay

mode is parameterized in terms of that in the Dπ decay mode, as

σDK,tt
sig = rtt

σ · σDπ,tt
sig , (5.13)

where the ratio, rtt
σ , is a free parameter in the fit.

Cross-feed

Cross-feed arises when candidates of one signal category are reconstructed under the opposite hypothe-
sis, i.e. under a (π ←→ K) mis-identification. In each fit category, the contribution of such candidates is
described using a two-tailed Crystal Ball function. This function modifies the Crystal Ball shape by the
addition of an extra exponential tail on the high-mass side:

T CB(m; µ, σ, α, n, β, l) ≡





( n
|α| )

n · exp(− 1
2 |α|2)

( n
|α|−|α|−

m−µ
σ )n , m−µ

σ < α,

exp
(
− 1

2 (
m−µ

σ )2), α ≤ m−µ
σ < β,

( l
|β| )

l · exp(− 1
2 |β|2)

( l
|β|−|β|+

m−µ
σ )l , m−µ

σ ≥ β.

(5.14)

This gives a shape with a Gaussian core and two independently parameterized exponential tails, and
allows distributions with non-symmetric, non-Gaussian tails to be parameterized efficiently. The lower
tail’s boundary with the Gaussian core is parameterized by α, and its slope is parameterized by n. The
upper tail’s boundary with the Gaussian core is parameterized by β, and its slope is parameterized by l.

The cross feed contribution is given in the Dπ decay mode by

FDπ,tt
xfeed (m; NDπ,tt

xfeed ) = NDπ,tt
xfeed · T CB(m; µDπ,tt

xfeed , σDπ,tt
xfeed , αDπ,tt

xfeed , nDπ,tt
xfeed , βDπ,tt

xfeed , lDπ,tt
xfeed ), (5.15)

and in the DK decay mode by

FDK,tt
xfeed (m; NDK,tt

xfeed , σDK,tt
xfeed ) = NDK,tt

xfeed · T CB(m; µDK,tt
xfeed , σDK,tt

xfeed , αDK,tt
xfeed , nDK,tt

xfeed , βDK,tt
xfeed , lDK,tt

xfeed ). (5.16)

All of the shape parameters4 except σDK,tt
xfeed are fixed to their values from the previous analysis [141],

where they were calibrated in fits to MC, as shown in subplot (b) of Figures 5.2–5.3.

4‘Shape parameters’ is used to refer to all parameters describing a PDF, except for yields.



Fit to reconstructed B-meson mass spectrum 147

Background from B→ D∗π decays

A single PDF shape is used to describe background arising from both B0 → [D∗∓ → Dπ∓ ]π± and
B± → [D∗0 → Dγ, π0]π± decays.

These decays can contribute to the selected Dπ sample if the final state pion or photon emitted by
the decaying D∗-meson is not correctly associated with the decay. With the addition of a (π ←→ K) mis-
identification of the ‘bachelor’ pion5, produced in the B-meson decay, these candidates can also enter as
background in the DK sample. These backgrounds give a double-peaked shape in the reconstructed
B-meson mass spectrum, due to the non-uniform angular distribution of the D∗ daughters, which
results from the helicity structure of the decay.

The decays D∗∓ → Dπ∓ and D∗0 → Dπ0 are all of the form Vector→ Scalar Scalar (VSS). The
helicity angle, θ, may be defined in each case, giving the angle between the pion momentum in the
D∗ rest frame, and the D∗ momentum in the rest frame of the B-meson. The VSS structure of the
decay favours the cases θ = 0 and θ = π, corresponding to a missing pion with momentum parallel or
anti-parallel to its parent D∗. In the rest frame of the D∗-meson, the momentum carried by the pion
is equal in either case, but accounting for the boost of the D∗ in the lab frame separates the two cases,
with more energy carried away by the pion when θ = π, leading to a peak at lower reconstructed mass
values, whilst the θ = 0 gives a peak at higher mass values. The decay D∗0 → Dγ is of the form Vector
→ Scalar Vector (VSV). In this case the favoured values for the helicity angle of the missing photon are
θ = π/2 and θ = 3π/2, and thus the two cases coincide to give a single peak.

In the fit to B→ Dπ candidates, the sum of four Gaussian PDFs is used to describe this combination
of background components, arranged in two pairs. Each pair consists of one wider and one narrower
Gaussian PDF, sharing a common mean. This gives a double-peaked structure:

FDπ,tt
D∗π (m; NDπ,tt

D∗πlow, NDπ,tt
D∗πhigh, µDπ,tt

D∗πlow, µDπ,tt
D∗πhigh, σDπ,tt

D∗πlow,narrow, σDπ,tt
D∗πhigh,narrow) =

NDπ,tt
D∗πlow ·

(
f Dπ,tt
D∗πlow ·G(m; µDπ,tt

D∗πlow, σDπ,tt
D∗πlow,wide) + (1− f Dπ,tt

D∗πlow) ·G(m; µDπ,tt
D∗πlow, σDπ,tt

D∗πlow,narrow)
)
+

NDπ,tt
D∗πhigh ·

(
f Dπ,tt
D∗πhigh ·G(m; µDπ,tt

D∗πhigh, σDπ,tt
D∗πhigh,wide) + (1− f Dπ,tt

D∗πhigh) ·G(m; µDπ,tt
D∗πhigh, σDπ,tt

D∗πhigh,narrow)
)

(5.17)

where

• f Dπ,tt
D∗πlow parameterizes the relative populations of the narrow and wide Gaussians constituting the

lower mass peak,

• f Dπ,tt
D∗πhigh parameterizes the relative populations of the narrow and wide Gaussians constituting the

higher mass peak, and

5Pions and kaons produced directly in the decay of the B-meson are typically referred to as ‘bachelors’, since unlike the pions
produced in the decay of the D- or K0

S-mesons they are not produced as one of a pair.
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• The width of each broad peak is parameterized by its ratio relative to that of the corresponding
narrow peak,

σDπ,tt
D∗πlow,wide = rDπ,tt

D∗π,σlow · σ
Dπ,tt
D∗πlow,narrow, and (5.18)

σDπ,tt
D∗πhigh,wide = rDπ,tt

D∗π,σhigh · σ
Dπ,tt
D∗πhigh,narrow. (5.19)

Calibration of this PDF to MC was performed in the previous analysis [141], as shown in subplot (c) of
Figures 5.1 and 5.3. Previously all shape parameters were fixed from this calibration, but the present
analysis allows four (µDπ,tt

D∗πlow, µDπ,tt
D∗πhigh, σDπ,tt

D∗πlow,narrow, and σDπ,tt
D∗πhigh,narrow) to float in the fit, subject to

constraints discussed in the next section.

In the fit to B → DK candidates, two two-tailed Crystal Ball shapes are used, since the smearing
caused by the mis-identification gives an asymmetry in the tails of the two peaks. These PDFs are
described by

FDK,tt
D∗π (m; NDK,tt

D∗π ) = NDK,tt
D∗π ·

(
f DK,tt
D∗π · T CB(m; µDK,tt

D∗πlow, σDK,tt
D∗πlow, αDK,tt

D∗πlow, nDK,tt
D∗πlow, βDK,tt

D∗πlow, lDK,tt
D∗πlow)+

(1− f DK,tt
D∗π ) · T CB(m; µDK,tt

D∗πhigh, σDK,tt
D∗πhigh, αDK,tt

D∗πhigh, nDK,tt
D∗πhigh, βDK,tt

D∗πhigh, lDK,tt
D∗πhigh)

)
, (5.20)

where f DK,tt
D∗π parameterizes the relative populations of the lower and upper peaks. All of the shape

parameters are fixed to their values from the previous analysis [141], where they were calibrated in fits
to MC, as shown in subplot (f) of Figures 5.2 and 5.4.

Background from B→ D∗ρ decays

A single PDF shape is used to describe background arising from both B0 → [D∗∓ → Dπ∓ ]ρ± and
B± → [D∗0 → Dγ, π0]ρ± decays. These decays can contribute background to the selected B → Dπ

sample if, as above, the photon or pion emitted by the decaying D∗-meson is not correctly reconstructed.
However, in this case it is necessary for the reconstruction to miss one of the ρ-meson’s daughter pions
as well. This additional missing particle smears the distributions obtained for these decays, such that in
simulation no double-peaked structure is evident. Instead a single, broad Gaussian is used to describe
the low-mass peak due to these decays. The mis-identification required for these decays to end up in
the B→ DK smears the distribution yet further and so a broad Gaussian is used to describe the shape
in this case too.

These PDFs are described by

FDh,tt
D∗ρ (m; NDh,tt

D∗ρ ) = NDh,tt
D∗ρ ·G(µDh,tt

D∗ρ , σDh,tt
D∗ρ ), (5.21)

where µDh,tt
D∗ρ and σDh,tt

D∗ρ are fixed to their values from the previous analysis [141], where they were
calibrated in fits to MC, as shown in subplot (d) of Figures 5.1 and 5.3, and subplot (g) of Figures 5.2
and 5.4.
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Background from B→ Dρ decays

A single PDF shape is used to describe background arising from both B0 → Dρ0 and B± → Dρ±

decays. In each case, these decays provide background to the selected B → Dπ sample if one of the
ρ-meson’s daughter pions is not associated with the decay in the reconstruction, whilst an additional
mis-identification of the remaining daughter pion gives a background which can enter into the B→ DK
sample.

When reconstructed as B→ Dπ, this background gives a distribution with a sharp endpoint, and is
described using the convolution of a Gaussian with an ARGUS function [144],

ARGUS(m; m0, c, p) ≡





m
(
1− ( m

m0
)2)pexp

(
c
(
1− ( m

m0
)2)), m ≤ m0,

0, m > m0,
(5.22)

where m0 denotes the position of the high-mass endpoint, c parameterizes the curvature of the function,
and p parameterizes the power of the low-mass slope. When reconstructed as B→ DK, the additional
mis-identification required smears out any endpoint structure, and instead the sum of a Gaussian with
a decreasing exponential is used to describe this component.

These PDFs are described by

FDπ,tt
Dρ (m; NDπ,tt

Dρ ) = NDπ,tt
Dρ ·

(
G(µDπ,tt

Dρ , σDπ,tt
Dρ ) ? ARGUS(m; (m0)

Dπ,tt
Dρ , cDπ,tt

Dρ , pDπ,tt
Dρ )

)
, (5.23)

and

FDK,tt
Dρ (m; NDK,tt

Dρ ) = NDK,tt
Dρ ·

(
f DK,tt
Dρgaus ·G(µ, σ) + (1− f DK,tt

Dρgaus) · e
τDK,tt

Dρ m|τDK,tt
Dρ |

)
, (5.24)

where f DK,tt
Dρgaus parameterizes the relative populations of the Gaussian and exponential components. All

of the shape parameters are fixed to their values from the previous analysis [141], where they were
calibrated in fits to MC, shown in subplot (e) of Figures 5.1 and 5.3, and subplot (h) of Figures 5.2 and
5.4.

Background from B→ D∗K decays

This background is analogous to that arising from B → D∗π decays, and is considered only for the
reconstructed B→ DK sample. Due to its lower branching fraction, and the additional mis-identification
required for these candidates to enter the B→ Dπ sample, any contribution there is negligible. As for
the background contribution from B→ D∗π decays entering the B→ Dπ sample, four Gaussian PDFs
are used to describe this background component. Again, the Gaussian components are arranged in two
pairs, each pair having a common mean, to give a double-peaked shape.
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These PDFs are described by

FDK,tt
D∗K (m; NDK,tt

D∗Klow, NDK,tt
D∗Khigh, σDK,tt

D∗Klow,narrow, σDK,tt
D∗Khigh,narrow) =

NDK,tt
D∗Klow ·

(
f DK,tt
D∗Klow ·G(m; µDK,tt

D∗Klow, σDK,tt
D∗Klow,wide) + (1− f DK,tt

D∗Klow) ·G(m; µDK,tt
D∗Klow, σDK,tt

D∗Klow,narrow)
)
+

NDK,tt
D∗Khigh ·

(
f DK,tt
D∗Khigh ·G(m; µDK,tt

D∗Khigh, σDK,tt
D∗Khigh,wide) + (1− f DK,tt

D∗Khigh) ·G(m; µDK,tt
D∗Khigh, σDK,tt

D∗Khigh,narrow)
)
,

(5.25)

where

• f DK,tt
D∗Klow parameterizes the relative populations of the narrow and wide Gaussians constituting the

lower mass peak,

• f DK,tt
D∗Khigh parameterizes the relative populations of the narrow and wide Gaussians constituting the

higher mass peak, and

• The width of each broad peak is parameterized by its ratio relative to that of the corresponding
narrow peak,

σDK,tt
D∗Klow,wide = rDK,tt

D∗K,σlow · σ
DK,tt
D∗Klow,narrow, and (5.26)

σDK,tt
D∗Khigh,wide = rDK,tt

D∗K,σhigh · σ
DK,tt
D∗Khigh,narrow. (5.27)

All of the shape parameters except σDK,tt
D∗Klow,narrow and σDK,tt

D∗Khigh,narrow are fixed to their values from the
previous analysis [141], where they were calibrated in fits to MC, as shown in subplot (e) of Figures 5.2
and 5.4.

Background from B0
(s)→ DK∗0 decays

Backgrounds arising from B0 → DK∗0 and B0
s → DK∗0 candidates are considered only for the re-

constructed B → DK sample. Due to the mass shift between these two contributions caused by
the difference in B0 and B0

s masses, separate shapes are used in each case, with each background
parameterized using a Gaussian convolved with an ARGUS function.

These PDFs are described by

FDK,tt
B0 (m; NDK,tt

B0 ) = NDK,tt
B0 ·

(
G(µDK,tt

B0 , σDK,tt
B0 ) ? ARGUS(m; (m0)

DK,tt
B0 , cDK,tt

B0 , pDK,tt
B0 )

)
, (5.28)

and

FDK,tt
B0

s
(m; NDK,tt

B0
s

) = NDK,tt
B0

s
·
(
G(µDK,tt

B0
s

, σDK,tt
B0

s
) ? ARGUS(m; (m0)

DK,tt
B0

s
, cDK,tt

B0
s

, pDK,tt
B0

s
)
)
. (5.29)

All of the shape parameters are fixed to their values from the previous analysis [141], where they were
calibrated in fits to MC, as shown in subplots (c) and (d) of Figures 5.2 and 5.4.
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Combinatoric background

Combinatoric candidates arise when tracks are incorrectly associated with an event in the reconstruction,
giving one or more incorrectly-reconstructed vertices, and thus an incorrectly-reconstructed K0

S-, D-
or B-meson. The reconstructed B-meson mass in this case strongly depends on the energy of the
incorrectly-associated track, and since there are many background processes which can give rise to low
energy pions and kaons in LHC collisions, a decreasing exponential is used to describe this contribution.
Independent shapes are used in the two fit categories.

These PDFs are described by

FDh,tt
comb(m; NDh,tt

comb, τDh,tt
comb) = NDh,tt

comb · e
τDh,tt

combm|τDh,tt
comb |, (5.30)

and the slope parameters, τDh,tt
comb , are left free in the final fit.
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(a)

(b) (c)

(d) (e)

Figure 5.1.: B-mass PDF shapes used in the fit to LL B± → Dπ± candidates. These shapes are taken directly from
a previous analysis [141]. Signal MC (a) is described using the sum of a Gaussian and a Crystal Ball
function. Crossfeed from B± → DK± MC (b) is described using a two-tailed Crystal Ball function.
B→ D∗π MC (c) is described using the sum of four Gaussian shapes. B→ D∗ρ MC (d) is described
using a single Gaussian. B → Dρ MC (e) is described using the convolution of a Gaussian and an
ARGUS shape. In each plot, histogram points show Monte Carlo simulation, and a solid blue line gives
the PDF model fitted. Where the PDF model consists of a sum of multiple constituent shapes, these are
indicated by dashed lines. In each plot, the lower canvas shows the pull.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 5.2.: B-mass PDF shapes used in the fit to LL B± → DK± candidates. These shapes are taken directly from
a previous analysis [141]. Signal MC (a) is described using the sum of a Gaussian and a Crystal Ball
function. Crossfeed from B± → Dπ± MC (b) is described using a two-tailed Crystal Ball function.
B0

s → DK∗0 MC (c) and B0
d → DK∗0 MC (d) are each is described using the convolution of a Gaussian

and an ARGUS shape. B→ D∗K MC (e) is described using the sum of four Gaussian shapes. B→ D∗π
MC (f) is described using the sum of two two-tailed Crystal Ball functions. B → D∗ρ MC (g) is
described using a single Gaussian. B → Dρ MC (h) is described using the sum of a Gaussian and a
decreasing exponential function. In each plot, histogram points show Monte Carlo simulation, and
a solid blue line gives the PDF model fitted. Where the PDF model consists of a sum of multiple
constituent shapes, these are indicated by dashed lines. In each plot, the lower canvas shows the pull.
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(a)

(b) (c)

(d) (e)

Figure 5.3.: B-mass PDF shapes used in the fit to DD B± → Dπ± candidates. These shapes are taken directly
from a previous analysis [141]. Signal MC (a) is described using the sum of a Gaussian and a Crystal
Ball function. Crossfeed from B± → DK± MC (b) is described using a two-tailed Crystal Ball function.
B→ D∗π MC (c) is described using the sum of four Gaussian shapes. B→ D∗ρ MC (d) is described
using a single Gaussian. B → Dρ MC (e) is described using the convolution of a Gaussian and an
ARGUS shape. In each plot, histogram points show Monte Carlo simulation, and a solid blue line gives
the PDF model fitted. Where the PDF model consists of a sum of multiple constituent shapes, these are
indicated by dashed lines. In each plot, the lower canvas shows the pull.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 5.4.: B-mass PDF shapes used in the fit to DD B± → DK± candidates. These shapes are taken directly
from a previous analysis [141]. Signal MC (a) is described using the sum of a Gaussian and a Crystal
Ball function. Crossfeed from B± → Dπ± MC (b) is described using a two-tailed Crystal Ball function.
B0

s → DK∗0 MC (c) and B0
d → DK∗0 MC (d) are each is described using the convolution of a Gaussian

and an ARGUS shape. B→ D∗K MC (e) is described using the sum of four Gaussian shapes. B→ D∗π
MC (f) is described using the sum of two two-tailed Crystal Ball functions. B → D∗ρ MC (g) is
described using a single Gaussian. B → Dρ MC (h) is described using the sum of a Gaussian and a
decreasing exponential function. In each plot, histogram points show Monte Carlo simulation, and
a solid blue line gives the PDF model fitted. Where the PDF model consists of a sum of multiple
constituent shapes, these are indicated by dashed lines. In each plot, the lower canvas shows the pull.
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5.1.1. Constraints applied

The full PDF model described so far contains 29 degrees of freedom6, and may be summarised as

FDπ,tt
tot ≡ FDπ,tt

sig (m; NDπ,tt
sig , µtt

sig, σDπ,tt
sig ) + FDπ,tt

xfeed (m; NDπ,tt
xfeed )

+ FDπ,tt
D∗π (m; NDπ,tt

D∗πlow, NDπ,tt
D∗πhigh, µDπ,tt

D∗πlow, µDπ,tt
D∗πhigh, σDπ,tt

D∗πlow,narrow, σDπ,tt
D∗πhigh,narrow)

+ FDπ,tt
D∗ρ (m; NDπ,tt

D∗ρ ) + FDπ,tt
Dρ (m; NDπ,tt

Dρ ) + FDπ,tt
comb (m; NDπ,tt

comb , τDπ,tt
comb ), (5.31)

and

FDK,tt
tot ≡ FDK,tt

sig (m; rtt
N , µtt

sig, rtt
σ ) + FDK,tt

xfeed (m; NDK,tt
xfeed , σDK,tt

xfeed ) + FDK,tt
D∗π (m; NDK,tt

D∗π )

+ FDK,tt
D∗ρ (m; NDK,tt

D∗ρ ) + FDK,tt
Dρ (m; NDK,tt

Dρ ) + FDK,tt
D∗K (m; NDK,tt

D∗Klow, NDK,tt
D∗Khigh, σDK,tt

D∗Klow,narrow, σDK,tt
D∗Khigh,narrow)

+ FDK,tt
B0 (m; NDK,tt

B0 ) + FDK,tt
B0

s
(m; NDK,tt

B0
s

) + FDK,tt
comb (m; NDK,tt

comb , τDK,tt
comb ). (5.32)

Constraints are applied to reduce the degrees of freedom and improve the fit quality. This is
necessary due to the number of overlapping low-mass backgrounds present in both the DK± and
Dπ± fits.

• The cross-feed yield of each fit category (B± → DK± and B± → Dπ± ) in the simultaneous fit is
linked to the signal yield of the opposing category, using the efficiency of the PID criterion used to
separate the two categories:

NDK,tt
xfeed = NDπ,tt

sig ·
εDLLKπ(π)>4

εDLLKπ(π)<4
, and (5.33)

NDπ,tt
xfeed = NDK,tt

sig ·
εDLLKπ(K)<4

εDLLKπ(K)>4
, (5.34)

where the efficiencies are fixed to their values determined in the previous analysis [141],

εDLLKπ(π)>4/εDLLKπ(π)<4 = 0.039, and (5.35)

εDLLKπ(K)<4/εDLLKπ(K)>4 = 0.185. (5.36)

• Low mass background yields in the B± → DK± fit category are fixed relative to the low mass
background with the largest yield, B→ D∗π,

NDK,tt
Dρ = rDK

Dρ,D∗π ·NDK,tt
D∗π , (5.37)

NDK,tt
B0

s
= rDK

B0
s ,D∗π ·N

DK,tt
D∗π , and (5.38)

NDK,tt
B0 = rDK

B0,D∗π ·N
DK,tt
D∗π , (5.39)

where the ratios rDK
Dρ,D∗π , rDK

B0
s ,D∗π and rDK

B0,D∗π are fixed to the values extracted from MC by the
previous analysis [141]:

6Note that the signal mean, µtt
sig, is common to both PDFs.
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– rDK
Dρ,D∗π = 0.61;

– rDK
B0

s ,D∗π = 0.74; and

– rDK
B0,D∗π = 0.17.

• The widths of the B→ D∗K double-peaked shapes in the B± → DK± category are constrained
relative to the B→ D∗π widths in the B± → Dπ± category. Their ratio is constrained to match
that between the B± → DK± and B± → Dπ± signal widths, since (if the small difference in
bachelor mass is neglected) the kinematics and relative efficiency between Dh± signal and D∗h±

background should be the same in each case:

σDK,tt
D∗Klow,narrow = rtt

σ · σDπ,tt
D∗πlow,narrow; and (5.40)

σDK,tt
D∗Khigh,narrow = rtt

σ · σDπ,tt
D∗πhigh,narrow. (5.41)

• Finally, for the low-mass background arising in the B± → Dπ± category due to B → D∗π
candidates, constraints are implemented for the mean and width of each peak (each peak consists
of the sum of two Gaussians, but their means are fixed equal and their widths are fixed in the
ratio found from simulation, leaving a single mean and width parameter per peak). Since this
background is the dominant low-mass contribution for the high-statistics control mode fit, the
values of these parameters have the potential to strongly affect the fit quality if they are fixed to
a slightly incorrect value. Thus, instead of fixing them to the central values obtained from fits
to simulation, they are allowed to float subject to Gaussian constraints, where the constraining
Gaussians have their widths set equal to the standard deviations returned from MC fits performed
in the previous analysis [141].

– µDπ,tt
D∗πlow is subject to a Gaussian constraint of mean 5027.4 MeV, and standard deviation

5 MeV;

– µDπ,tt
D∗πhigh is subject to a Gaussian constraint of mean 5103.8 MeV, and standard deviation

5 MeV;

– σDπ,tt
D∗πlow,narrow is subject to a Gaussian constraint of mean 15.4 MeV, and standard deviation

1.5 MeV; and

– σDπ,tt
D∗πhigh,narrow is subject to a Gaussian constraint of mean 14.6 MeV, and standard deviation

1.5 MeV.

Each constraining Gaussian is included as a multiplicative factor in the likelihood function of the
fit, giving an additive penalty term in the NLL.

After the application of the above constraints, 22 free parameters remain in each simultaneous fit,
including the four parameters that are linked by Gaussian constraints.
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5.1.2. Mass fit result

Simulataneous fits are performed to the B-mass spectra of reconstructed B± → Dπ± and B± → DK±

candidates. The full set of fixed parameters used in these fits is tabulated, for LL and DD candidate
events, in Tables 5.2–5.3 and Tables 5.4–5.5. Some of the fixed values are very small, indicating that it
may in future be worth considering simplifying the PDF shapes used to describe some components.
For example, the parameter pDπ,LL

Dρ , obtained in the calibration to LL MC candidates performed in
reference [141], is very small. Since p enters the ARGUS PDF only as the exponent in the factor
(1− (m/m0)

2)p, this suggests that in the fit to LL candidates the factor could be replaced by unity.
However, the parameter value obtained in the fit to DD candidates, pDπ,DD

Dρ , is not negligible, and here
the full ARGUS PDF must be included. For simplicity the present analysis uses the full ARGUS PDF for
both cases.

Fit results and corresponding pulls are plotted in Figure 5.5 and Figure 5.6 for candidates recon-
structed with LL and DD K0

S candidates, respectively. The returned values for the free parameters of the
fits to LL and DD categories are enumerated in Tables 5.6 and 5.7, and their correlations are illustrated
in Figure 5.7.

The fits to reconstructed B± → Dπ± candidates (shown in the lower part of Figure 5.5 and
Figure 5.6) both show pulls of relatively large magnitudes, indicating statistically significant deviations
between the observed bin populations and those predicted by the fitted model. However, these fits
are performed solely to provide constraints on background yields and shapes entering the γ-sensitive
B± → DK± sample, and the fits to these candidates do not exhibit large pulls.

Only candidates in the B± → DK± sample falling within a ± 3σ window centred on the fitted
signal mean are propagated forward to the full CP fit. This window is marked by vertical lines in
Figures 5.5 and 5.6. For LL candidates, the window used is [5237; 5327] MeV, and for DD candidates it is
[5237; 5328] MeV. These windows differ slightly due to the small differences in fitted signal mean, µtt

sig,
and signal width ratio, rtt

N , obtained in the fits to LL and DD candidates. Component yields extracted
within these windows are enumerated in Table 5.8.

It may seem that the complex fit model developed for this mode is unnecessary, since most peaking
background components are negligible within the signal region. However, the inclusion of these
components allows a reliable fit in the full mass range from the signal region down to 4800 MeV, and
thus improves the estimation of the slope of the combinatoric component, which extends across the full
range and does give a non-negligible contribution in the signal region. A future analysis could perhaps
consider excluding the region between approximately 4825 MeV and 5225 MeV from the fit. This
approach may make it possible to remove almost all peaking background shapes from the fit model,
whilst still reliably constraining the combinatoric slope using data from the regions below 4825 MeV
(where combinatoric background appears to dominate) and above 5225 MeV.
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Constant Value Description
Parameter

αDπ,LL
sig 2.4

Signal PDF parameters in Dπ fitnDπ,LL
sig 1.2

σDπ,LL
sig 45.0 MeV

αDπ,LL
xfeed 2.1

Cross-feed PDF parameters in Dπ fit
βDπ,LL

xfeed 1.4
µDπ,LL

xfeed 5239.3 MeV
σDπ,LL

xfeed 17.6 MeV
lDπ,LL
xfeed 2.4

nDπ,LL
xfeed 6.6

µDπ,LL
D∗πlow 5026.7 MeV

B→ D∗π background PDF parameters in Dπ fit

σDπ,LL
D∗πlow,narrow 15.4 MeV

σDπ,LL
D∗πlow,wide 67.5 MeV

µDπ,LL
D∗πhigh 5103.1 MeV

σDπ,LL
D∗πhigh,narrow 14.6 MeV

σDπ,LL
D∗πhigh,wide 53.3 MeV

µDπ,LL
D∗ρ 4844.4 MeV

B→ D∗ρ background PDF parameters in Dπ fit
σDπ,LL

D∗ρ 72.9 MeV

(m0)
Dπ,LL
Dρ 5145.0 MeV

B→ Dρ background PDF parameters in Dπ fitcDπ,LL
Dρ −12.5

pDπ,LL
Dρ 1.4× 10−5

σDπ,LL
Dρ 14.9 MeV

Table 5.2.: Constant parameters used in the simultaneous fit to the reconstructed B-mass spectrum for selected LL
B± → Dπ± candidates. These values were calibrated in the previous analysis [141].
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Constant Value Description
Parameter

αDK,LL
sig 2.3

Signal PDF parameters in DK fit
nDK,LL

sig 1.5

αDK,LL
xfeed 0.8

Cross-feed PDF parameters in DK fit
βDK,LL

xfeed 3.5
µDK,LL

xfeed 5333.3 MeV
lDK,LL
xfeed 1.1× 10−4

nDK,LL
xfeed 2.4

µDK,LL
D∗Klow 5028.3 MeV

B→ D∗K background PDF parameters in DK fit

σDK,LL
D∗Klow,narrow 9.5 MeV

σDK,LL
D∗Klow,wide 49.8 MeV

µDK,LL
D∗Khigh 5104.6 MeV

σDK,LL
D∗Khigh,narrow 13.6 MeV

σDK,LL
D∗Khigh,wide 55.2 MeV

αDK,LL
D∗πlow 2.9

B→ D∗π background PDF parameters in DK fit

βDK,LL
D∗πlow 0.9

µDK,LL
D∗πlow 5066.7 MeV

σDK,LL
D∗πlow 12.7 MeV

lDK,LL
D∗πlow 13.5

nDK,LL
D∗πlow 4.3

αDK,LL
D∗πhigh 1.3

βDK,LL
D∗πhigh 1.9

µDK,LL
D∗πhigh 5150.2 MeV

σDK,LL
D∗πhigh 24.3 MeV

lDK,LL
D∗πhigh 24.3

nDK,LL
D∗πhigh 109.9

µDK,LL
D∗ρ 4899.3 MeV

B→ D∗ρ background PDF parameters in DK fit
σDK,LL

D∗ρ 85.3 MeV

µDK,LL
Dρ 5137.6 MeV

B→ Dρ background PDF parameters in DK fitσDK,LL
Dρ 57.6 MeV

τDK,LL
Dρ −3.3× 10−3

(m0)
DK,LL
B0

s
5238.8 MeV

B0
s → DK∗0 background PDF parameters in DK fitcDK,LL

B0
s

−21.0

pDK,LL
B0

s
0.4

σDK,LL
B0

s
8.7× 10−2 MeV

(m0)
DK,LL
B0 5159.8 MeV

B0 → DK∗0 background PDF parameters in DK fit
cDK,LL

B0 −26.3
pDK,LL

B0 0.7
σDK,LL

B0 13.0 MeV

Table 5.3.: Constant parameters used in the simultaneous fit to the reconstructed B-mass spectrum for selected LL
B± → DK± candidates. These values were calibrated in the previous analysis [141].
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Constant Value Description
Parameter

αDπ,DD
sig 2.3

Signal PDF parameters in Dπ fitnDπ,DD
sig 1.3

σDπ,DD
sig 42.1 MeV

αDπ,DD
xfeed 3.2

Cross-feed PDF parameters in Dπ fit
βDπ,DD

xfeed 1.6
µDπ,DD

xfeed 5239.8 MeV
σDπ,DD

xfeed 17.6 MeV
lDπ,DD
xfeed 2.3

nDπ,DD
xfeed 1.8

µDπ,DD
D∗πlow 5026.6 MeV

B→ D∗π background PDF parameters in Dπ fit

σDπ,DD
D∗πlow,narrow 15.1 MeV

σDπ,DD
D∗πlow,wide 76.1 MeV

µDπ,DD
D∗πhigh 5102.4 MeV

σDπ,DD
D∗πhigh,narrow 14.7 MeV

σDπ,DD
D∗πhigh,wide 56.6 MeV

µDπ,DD
D∗ρ 4848.3 MeV

B→ D∗ρ background PDF parameters in Dπ fit
σDπ,DD

D∗ρ 73.3 MeV

(m0)
Dπ,DD
Dρ 5159.4 MeV

B→ Dρ background PDF parameters in Dπ fitcDπ,DD
Dρ −20.8

pDπ,DD
Dρ 0.5

σDπ,DD
Dρ 1.6 MeV

Table 5.4.: Constant parameters used in the simultaneous fit to the reconstructed B-mass spectrum for selected DD
B± → Dπ± candidates. These values were calibrated in the previous analysis [141].
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Constant Value Description
Parameter

αDK,DD
sig 2.2

Signal PDF parameters in DK fit
nDK,DD

sig 1.6

αDK,DD
xfeed 0.5

Cross-feed PDF parameters in DK fit
βDK,DD

xfeed 2.2
µDK,DD

xfeed 5324.8 MeV
lDK,DD
xfeed 0.9

nDK,DD
xfeed 2.1

µDK,DD
D∗Klow 5029.3 MeV

B→ D∗K background PDF parameters in DK fit

σDK,DD
D∗Klow,narrow 16.0 MeV

σDK,DD
D∗Klow,wide 67.7 MeV

µDK,DD
D∗Khigh 5104.3 MeV

σDK,DD
D∗Khigh,narrow 15.0 MeV

σDK,DD
D∗Khigh,wide 56.0 MeV

αDK,DD
D∗πlow 2.4

B→ D∗π background PDF parameters in DK fit

βDK,DD
D∗πlow 1.3

µDK,DD
D∗πlow 5070.3 MeV

σDK,DD
D∗πlow 16.5 MeV

lDK,DD
D∗πlow 5.0

nDK,DD
D∗πlow 5.1

αDK,DD
D∗πhigh 1.0

βDK,DD
D∗πhigh 3.3

µDK,DD
D∗πhigh 5140.2 MeV

σDK,DD
D∗πhigh 24.9 MeV

lDK,DD
D∗πhigh 0.0018

nDK,DD
D∗πhigh 2.7

µDK,DD
D∗ρ 4838.8 MeV

B→ D∗ρ background PDF parameters in DK fit
σDK,DD

D∗ρ 143.3 MeV

µDK,DD
Dρ 5122.8 MeV

B→ Dρ background PDF parameters in DK fitσDK,DD
Dρ 52.8 MeV

τDK,DD
Dρ −3.5× 10−3

(m0)
DK,DD
B0

s
5230.3 MeV

B0
s → DK∗0 background PDF parameters in DK fitcDK,DD

B0
s

−23.3

pDK,DD
B0

s
0.3

σDK,DD
B0

s
16.3 MeV

(m0)
DK,DD
B0 5147.5 MeV

B0 → DK∗0 background PDF parameters in DK fit
cDK,DD

B0 −21.6
pDK,DD

B0 0.3
σDK,DD

B0 10.7 MeV

Table 5.5.: Constant parameters used in the simultaneous fit to the reconstructed B-mass spectrum for selected DD
B± → DK± candidates. These values were calibrated in the previous analysis [141].
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Figure 5.5.: Fit to reconstructed B-mass spectrum, and corresponding pulls, for LL B± → DK± (top) and B± →
Dπ± (bottom) candidates. In each plot, the lower canvas shows the pull.
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Figure 5.6.: Fit to reconstructed B-mass spectrum, and corresponding pulls, for DD B± → DK± (top) and
B± → Dπ± (bottom) candidates. In each plot, the lower canvas shows the pull.
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Free Designation Fitted Value Description
parameter

NDπ,LL
sig NSignalDpi 10100+100

−100 B± → Dπ± yield

rLL
N Ratio 0.072+0.003

−0.003 Ratio of (B± → DK± )/(B± → Dπ± ) yields
µLL

sig GausSignalMeanDpi 5282.1+0.2
−0.2 MeV Mean of signal peak

σDπ,LL
sig SignalCBsigmaDpi 15.8+0.1

−0.1 MeV Width of signal peak in B± → Dπ± category

rLL
σ widthratio_DK_DPi 0.953+0.049

−0.049 MeV Ratio of (B± → DK± )/(B± → Dπ± ) widths

σDK,LL
xfeed CBsigmaDK 21+2

−2 MeV Width of cross-feed peak in B± → DK± category

NDπ,LL
comb Ncat1Dpi 6900+400

−400 Combinatoric yield in B± → Dπ± category
τDπ,LL

comb Cat1ExpPowerDpi −0.0062+0.0001
−0.0001 Combinatoric slope in B± → Dπ± category

NDK,LL
comb Ncat1DK 1200+100

−100 Combinatoric yield in B± → DK± category
τDK,LL

comb Cat1ExpPowerDK −0.0040+0.0002
−0.0002 Combinatoric slope in B± → DK± category

NDπ,LL
D∗π,low NDstpi1Dpi 6700+200

−200 Yield of lower-mass B→ D∗π peak in B± → Dπ± category

NDπ,LL
D∗π,high NDstpi2Dpi 6400+200

−200 Yield of higher-mass B→ D∗π peak in B± → Dπ± category

µDπ,LL
D∗π,low GausmeanDstpi1Dpi* 5026.7+0.5

−0.5 MeV Mean of lower-mass B→ D∗π peak in B± → Dπ± category

µDπ,LL
D∗π,high GausmeanDstpi2Dpi* 5101.4+0.5

−0.5 MeV Mean of higher-mass B→ D∗π peak in B± → Dπ± category

σDπ,LL
D∗π,low,narrow GaussigmaDstpi1Dpi* 17.9+0.6

−0.6 MeV Width of lower-mass B→ D∗π peak in B± → Dπ± category

σDπ,LL
D∗π,high,narrow GaussigmaDstpi2Dpi* 15.7+0.5

−0.5 MeV Width of higher-mass B→ D∗π peak in B± → Dπ± category

NDK,LL
D∗π NDstpiDK 290+30

−20 Yield of B→ D∗π in B± → DK± category

NDK,LL
D∗K,low NDstK1DK 360+30

−30 Yield of lower-mass B→ D∗K peak in B± → DK± category

NDK,LL
D∗K,high NDstK2DK 480+40

−40 Yield of higher-mass B→ D∗K peak in B± → DK± category

NDπ,LL
D∗ρ NGausDstRhoDpi 4300+400

−400 Yield of B→ D∗ρ in B± → Dπ± category

NDK,LL
D∗ρ NGausDstRhoDK 360+80

−80 Yield of B→ D∗ρ in B± → DK± category

NDπ,LL
Dρ NArgusDrhoDpi 4200+500

−500 Yield of B→ Dρ in B± → Dπ± category

Table 5.6.: Free parameters used in the simultaneous fit to the reconstructed B-mass spectrum for selected LL
B± → Dh± candidates. The designations assigned within the fitting program are listed, to allow the
reader to interpret the corresponding plot of correlations, Figure 5.7. Variables marked with an asterisk
(*) are subject to Gaussian constraints in the fit.
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Free Designation Fitted Value Description
parameter

NDπ,DD
sig NSignalDpi 23000+200

−200 B± → Dπ± yield

rtt
N Ratio 0.074+0.002

−0.002 Ratio of (B± → DK± )/(B± → Dπ± ) yields
µDD

sig GausSignalMeanDpi 5282.6+0.1
−0.1 MeV Mean of signal peak

σDπ,DD
sig SignalCBsigmaDpi 15.8+0.1

−0.1 MeV Width of signal peak in B± → Dπ± category

rDD
σ widthratio_DK_DPi 0.954+0.033

−0.032 MeV Ratio of (B± → DK± )/(B± → Dπ± ) widths

σDK,DD
xfeed CBsigmaDK 22+2

−2 MeV Width of cross-feed peak in B± → DK± category

NDπ,DD
comb Ncat1Dpi 21200+800

−700 Combinatoric yield in B± → Dπ± category
τDπ,DD

comb Cat1ExpPowerDpi −0.00502+0.00008
−0.00008 Combinatoric slope in B± → Dπ± category

NDK,DD
comb Ncat1DK 3600+200

−200 Combinatoric yield in B± → DK± category
τDK,DD

comb Cat1ExpPowerDK −0.0035+0.0001
−0.0001 Combinatoric slope in B± → DK± category

NDπ,DD
D∗πlow NDstpi1Dpi 13900+300

−300 Yield of lower-mass B→ D∗π peak in B± → Dπ± category
NDπ,DD

D∗πhigh NDstpi2Dpi 14100+400
−400 Yield of higher-mass B→ D∗π peak in B± → Dπ± category

µDπ,DD
D∗πlow GausmeanDstpi1Dpi* 5027.2+0.3

−0.3 MeV Mean of lower-mass B→ D∗π peak in B± → Dπ± category
µDπ,DD

D∗πhigh GausmeanDstpi2Dpi* 5100.9+0.3
−0.3 MeV Mean of higher-mass B→ D∗π peak in B± → Dπ± category

σDπ,DD
D∗πlow,narrow GaussigmaDstpi1Dpi* 16.8+0.4

−0.4 MeV Width of lower-mass B→ D∗π peak in B± → Dπ± category

σDπ,DD
D∗πhigh,narrow GaussigmaDstpi2Dpi* 15.7+0.3

−0.3 MeV Width of higher-mass B→ D∗π peak in B± → Dπ± category

NDK,DD
D∗π NDstpiDK 620+40

−40 Yield of B→ D∗π in B± → DK± category

NDK,DD
D∗Klow NDstK1DK 720+50

−50 Yield of lower-mass B→ D∗K peak in B± → DK± category
NDK,DD

D∗Khigh NDstK2DK 1300+70
−70 Yield of higher-mass B→ D∗K peak in B± → DK± category

NDπ,DD
D∗ρ NGausDstRhoDpi 9300+600

−600 Yield of B→ D∗ρ in B± → Dπ± category

NDK,DD
D∗ρ NGausDstRhoDK 700+100

−100 Yield of B→ D∗ρ in B± → DK± category

NDπ,DD
Dρ NArgusDrhoDpi 10900+800

−800 Yield of B→ Dρ in B± → Dπ± category

Table 5.7.: Free parameters used in the simultaneous fit to the reconstructed B-mass spectrum for selected DD
B± → Dh± candidates. The designations assigned within the fitting program are listed, to allow the
reader to interpret the corresponding plot of correlations, Figure 5.7. Variables marked with an asterisk
(*) are subject to Gaussian constraints in the fit.
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Figure 5.7.: Correlation matrices obtained for parameters in the simultaneous B-mass fit to LL (top) and DD
(bottom) B± → DK± and B± → Dπ± candidates.
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Component Yield
LL DD

signal 705± 7 1680± 10
cross-feed 114± 1 260± 2

D∗K 1.9± 0.4 7.6± 0.5
D∗π 0.5± 0.4 3.0± 0.5
D∗ρ 0.010± 0.006 0.027± 0.009
Dρ 3± 2 18± 3
Bs 1.2± 0.9 8± 1
Bd negligible negligible

combinatoric 60± 5 230± 10

Table 5.8.: Yields extracted in the signal region for mode B± → DK± .
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5.2. Fit to selected B0→ DK∗0 candidates

A single simultaneous fit is performed to selected B0 → DK∗0 candidates, which are split into two
categories depending on the track type of the reconstructed K0

S candidate. The PDFs used in this fit are
described below. Several of these PDFs are obtained using Monte Carlo simulated samples, generated
centrally by the LHCb collaboration following the procedure outlined in Section 3.2.8. The samples
used for this fit are listed in Table 5.9.

Mode No. of candidates generated

B0
s → DK∗0 25.0× 106

B0
s → D∗K∗0, D∗ → Dγ (001) 33.3× 106

B0
s → D∗K∗0, D∗ → Dγ (010) 33.3× 106

B0
s → D∗K∗0, D∗ → Dπ0 (001) 33.3× 106

B0
s → D∗K∗0, D∗ → Dπ0 (010) 33.3× 106

Table 5.9.: Simulated Monte Carlo samples used to extract shapes for the reconstructed B-mass fit of selected
B0 → DK∗0 candidates. All samples are generated in 2012 conditions using

√
s = 8 TeV. Labels (001)

and (010) for the B0
s → D∗K∗0 samples refer to the simulated helicity combinations in the scalar to

vector-vector decay, as described on page 172.

B0
(s) signal

‘Double Crystal Ball’ shapes are used to describe the signal from B0 and B0
s decays. Since the two

decays are kinematically identical, the same PDF shape is used for both cases, with the yields of the two
components floated separately in the fit. The ‘double Crystal Ball’ shape here refers to the sum of two
Crystal Ball [143] functions with a single common mean, and with their width parameters, σ fixed to be
equal and opposite. This means that one of the component crystal ball shapes has its exponential tail on
the high-mass side, and the other has its exponential tail on the low mass side. The combined shape
thus consists of a sum of two Gaussian cores, with independently parameterized exponential tails on
either side.

The tail parameters of the two Crystal Ball shapes, along with the constant of proportionality
between their relative magnitudes, are fixed to values extracted from a fit to simulated B0

s signal
candidates, as shown in Figure 5.8 (a) and Figure 5.9 (a) for LL and DD samples, respectively.

The full PDF used to describe B0
(s) → D∗K∗ candidates in the mass fit may then be expressed as

Ftt
sig(m; Ntt

B0
s
, rB0 , µ, kσ) ≡ Ftt

B0
s
(m; Ntt

B0
s
, µ, kσ) + Ftt

B0(m; rB0 , Ntt
B0

s
, µ, kσ), (5.42)
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for

Ftt
B0

s
(m; Ntt

B0
s
, µ, kσ) ≡ Ntt

B0
s
·
(

f tt · CB(m; µ, σtt, αtt
1 , ntt

1 )

+ (1− f tt) · CB(m; µ,−σtt, αtt
2 , ntt

2 )
)
, and (5.43)

Ftt
B0(m; rB0 , Ntt

B0
s
, µ, kσ) ≡ rB0 Ntt

B0
s
·
(

f tt · CB(m; µ− δm, σtt, αtt
1 , ntt

1 )

+ (1− f tt) · CB(m; µ− δm,−σtt, αtt
2 , ntt

2 )
)
, (5.44)

where:

• Ntt
B0

s
gives the yield of B0

s candidates of track type tt;

• rB0 ≡ Ntt
B0 /Ntt

B0
s

gives the ratio of the yields of B0 and B0
s candidates, and is taken to be common

for both track types;

• CB denotes a Crystal Ball function;

• µ is the mean of the B0
s peak, and is taken to be common for both track types;

• δm is the mass difference between the B0 and the B0
s mesons. It is fixed to the PDG value δm =

87.35 MeV [3];

• σtt is the common width of the B0 and B0
s peaks. It is parameterized as

σtt = kσσtt
MC, (5.45)

such that kσ gives the smearing factor of the distribution observed in data relative to the value
obtained from the signal MC fit, σLL

MC = 13.5 MeV and σDD
MC = 13.6 MeV. A single smearing factor is

used for both track types;

• αtt
{1,2} parameterize the distance (in σ) from the mean of each Gaussian core at which the exponential

tail begins, for each component Crystal Ball function. They are is fixed to values obtained from the
signal MC fits; αLL

1 = 1.44, αLL
2 = 1.07, αDD

1 = 0.565 and αDD
2 = 1.67. The same values are used for

B0 and B0
s ;

• ntt
{1,2} denote the magnitudes of the exponential slopes of the two component Crystal Ball tails.

They are fixed to values obtained from the signal MC fit; nLL
1 = 1.89, nLL

2 = 3.30, nDD
1 = 3.07 and

nDD
2 = 2.52. The same values are used for B0 and B0

s ; and

• f tt is the fraction of the double Crystal Ball shape which is given by the Crystal Ball component
with its exponential tail on the low mass side. It is fixed to the values obtained from the signal MC
fits; f LL = 0.683, and f DD = 0.192. The same value is used for B0 and B0

s .

Partially-reconstructed B0
(s)→ D∗K∗0 background

An important source of background arises from partially reconstructed B0
(s) → D∗K∗0 decays, with

D∗ → DX0, where X0 = γ, π0. Such candidates may pass the selection requirements for this mode if
they are reconstructed without the associated neutral final state particle, X0. The missing final state
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particle results in a shape in the reconstructed B-mass spectrum that is shifted towards lower masses,
and significantly broader than the B0

(s) peaks.

Since B0
(s)→ D∗0K∗0 is a decay of a pseudo scalar meson to two vector mesons, conservation of

angular momentum implies that the B0
(s) daughters are produced in one of three helicity configurations,

each with an associated amplitude:

• A100, the amplitude for D∗0 to be produced in helicity state +1, and the K∗0 in helicity state −1;

• A010, the amplitude for D∗0 to be produced in helicity state 0, and the K∗0 in helicity state 0; and

• A001, the amplitude for D∗0 to be produced in helicity state −1, and the K∗0 in helicity state +1.

It is important to note that the relative proportions of these helicity components cannot be known a
priori.

The B0-candidate mass reconstructed by combining the D and K∗0 candidates for this mode depends
on the fraction of energy carried away by the neutral X0, which may be parameterized by θ′, the angle
between the D0 momentum in the D∗0 rest frame and the D∗0 momentum in the B0

(s) rest frame. The θ′

distribution can be expressed for D∗0→ D0π0 decays as [145, 146]

I(θ′) ∝
1
2

(
|A001|2 + |A100|2

)
sin2 θ′ + |A010|2 cos2 θ′, (5.46)

and for D∗0→ D0γ decays as

I(θ′) ∝
1
2

(
|A001|2 + |A100|2

)
(1 + cos2 θ′) + |A010|2 sin2 θ′. (5.47)

Since in each case the 001 and 100 configurations follow the same angular dependence, no distinction
can be made between these two contributions in the DK∗0 mass spectrum. Therefore, only the 001
configuration is simulated to obtain the shape describing both 001 and 100 configurations. PDF shapes
to describe the B-mass spectrum of these components are obtained directly from selected B0

s → D∗K∗

Monte Carlo, using the kernel estimation functionality provided by the RooFit software library. The
shapes obtained are displayed in subplots (b), (c), (d) and (e) of Figure 5.8 and Figure 5.9 for LL and DD
samples respectively.

To allow for the possibility of differences in the position and width of the kernel-estimated shapes
obtained from simulation, relative to the true shapes that would be observed in data, a corrective
Gaussian smearing and mass shift are applied to the simulated sample before the final kernel-estimated
shapes are constructed. These are determined from the observed data-simulation differences in the
width and central value of the B0

s peak:

• The fits to simulated B0
s decays yield values for the B0

s mean of µLL
MC = 5367.3 MeV and µDD

MC =

5367.2 MeV, whilst a previous fit to selected data returns the value µdata = 5369.4 MeV. Therefore
the B0

(s) → D∗K∗ shapes are shifted by 2.1(2.2)MeV in the final fit to the LL(DD) sample.
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• The returned value for the smearing factor, kσ, introduced in the signal PDF shape, parameterizes
the relative difference in the signal PDF widths observed in data and simulation, and is taken as
the appropriate width for the Gaussian smearing.

Finally, the different partially-reconstructed B0
(s) → D∗K∗ components are combined according to

their known branching fractions [147], and their efficiencies in the full selection. In addition, the ratios
of the yields of corresponding partially reconstructed B0 and B0

s components are fixed to match the ratio
of the signal and control mode yields. The function describing this partially reconstructed background
may then be expressed as

Ftt
part(m; Ns tt

010 , r101) = Fs tt
part(m; Ns tt

010 , r101) + Fd tt
part(m; Ns tt

010 , r101), (5.48)

with

Fs tt
part(m; Ns tt

010 , r101) =Ns tt
010 ·

(
Gtt

010 · f tt
γ010(m) + (1− Gtt

010) · f tt
π0010(m)

)

+ r101Ns tt
010 ·

(
Gtt

101 · f tt
γ101(m) + (1− Gtt

101) · f tt
π0101(m)

)
, (5.49)

Fd tt
part(m; Ns tt

010 , r101) =rB0 Ns tt
010 ·

(
Gtt

010 · f tt
γ010(m− δm) + (1− Gtt

010) · f tt
π0010(m− δm)

)

+ r101rB0 Ns tt
010 ·

(
Gtt

101 · f tt
γ101(m− δm) + (1− Gtt

101) · f tt
π0101(m− δm)

)
, (5.50)

where:

• Ns tt
010 are the B0

s→ D∗0K∗0 yields for helicity component 010, and r101 gives the relative yield for
helicity component 101 as a fraction of this value, such that r101 = Ns tt

101 /Ns tt
010 (here 101 designates

the combination 100 + 001, since these components are indistinguishable in the reconstructed
B-mass spectrum). r101 is taken to be common for both track types;

• f tt
γH and f tt

π0 H denote the kernel-estimated PDFs for helicity component H, extracted from simu-
lated B0

s→ D∗0K∗0 samples; and

• Gtt
H give the proportionality of the D∗ → Dγ contribution relative to the D∗ → Dπ0 contribution,

for helicity component H. They are fixed from the measured branching fractions [147] and the
relative efficiencies observed for the two components in Monte Carlo simulation, and are defined
as

Gtt
H ≡

gtt
H

gtt
H + ptt

H
, (5.51)

where

gtt
H = B(Dγ) · εH tt

gen (Dγ) · εH tt
strip(Dγ) · εH tt

sel (Dγ), and (5.52)

ptt
H = B(Dπ0) · εH tt

gen (Dπ0) · εH tt
strip(Dπ0) · εH tt

sel (Dπ0). (5.53)

The Monte Carlo generator efficiency, εgen, includes the effects of all detector acceptance require-
ments applied. εstrip is the efficiency of the stripping selection, and εsel gives the efficiency of the
full offline selection. The values of these parameters are summarised in Table 5.10.
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Quantity D∗0→ D0π0 D∗0→ D0γ

LL DD LL DD

Branching fraction (65.5± 0.9)% [147] (34.5± 0.9)% [147]
ε010

gen (6.32± 0.06)% (6.36± 0.02)%
ε101

gen (6.72± 0.08)% (6.76± 0.02)%
ε010

strip (1.177± 0.002)% (1.177± 0.002)%

ε101
strip (1.158± 0.002)% (1.144± 0.002)%

ε010
sel (2.37± 0.01)% (6.87± 0.02)% (2.28± 0.01)% (6.58± 0.02)%

ε101
sel (1.18± 0.01)% (3.35± 0.02)% (1.12± 0.01)% (3.20± 0.02)%

Table 5.10.: Known branching fractions, and measured efficiencies obtained in Monte Carlo simulation, for B0
s→

D∗0K∗0 partially reconstructed background components.

Combinatoric background

The combinatoric background component is modelled by a decreasing exponential distribution with
slope parameter τ,

Ftt
comb(m; Ntt

comb, τtt) = Ntt
comb · eτttm|τtt|. (5.54)
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Figure 5.8.: B-mass PDF shapes used in the fit to LL B0 → DK∗0 candidates. A double Crystal Ball function is fitted
to (a) B0

s signal Monte Carlo samples. Kernel-estimated shapes are obtained from B0
s → D∗K∗0 Monte

Carlo samples, for (b) D∗ → Dγ001, (c) D∗ → Dγ010, (d) D∗ → Dπ0
001 and (e) D∗ → Dπ0

010 candidates.
For plot (a), histogram points show Monte Carlo simulation, a solid blue line gives the fitted PDF, and
the two constituent Crystal Ball functions of the fitted PDF are shown as dashed red and yellow lines.
The lower canvas of (a) shows the pull.
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Figure 5.9.: B-mass PDF shapes used in the fit to DD B0 → DK∗0 candidates. A double Crystal Ball function is
fitted to (a) B0

s signal Monte Carlo samples. Kernel-estimated shapes are obtained from B0
s → D∗K∗0

Monte Carlo samples, for (b) D∗ → Dγ001, (c) D∗ → Dγ010, (d) D∗ → Dπ0
001 and (e) D∗ → Dπ0

010
candidates. For plot (a), histogram points show Monte Carlo simulation, a solid blue line gives the
fitted PDF, and the two constituent Crystal Ball functions of the fitted PDF are shown as dashed red
and yellow lines. The lower canvas of (a) shows the pull.
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5.2.1. Mass fit result

In summary, the model used to fit the reconstructed B-mass spectrum for selected data of each track
type is comprised of 11 components. Double Crystal Ball shapes are used to describe signal arising
from B0 and B0

s decays. For background arising from partially-reconstructed B0
(s) → D∗K∗0 decays, four

kernel-estimated PDF shapes are used for B0 decays and four for B0
s , to describe the two distinguishable

helicity distributions and the two possible decay modes D∗ → Dγ and D∗ → Dπ0. The four PDF
shapes obtained for B0 → D∗K∗0 background are combined according to their branching fractions
and measured efficiencies in MC, and likewise for the four PDF shapes obtained for B0

s → D∗K∗0

background. The combinatoric background component is described using an exponential.

The full PDF model used to fit each track type category may be written, in terms of its free
parameters, as

Ftt
tot =Ftt

sig(m; Ntt
B0

s
, rB0 , µ, kσ)+

Ftt
part(m; Ns tt

010 , r101) + Ftt
comb(m; Ntt

comb, τtt). (5.55)

All parameters are taken to be independent for samples of different track type, except for:

• the central value of the B0
s peak, µ;

• the ratio of B0 and B0
s yields, rB0 ;

• the smearing factor for the Crystal Ball widths in data relative to simulation, kσ; and

• the ratio of helicities in B0
(s) → D∗K∗0 background, r101.

The constant parameters of the fit, and their fixed values, are summarized in Table 5.11. The full
simultaneous fit to LL and DD candidates, performed on the 2011 and 2012 LHCb dataset, is displayed
in Figure 5.10. The values returned for the free parameters are summarized in Table 5.12, and their
obtained correlations are illustrated in Figure 5.11. Only candidates falling within a ± 3σ window
centred on the fitted B0 mean, µ− δm, are propagated forward to the full CP fit.7 This window is marked
by vertical lines in Figure 5.10. For both LL and DD candidates, the window used is [5245; 5319] MeV.
Component yields extracted within this window are enumerated in Table 5.13.

7Note that, whilst kinematically identical to B0 signal, B0
s candidates do not depend on the same CKM matrix elements, and

give only very weak dependence on the CP phase γ.
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Constant Value Description
Parameter

δm 87.35 MeV Mass shift between B0
(s) peaks

σLL
MC 13.5 MeV

Double Crystal Ball parameters for signal PDFs

σDD
MC 13.6 MeV

αLL
1 1.44

αLL
2 1.07

αDD
1 0.565

αDD
2 1.67

nLL
1 1.89

nLL
2 3.30

nDD
1 3.07

nDD
2 2.52

f LL 0.683
f DD 0.192

δmLL
Dρ 44.1 MeV

Mass shift between B0 → Dρ0 and B0
s peaks

δmDD
Dρ 38.1 MeV

GLL
010 0.374

Proportionality constants for B0 → D∗K∗0 backgrounds
GDD

010 0.372
GLL

101 0.367
GDD

101 0.369

Table 5.11.: Constant parameters used in the simultaneous fit to the reconstructed B-mass spectrum for selected
B0 → DK∗0 candidates.
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Figure 5.10.: Fit to reconstructed B-mass spectrum, and corresponding pulls, for LL (top) and DD (bottom) B0 →
DK∗0 candidates. In each plot, the lower canvas shows the pull.
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Free Parameter Designation Fitted Value Description

µ Bs_mean 5369+1
−1 Central value of B0

s peak
NLL

B0
s

LL_nBs 43+7
−6 B0

s→ DK∗0 yield (LL)

NDD
B0

s
DD_nBs 93+11

−10 B0
s→ DK∗0 yield (DD)

rB0 BdBs_frac 0.585+0.095
−0.084 Ratio of B0 and B0

s yields
kσ smear_factor 0.907+0.093

−0.083 Ratio of Crystal Ball widths measured
in data and simulation

Ns LL
010 LL_NDst_Bs_010 65+12

−11 010-helicity B0
s→ D∗0K∗0 yield (LL)

Ns DD
010 DD_NDst_Bs_010 108+17

−16 010-helicity B0
s→ D∗0K∗0 yield (DD)

r101 ratio_001_010 0.003+0.1
−0.1 Ratio of 101 and 010 helicity

components in B0
s→ D∗0K∗0

NLL
comb LL_nComb 166+18

−17 Combinatoric yield (LL)
NDD

comb DD_nComb 339+26
−25 Combinatoric yield (DD)

τLL LL_Comb_tau −0.00423+0.0005
−0.0005 Combinatoric slope (LL)

τDD DD_Comb_tau −0.00364+0.0003
−0.0003 Combinatoric slope (DD)

Table 5.12.: Free parameters used in the simultaneous fit to the reconstructed B-mass spectrum for selected
B0 → DK∗0 candidates. The designations assigned within the fitting program are listed, to allow the
reader to interpret the corresponding plot of correlations, Figure 5.11.

Component Yield
LL DD

signal 21± 3 46± 5
B0

s 1.0± 0.1 2.2± 0.2
B0

s → D∗K∗0 2.4± 0.3 5± 2
B0 → D∗K∗0 0.026± 0.004 0.03± 0.01
combinatoric 4.5± 0.5 10.9± 0.8

Table 5.13.: Yields extracted in the signal region for mode B0 → DK∗0.
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Figure 5.11.: Correlation matrix obtained for fitted parameters in the simultaneous B-mass fit to LL and DD
B0 → DK∗0 candidates.
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5.3. Fit to selected B± → DK∗± candidates

A single simultaneous fit is performed to selected B± → DK∗± candidates, which are split into two
categories depending on the track type of the reconstructed K0

S candidate.The PDFs used in this fit
are described below, and the simulated samples used to obtain PDF shapes for this fit are listed in
Table 5.14.

Mode No. of candidates generated

B± → DK∗± 6.0× 106

B± → D∗K∗± , D∗ → Dγ (001) 3.0× 106

B± → D∗K∗± , D∗ → Dγ (010) 3.0× 106

B± → D∗K∗± , D∗ → Dγ (100) 3.0× 106

B± → D∗K∗± , D∗ → Dπ0 (001) 3.0× 106

B± → D∗K∗± , D∗ → Dπ0 (010) 3.0× 106

B± → D∗K∗± , D∗ → Dπ0 (100) 3.0× 106

Table 5.14.: Simulated Monte Carlo samples used to extract PDF shapes for the reconstructed B-mass fit of selected
B± → DK∗± candidates. Labels (001) and (010) for the B± → D∗K∗± samples refer to the simulated
helicity combinations in the scalar to vector-vector decay, as described in Section 5.2.

Signal

Double Crystal Ball shapes are used to describe the contribution from signal candidates. The tail
parameters of the two component Crystal Ball shapes, along with the constant of proportionality
between their relative magnitudes, are fixed to values extracted from fits to simulated signal candidates,
as shown in Figure 5.12 (a) and Figure 5.13 (a) for LL and DD samples, respectively. The full selection is
applied, with the exception of the MVA requirement, since these same simulation samples are used in
its training.8

The full PDF used to describe B± → D∗K∗± candidates in the mass fit may then be expressed as

Ftt
sig(m; Ntt

sig, µ, σtt) ≡ Ntt
sig ·

(
f tt · CB(m; µ, σtt, αtt

1 , ntt
1 )

+ (1− f tt) · CB(m; µ,−σtt, αtt
2 , ntt

2 )
)
, (5.56)

where the parameters fixed from fits to simulated signal candidates are given by:

• αLL
1 = 1.68 and αDD

1 = 2.02;

• nLL
1 = 2.56 and nDD

1 = 1.75;

• αLL
2 = 1.72 and αDD

2 = 1.72;

• nLL
2 = 3.26 and nDD

2 = 3.26; and
8Ideally, a subset of the Monte Carlo simulation would be excluded from the MVA training, so that it could safely be used

here with the MVA requirement applied. However, insufficient simulated statistics are available to allow this in the present
analysis, and the full simulated samples are used for training.
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• f LL = 0.869 and f DD = 0.806.

Partially-reconstructed B± → D∗K∗± background

Analogously with the fit to B0
(s) → DK∗0 candidates, an important source of background arises from

partially reconstructed B± → D∗K∗± decays, with D∗ → DX0, where X0 = γ, π0 is missed in the
reconstruction of the event. The helicity structure in these decays is the same as for B0

(s) → D∗K∗0,
described in Section 5.2, since both are decays of a pseudo scalar meson to two vector mesons.

Once again, kernel-estimated shapes are used to describe these backgrounds, as displayed in
subplots (b), (c), (d) and (e) of Figure 5.12 and Figure 5.13 for LL and DD samples respectively. The
different partially-reconstructed B0

(s) → D∗K∗ components are again combined according to their
known branching fractions [147], and their efficiencies in the full selection, and may be described
mathematically as

Ftt
part(m; Ntt

010, r101) =Ntt
010 ·

(
Gtt

010 · f tt
γ010(m) + (1− Gtt

010) · f tt
π0010(m)

)

+ r101Ntt
010 ·

(
Gtt

101 · f tt
γ101(m) + (1− Gtt

101) · f tt
π0101(m)

)
, (5.57)

where:

• Ntt
010 are the B± → D∗K∗± yields for helicity component 010, and r101 gives the relative yield for

helicity component 101 as a fraction of this value, such that r101 = Ntt
101/Ntt

010 (101 again designates
the combination 100 + 001). r101 is taken to be common for both track types;

• f tt
γH and f tt

π0 H denote the kernel-estimated PDFs for helicity component H, extracted from simu-
lated B± → D∗K∗± samples; and

• Gtt
H give the proportionality of the D∗ → Dγ contribution relative to the D∗ → Dπ0 contribution,

for helicity state H. They are fixed from the measured branching fractions [147] and the relative
efficiencies observed for the two components in Monte Carlo simulation, and are defined as

Gtt
H ≡

gtt
H

gtt
H + ptt

H
, (5.58)

where

gtt
H = B(Dγ) · εH tt

gen (Dγ) · εH tt
strip(Dγ) · εH tt

sel (Dγ), and (5.59)

ptt
H = B(Dπ0) · εH tt

gen (Dπ0) · εH tt
strip(Dπ0) · εH tt

sel (Dπ0). (5.60)

The Monte Carlo generator efficiency, εgen, includes the effects of all detector acceptance require-
ments applied. εstrip is the efficiency of the stripping selection, and εsel gives the efficiency of the
full offline selection. The values of these parameters are summarised in Table 5.15.
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Quantity D∗0→ D0π0 D∗0→ D0γ

LL DD LL DD

Branching fraction (65.5± 0.9)% [147] (34.5± 0.9)% [147]
ε010

gen (15.9± 0.02)% (18.4± 0.03)%
ε101

gen (15.6± 0.02)% (18.0± 0.02)%
ε010

strip (0.106± 0.002)% (0.0898± 0.002)%

ε101
strip (0.106± 0.001)% (0.0915± 0.001)%

ε010
sel (8.8± 0.5)% (27.7± 1.0)% (8.9± 0.6)% (28.2± 1.1)%

ε101
sel (9.8± 0.4)% (29.8± 0.7)% (9.9± 0.4)% (29.2± 0.8)%

Table 5.15.: Known branching fractions, and measured efficiencies obtained in Monte Carlo simulation, for partially-
reconstructed B± → D∗K∗± background components.

Combinatoric background

The combinatoric background component is modelled by a decreasing exponential distribution with
slope parameter τ,

Ftt
comb(m; Ntt

comb, τtt) = Ntt
comb · eτttm|τtt|. (5.61)
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Figure 5.12.: B-mass PDF shapes used in the fit to LL B± → DK∗± candidates. A Double Crystal Ball function
is fitted to signal mode Monte Carlo (a). Kernel-estimated shapes are obtained from B± → D∗K∗±

Monte Carlo samples, for (b)D∗ → Dγ001, (c)D∗ → Dγ010, (d) D∗ → Dπ0
001 and (e)D∗ → Dπ0

010
candidates. For plot (a), histogram points show Monte Carlo simulation, a solid blue line gives the
fitted PDF, and the two constituent Crystal Ball functions of the fitted PDF are shown as dashed red
and yellow lines. The lower canvas of (a) shows the pull.
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Figure 5.13.: B-mass PDF shapes used in the fit to DD B± → DK∗± candidates. A Double Crystal Ball function
is fitted to signal mode Monte Carlo (a). Kernel-estimated shapes are obtained from B± → D∗K∗±

Monte Carlo samples, for (b)D∗ → Dγ001, (c)D∗ → Dγ010, (d) D∗ → Dπ0
001 and (e)D∗ → Dπ0

010
candidates. For plot (a), histogram points show Monte Carlo simulation, a solid blue line gives the
fitted PDF, and the two constituent Crystal Ball functions of the fitted PDF are shown as dashed red
and yellow lines. The lower canvas of (a) shows the pull.
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5.3.1. Mass fit result

In summary, the model used to fit the reconstructed B-mass spectrum for selected data of each track type
is comprised of six components. Double Crystal Ball shapes are used to describe signal decays, whilst
combinatoric background is described using an exponential. For background arising from partially-
reconstructed B± → D∗K∗± decays, four kernel-estimated PDF shapes are used to describe the two
distinguishable helicity distributions and the two possible decay modes D∗ → Dγ and D∗ → Dπ0.
The four kernel-estimated PDFs are combined according to their branching fractions and measured
efficiencies in MC.

The full PDF model used to fit each track type category may be written in terms of its free parameters
as

Ftt
tot =Ftt

sig(m; Ntt
sig, µ, σtt) + Ftt

comb(m; Ntt
comb, τtt)

+ Ftt
part(m; Ntt

010, r101). (5.62)

All parameters are taken to be independent for samples of different track type, except for:

• the central value of the signal peak, µ; and

• the ratio of helicities in B0
(s) → D∗K∗0 background, r101.

The constant parameters of the fit, and their fixed values, are summarized in Table 5.16. The full
simulataneous fit to LL and DD candidates, performed on the full 2011 and 2012 LHCb dataset, is
displayed in Figure 5.14. The values returned for the free parameters are summarized in Table 5.17, and
their obtained correlations are illustrated in Figure 5.15. Only candidates falling within a ± 3σ window
centred on the fitted signal mean, µ, are propagated forward to the full CP fit. This window is marked
by vertical lines in Figure 5.14. For LL candidates, the window used is [5251; 5318] MeV, and for DD
candidates it is [5235; 5334] MeV. These windows differ in width due to the difference in the values
obtained for σLL and σDD in the fit. Component yields extracted within these windows are enumerated
in Table 5.18.
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Constant Value Description
Parameter

αLL
1 1.68

Double Crystal Ball parameters for signal PDFs

αLL
2 1.72

αDD
1 2.02

αDD
2 1.72

nLL
1 2.56

nLL
2 3.26

nDD
1 1.75

nDD
2 3.26

f LL 0.869
f DD 0.806

GLL
010 0.377

Proportionality constants for B± → D∗K∗± backgrounds
GDD

010 0.379
GLL

101 0.381
GDD

101 0.374

Table 5.16.: Constant parameters used in the simultaneous fit to the reconstructed B-mass spectrum for selected
B± → DK∗± candidates.
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Figure 5.14.: Fit to reconstructed B-mass spectrum, and corresponding pulls, for LL (top) and DD (bottom) B± →
DK∗± candidates. In each plot, the lower canvas shows the pull.
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Free Parameter Designation Fitted Value Description

µ mean 5283+2
−2 Central value of signal peak

NLL
sig LL_nB 12+4

−4 B± → DK∗± yield (LL)

NDD
sig DD_nB 38+8

−7 B± → DK∗± yield (DD)

σLL LL_sigmaCB1 11+4
−3 Width parameter of Crystal Ball shapes (LL)

σDD DD_sigmaCB1 16+4
−4 Width parameter of Crystal Ball shapes (DD)

NLL
010 LL_NDst_010 4+4

−3 Yield of 010-helicity B± → D∗K∗± (LL)
NDD

010 DD_NDst_010 36+15
−14 Yield of 010-helicity B± → D∗K∗± (DD)

r101 ratio_001_010 0.003+0.1
−0.1 Ratio of 101 and 010 helicity

components in B± → D∗K∗±

NLL
comb LL_nComb 33+8

−7 Combinatoric yield (LL)
NDD

comb DD_nComb 74+13
−11 Combinatoric yield (DD)

τLL LL_Comb_tau −0.0027+0.0009
−0.0009 Combinatoric slope (LL)

τDD DD_Comb_tau −0.0013+0.0006
−0.0006 Combinatoric slope (DD)

Table 5.17.: Free parameters used in the simultaneous fit to the reconstructed B-mass spectrum for selected
B± → DK∗± candidates. The designations assigned within the fitting program are listed, to allow the
reader to interpret the corresponding plot of correlations, Figure 5.15.

Component Yield
LL DD

signal 12± 4 32± 6
B± → D∗K∗± 0.02± 0.01 0.09± 0.03
combinatoric 1.3± 0.3 4.4± 0.6

Table 5.18.: Yields extracted in the signal region for mode B± → DK∗±
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Figure 5.15.: Correlation matrix obtained for parameters in the simultaneous B-mass fit to LL and DD B± → DK∗±

candidates.
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5.4. Fit to selected B± → D∗h± candidates

Two separate simultaneous fits are performed to selected B± → D∗h± candidates. Separate fits
are performed for candidates containing K0

S candidates of different track types. Within each fit, six
separate categories are fitted simultaneously, split by the identification of the bachelor type (pion
or kaon) and by the neutral hypothesis satisfied by the reconstructed D∗-meson decay, D∗ → DX0

(X0 = γ, π0, or π0
part.reco.), as described in Section 4.3.3. The neutral hypothesis π0

part.reco., or ‘partially-
reconstructed π0’ corresponds to the case when a real D∗ → Dπ0 decay is reconstructed as D∗ → Dγ,
due to the loss of one photon from the subsequent π0 → γγ decay. The requirements used to separate
the selected data samples into these categories are listed in Table 5.19. The missing mass variable m3 is
defined as m3 ≡ m(D∗)−m(D)−m(X0), as discussed in Section 4.3.3.

Bachelor hypothesis Neutral hypothesis
X0 = γ X0 = π0 X0 = π0

part.reco.

B± → D∗K± DLLKπ(bach) > 4 DLLKπ(bach) > 4 DLLKπ(bach) > 4
130 < m3 < 160 MeV 2 < m3 < 12.5 MeV 60 < m3 < 100 MeV

B± → D∗π± DLLKπ(bach) < 4 DLLKπ(bach) < 4 DLLKπ(bach) < 4
130 < m3 < 160 MeV 2 < m3 < 12.5 MeV 60 < m3 < 100 MeV

Table 5.19.: Requirements used to separate selected B± → D∗h± candidates into six simultaneous fit categories.

In what follows, each of the six categories defined will be referred to by the syntax ‘(b, n)’, where b
denotes the bachelor hypothesis (π or K) and n the neutral hypothesis (γ, π0 or π0

part.reco.). The PDFs
used in this fit are described below. The simulated samples used to obtain PDF shapes for this fit are
listed in Table 5.20.

Mode Conditions No. of candidates generated

B± → D∗K± 2012 5.3× 106

B± → D∗π± 2012 6.0× 106

B± → D∗ρ± , ρ± → π±π0 2012 3.0× 106

B± → D∗K∗± , K∗± → K±π0 2012 3.0× 106

B± → DK± 2012 6.4× 106

2011 3.2× 106

B± → Dπ± 2012 6.4× 106

2011 3.2× 106

B± → Dρ± , ρ± → π±π0 2012 1.5× 106

B0 → D∗±π∓ , D∗± → π∓D0 2012 0.5× 106

B0 → D∗±K∓ , D∗± → π∓D0 2012 0.5× 106

Table 5.20.: Simulated Monte Carlo samples used to extract shapes for the reconstructed B-mass fit of selected
B± → D∗h± candidates.
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It is important to note that all samples used in this mass fit, both data and MC, may be reconstructed
under either hypothesis for the bachelor meson candidate, h = π or h = K. These reconstructions differ
in the masses assigned to the bachelor candidate, and thus in the mass reconstructed for the progenitor
B-meson candidate. For each candidate B-meson decay, both reconstructions are performed, and
candidates matching a given bachelor hypothesis (b = π, K) are selected by applying the requirements
defined in Table 5.19 to the appropriately-reconstructed sample. This is safe because the PID require-
ments defined to separate bachelor categories in Table 5.19 are disjoint, ensuring that any candidate can
enter one category only (b = π or b = K).

The shapes used to describe all components except combinatoric background are determined from
simulated samples. These samples are split using the same criteria listed in Table 5.19 to give six
subsamples for each K0

S track type. In addition, truth-level information is used to determine the true
neutral hypothesis corresponding to each simulated event. Where the same background is expected to
contribute in both categories of bachelor hypothesis (i.e. both B± → D∗π± and B± → D∗K± ), the
simulated sample for this background is reconstructed separately under each hypothesis, and separate
shapes are extracted in each case, after the application of the full selection.

Separate shapes are extracted for candidates satisfying the neutral hypothesis (n = π0
part.reco.),

known as the partially-reconstructed sample, and for those satisfying the neutral hypothesis ((n =

γ)||(n = π0)), known as the ‘correctly-reconstructed’ sample. Independent shapes are not extracted for
candidates satisfying the neutral hypothesis (n = π0) alone, since the yield of this signal category in
both data and simulation is significantly lower than for the other categories.9 Instead, common shapes
are used for both of the categories with correctly-reconstructed neutral products.

Signal

Double Crystal Ball shapes are used to describe the contribution from signal candidates in each fit
category. The tail parameters of the two component Crystal Ball shapes, along with the constant of
proportionality between their relative magnitudes, are fixed to values extracted from fits to simulated
signal candidates, B± → D∗K± . In order for each calibration fit to be performed using a reasonably-
sized simulation sample, candidates of both K0

S track types are combined, and the selection applied
to these samples does not include any requirement on the MVA output variable. This also ensures
that the MVA is not applied to the same simulated samples on which it is trained, which could risk
inducing a bias in the obtained PDF.10 Corresponding fits are shown in Figures 5.16 (a) and 5.17 (a), for
correctly-reconstructed and partially-reconstructed samples, respectively.

The signal PDF shapes may be expressed as

Fb n
sig (m; Nb n

sig , µn, σb n) ≡ Nb n
sig ·

(
f n · CB(m; µn, σb n, αb n

1 , nb n
1 )

+ (1− f n) · CB(m; µn,−σb n, αn
2 , nn

2 )
)
, (5.63)

9This indicates that a D∗ → Dπ0 decay is more likely to be mis-reconstructed as D∗ → Dγ than it is to be correctly reconstructed.
This is due to the fact that it is relatively common for the two photons emitted by the decaying π0 to make a single cluster in
the electromagnetic calorimeter, indistinguishable from a single photon.

10Ideally, a subset of the Monte Carlo simulation would be excluded from the MVA training, so that it could safely be used
here with the MVA requirement applied. However, insufficient simulated statistics are available to allow this in the present
analysis, and the full simulated samples are used for training.



194 Fit to reconstructed B-meson mass spectrum

where a common mean, µn, is used in the fit for both bachelor categories, and the parameter values
fixed from fits to signal MC are:

• α
γ||π0

1 = 0.233 and α
π0

part.reco.
1 = 0.670;

• α
γ||π0

2 = 0.886 and α
π0

part.reco.
2 = 1.03;

• nγ||π0

1 = 112 and n
π0

part.reco.
1 = 22.4;

• nγ||π0

2 = 131 and n
π0

part.reco.
2 = 3.26; and

• f γ||π0
= 0.0536 and f π0

part.reco. = 0.278.

Cross-feed between bachelor hypotheses

Cross-feed can occur when candidates are reconstructed with the wrong mass hypothesis h = π± , K±

for the bachelor track of the B± → D∗h± decay. Due to its much greater branching fraction, the
cross-feed of true h = π candidates into the selected b = K samples is expected to be much greater
than the opposite process. Crystal Ball PDFs are used to describe this component in each (K, n) fit
category, with their tail parameters fixed from fits to simulation. Once again, candidates of both K0

S
track types are combined, and the selection applied to these samples does not include any requirement
on the MVA output variable. Corresponding fits are shown in Figures 5.16 (b) and 5.17 (b), for correctly-
reconstructed and partially-reconstructed samples respectively. These shape for signal cross=feeding
into the b = K category may be expressed as

FK n
xfeed(m; NK n

xfeed, µK n
xfeed, σK n

xfeed) ≡ NK n
xfeed · CB(m; µK n

xfeed, σK n
xfeed, αK n

xfeed, nK n
xfeed), (5.64)

where the parameter values fixed from fits to MC are:

• α
K γ||π0

xfeed = 0.460 and α
K π0

part.reco.
xfeed = 1.34; and

• nK γ||π0

xfeed = 126 and n
K π0

part.reco.
xfeed = 144.

Cross-feed of true h = K candidates into the b = π samples is described using a Gaussian PDF,
since the yield of h = K simulation which passes selection criteria for the b = π hypothesis is too small
to be reliably fitted using a PDF with more parameters. However, a precise determination of the tail
parameters for this cross-feed is not crucial, since it is expected to have a very low yield in data, just as
it does in the B± → Dh± decay modes (see Section 5.1). This PDF may be written as

Fπ n
xfeed(m; Nπ n

xfeed, µπ n
xfeed, σπ n

xfeed) ≡ Nπ n
xfeed ·G(µπ n

xfeed, σπ n
xfeed). (5.65)

Cross-feed between neutral hypotheses

No PDFs are included to describe the contribution of cross-feed between signal corresponding to the
three different neutral hypotheses. Simulated signal samples are studied using truth-level information
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to determine the fraction of candidates that are assigned the wrong hypothesis under the selection
criteria listed in Table 5.19 (see Figure 4.8, which illustrates the distributions of the missing mass
variable, m3, for truth-matched MC candidates generated under each hypothesis). In each fit category,
the cross-feed yield in data is expected to be small, with the greatest fractional contribution cross-feeding
from true X0 = π0

part.reco. decays into the n = γ fit category. For the fit to DD K0
S candidates, this gives

∼ 5 expected cross-feed candidates compared to a signal yield of ∼ 135. At this level of statistics, the
introduction of an extra PDF, almost coincident with the signal PDF, to describe this small contribution
gives an unreliable fit. Instead, it is assumed that the signal PDF shape captures any small contribution
from these cross-feed candidates. Since D∗ → Dγ and D∗ → Dπ0 candidates require different phase
models in the final CP fit, a systematic uncertainty may later be associated with the estimation of these
cross-feed contributions.

Kernel-estimated background shapes

Kernel-estimated PDF shapes are used to describe the contributions from various background sources.
For samples of bachelor hypothesis b = K, shapes are included to describe:

• B± → D∗K∗± , with K∗± → K±π0;

• B± → DK± ;

• B± → Dπ± ; and

• B0 → D∗±K∓ , D∗± → π∓D0.

B± → D∗K∗± may provide a background in this sample if it is reconstructed without the inclusion
of the neutral pion daughter of the K∗± -meson. B± → DK± may enter as background if in the
reconstruction it is incorrectly combined with a neutral candidate from elsewhere in the event. The
same is true for B± → Dπ± , although in this case a π → K mis-identification must also occur.

For samples of bachelor hypothesis b = π, shapes are included to describe

• B± → D∗ρ± , with ρ± → π±π0;

• B± → Dπ± ;

• B± → Dρ± , with ρ± → π±π0; and

• B0 → D∗±π∓ , with D∗± → π∓D0.

The backgrounds B± → DK± and B0 → D∗±K∓ are not included in this case, since their lower
branching fractions and the additional K → π mis-identification required ensure that their yields are
significantly lower than that of B± → Dπ± , which is already expected to be small.

Kernel-estimated PDF shapes, extracted from simulated samples after the full selection, are shown
in Figures 5.18, 5.19, 5.20 and 5.21, for correctly-reconstructed LL, partially-reconstructed LL, correctly-
reconstructed DD and partially-reconstructed DD samples, respectively.
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Combinatoric background

The combinatoric background component in each fit category is modelled by a decreasing exponential
distribution,

Fb n
comb(m; Nb n

comb, τb n) = Nb n
comb · eτb nm|τb n|. (5.66)
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Figure 5.16.: Fitted B-mass PDF shapes used in the fit to both LL and DD B± → D∗h± correctly-reconstructed (i.e.
(n = γ||n = π0)) candidates. A Double Crystal Ball function is fitted to signal mode (B± → D∗K± )
MC (a). Cross-feed from control mode (B± → D∗π± ) MC, reconstructed in the signal mode, is fitted
using a single Crystal Ball function (b). In each plot, histogram points show Monte Carlo simulation
and a solid blue line gives the fitted PDF model. For plot (a), dashed red and yellow lines indicate the
two constituent Crystal Ball shapes of the model. In each plot, the lower canvas shows the pull.
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Figure 5.17.: Fitted B-mass PDF shapes used in the fit to both LL and DD B± → D∗h± partially-reconstructed (i.e.
n = π0

part. reco.) candidates. A Double Crystal Ball function is fitted to signal mode (B± → D∗K± )
MC (a). Cross-feed from control mode (B± → D∗π± ) MC, reconstructed in the signal mode, is fitted
using a single Crystal Ball function (b). In each plot, histogram points show Monte Carlo simulation
and a solid blue line gives the fitted PDF model. For plot (a), dashed red and yellow lines indicate the
two constituent Crystal Ball shapes of the model. In each plot, the lower canvas shows the pull.
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Figure 5.18.: Kernel-estimated B-mass PDF shapes used in the fit to LL B± → D∗h± correctly-reconstructed
(i.e. (n = γ||n = π0)) candidates. Shapes are obtained from: B± → D∗ρ± MC entering the b = π
category (a); B± → D∗K∗± MC entering the b = K category (b); B± → Dπ± MC entering the
b = π (c) and b = K (d) categories; B± → Dρ± MC entering the b = π category (e); B± → DK±

MC entering the b = K category (f); B0 → D∗± π∓ MC entering the b = π category (g); and
B0 → D∗± K∓ MC entering the b = K category (h).
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Figure 5.19.: Kernel-estimated B-mass PDF shapes used in the fit to LL B± → D∗h± partially-reconstructed (i.e.
n = π0

part. reco.) candidates. Shapes are obtained from: B± → D∗ρ± MC entering the b = π category
(a); B± → D∗K∗± MC entering the b = K category (b); B± → Dπ± MC entering the b = π (c) and
b = K (d) categories; B± → Dρ± MC entering the b = π category (e); B± → DK± MC entering
the b = K category (f); B0 → D∗± π∓ MC entering the b = π category (g); and B0 → D∗± K∓ MC
entering the b = K category (h).
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Figure 5.20.: Kernel-estimated B-mass PDF shapes used in the fit to DD B± → D∗h± correctly-reconstructed
(i.e. (n = γ||n = π0)) candidates. Shapes are obtained from: B± → D∗ρ± MC entering the b = π
category (a); B± → D∗K∗± MC entering the b = K category (b); B± → Dπ± MC entering the
b = π (c) and b = K (d) categories; B± → Dρ± MC entering the b = π category (e); B± → DK±

MC entering the b = K category (f); B0 → D∗± π∓ MC entering the b = π category (g); and
B0 → D∗± K∓ MC entering the b = K category (h).
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Figure 5.21.: Kernel-estimated B-mass PDF shapes used in the fit to DD B± → D∗h± partially-reconstructed (i.e.
n = π0

part. reco.) candidates. Shapes are obtained from: B± → D∗ρ± MC entering the b = π category
(a); B± → D∗K∗± MC entering the b = K category (b); B± → Dπ± MC entering the b = π (c) and
b = K (d) categories; B± → Dρ± MC entering the b = π category (e); B± → DK± MC entering
the b = K category (f); B0 → D∗± π∓ MC entering the b = π category (g); and B0 → D∗± K∓ MC
entering the b = K category (h).



Fit to reconstructed B-meson mass spectrum 201

5.4.1. Constraints applied

The PDFs described so far combine to give the total model for the reconstructed B-meson mass, which
may be written in terms of its free parameters as

Fπ n
tot =Fπ n

sig (m; Nπ n
sig , µn, σπ n)

+ Fπ n
xfeed(m; Nπ n

xfeed, µπ n
xfeed, σπ n

xfeed)

+ Nπ n
D∗ρ · f π n

D∗ρ(m) + Nπ n
Dπ · f π n

Dπ (m) + Nπ n
Dρ · f π n

Dρ (m) + Nπ n
D∗± π · f π n

D∗± π(m)

+ Fπ n
comb(m; Nπ n

comb, τπ n), (5.67)

for fit categories of bachelor hypothesis b = π, and

FK n
tot =FK n

sig (m; NK n
sig , µn, σK n)

+ FK n
xfeed(m; NK n

xfeed, µK n
xfeed, σK n

xfeed)

+ NK n
D∗K∗ · f K n

D∗K∗(m) + NK n
Dπ · f K n

Dπ (m) + NK n
DK · f K n

DK (m) + NK n
D∗± K · f K n

D∗± K(m)

+ FK n
comb(m; NK n

comb, τK n), (5.68)

for fit categories of bachelor hypothesis b = K.

Given the three categories defined for the neutral hypothesis, n, this implies that the model contains
75 degrees of freedom. In order to obtain a reliable fit, constraints are applied, such that in the end only
20 free parameters are needed. The constraints applied are described in turn:

• a common mean, µ is used for all correctly-reconstructed signal components, and for the partially-
reconstructed signal components the relative shift is fixed from simulation:

µγ = µπ0
= µ, and (5.69)

µπ0
part.reco. = µ + δmpart.reco., where (5.70)

δmpart.reco. = (µ
π0

part.reco.
MC − µ

γ||π0

MC ); (5.71)

• for each b = K category, the shift of the cross-feed shape, relative to the corresponding signal
mean, is fixed from simulation. For the b = π categories, where no fit is performed to simulated
cross-feed, the shift is taken to be the same magnitude as the corresponding b = K shift, but in the
opposite direction:

µ
K γ||π0

xfeed = µ + δmcor.reco.
xfeed , (5.72)

µ
K π0

part.reco.
xfeed = µ + δmpart.reco.

xfeed , (5.73)

µ
π γ||π0

xfeed = µ− δmcor.reco.
xfeed , and (5.74)

µ
π π0

part.reco.
xfeed = µ− δmpart.reco.

xfeed , where (5.75)
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δmcor.reco.
xfeed = (µ

γ||π0

xfeed MC − µ
γ||π0

MC ) and (5.76)

δmpart.reco.
xfeed = (µ

π0
part.reco.

xfeed MC − µ
π0

part.reco.
MC ); (5.77)

• common width parameters, σn, are used for the signal shapes of both bachelor categories in the fit:

σK n = σπ n = σn; (5.78)

• the ratios of the widths of the different signal shapes, and of the shapes describing cross-feed in
the b = K categories, are fixed to match the ratios found in the fits to simulation, by introducing a
common ‘smearing factor’ parameter, kσ:

σn = kσσK n
MC ; and (5.79)

σK n
xfeed = kσσK n

xfeed MC; (5.80)

• for the cross-feed shapes in the b = π categories, where corresponding fits to simulation are not
performed, the ratio of the width of the cross-feed shape to the signal shape is taken from the
relative widths of the corresponding components in the B± → Dπ± mass fit (see Section 5.1).
This ratio is taken to be common for all neutral hypotheses, and is parameterized by rπ

σ :

σπ n
xfeed = rπ

σ σn; (5.81)

• the ratio of yields of b = K signal to b = π signal is taken to be equal for each neutral category,
since the m3 requirements used to define each neutral hypothesis should not affect the distribution
of the DLLKπ(bach) variable used to separate different bachelor hypotheses (as m3 depends on
properties of the D∗ meson decay, whilst DLLKπ(bach) depends only on properties of the bachelor
track). The common ratio is parameterized by rKπ :

NK n
sig = rKπ Nπ n

sig ; (5.82)

• the cross-feed yields, for samples of the same neutral hypothesis but different bachelor hypotheses,
are linked to the corresponding signal yields using the known mis-indentification efficiency of the
requirement used to separate the two bachelor hypotheses (DLLKπ(bach) ≷ 4), calculated using
the standard LHCb simulation calibration package, PIDCalib [148]:

NK n
xfeed = εPID

π→K Nπ n
sig ; and (5.83)

Nπ n
xfeed = εPID

K→π NK n
sig ; (5.84)

• the ratio between the yield of B± → D∗ρ± background (included only for the b = π categories)
and the signal yield is taken to be equal for both n = π0 and n = π0

part.reco. neutral categories, since
the true signal decay is the same in each case, and equally susceptible to background containing
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an additional π0-meson. The common ratio is parameterized by rπ0
ρ :

Nπ π0

D∗ρ = rπ0

ρ Nπ π0

sig ; and (5.85)

N
π π0

part.reco.
D∗ρ = rπ0

ρ N
π π0

part.reco.
sig ; (5.86)

• the ratio of the B± → D∗K∗± background (included only for the b = K categories) and the signal
yield is treated in an analogous way, but with a common ratio used for all three neutral hypotheses,
parameterized by rπ0

K∗ :

NK n
D∗K∗ = rπ0

K∗N
K n
sig ; (5.87)

• the yields of the B± → Dπ± background in the b = K categories are constrained relative to those
in the b = π categories, using the known mis-identification efficiency of the PID requirement used
to separate them:

NK n
Dπ = εPID

π→K Nπ n
Dπ ; (5.88)

• the yields of the B± → DK± background in the b = K categories are constrained relative to the
B± → Dπ± yields in the same categories, assuming their relative efficiencies match those of the
signal (B± → D∗K± ) and cross-feed (B± → D∗π± ) modes:

NK n
DK = NK n

Dπ ·
NK n

sig

NK n
xfeed

; (5.89)

• the yields of the small peaking backgrounds in the b = π categories, B± → Dρ± and B0 →
D∗±π∓ , are fixed relative to the yield of the largest peaking background component, B± →
D∗ρ± , using their respective branching fractions and efficiencies, estimated from MC. These
values are summarised in Table 5.21.

Nπ n
Dρ = Nπ n

D∗ρ ·
Γ(B± → Dρ± )επ n

Dρ

Γ(B± → D∗ρ± )επ n
D∗ρ

, (5.90)

Nπ n
D∗± π = Nπ n

D∗ρ ·
σ(B0)Γ(B0 → D∗±π∓ )επ n

D∗± π

σ(B± )Γ(B± → D∗ρ± )επ n
D∗ρ

, (5.91)

where σ(B0) = 38.1 µb and σ(B± ) = 38.9 µb are the measured cross-sections for neutral and
charged B-meson production at LHCb [149]. The same efficiencies are used for both of the
correctly-reconstructed categories, n = γ and n = π0;

• the ratio of B0 → D∗±K∓ background to signal, in the b = K categories, is assumed to match that
between B0 → D∗±π∓ and π signal in the b = π:

NK n
D∗± K = NK n

sig ·
Nπ n

D∗± π

Nπ n
sig

; and (5.92)
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• the yield of B± → Dπ± background in the (b, n) = (π, γ) category is fixed relative to that in the
(b, n) = (π, π0

part.reco.) category, such that the ratio matches the value obtained in simulation. The

fixed ratio is parameterized by r
γ π0

part.reco.
Dπ MC :

Nπ γ
Dπ = r

γ π0
part.reco.

Dπ MC N
π π0

part.reco.
Dπ . (5.93)

A single value for r
γ π0

part.reco.
Dπ MC is used in the separate fits to candidates with LL and DD K0

S-meson
candidates, since the value obtained by combining the corresponding simulated samples is consis-
tent with each of those obtained separately, and gives a lower statistical uncertainty.

Mode Quantity correctly-reconstructed signal partially-reconstructed signal
LL DD LL DD

B± → D∗ρ± Γ 9.8× 10−3

εgen (14.8± 0.03)%
εstrip (0.408± 0.004)%
εsel (0.60± 0.08)% (3.1± 0.2)% (0.47± 0.07)% (2.7± 0.2)%

B± → Dρ± Γ 13.4× 10−3

εgen (15.9± 0.04)%
εstrip (0.107± 0.003)%
εsel (0.55± 0.18)% (2.0± 0.4)% (0.37± 0.15)% (2.1± 0.4)%

B0 → D∗±π∓ Γ 1.9× 10−3

εgen (17.0± 0.06)%
εstrip (0.257± 0.007)%
εsel (1.5± 0.3)% (4.8± 0.6)% (0.42± 0.17)% (3.0± 0.5)%

Table 5.21.: Known branching fractions [3] and measured efficiencies obtained in Monte Carlo simulation, used to
link B± → D∗0π± background yields.

5.4.2. Mass fit result

The constant parameters of the fit are all common to candidates containing both LL and DD K0
S. Their

fixed values are summarized in Table 5.22. The simultaneous invariant mass fit, described above, is
performed separately to B± → D∗h± candidates reconstructed with LL and DD K0

S track types. Fits to
the full 2011 and 2012 LHCb dataset are displayed for each fit category in Figures 5.22, 5.24 and 5.26,
for LL K0

S candidates, and 5.23, 5.25 and 5.27, for DD K0
S candidates. The free parameters of the fit and

their returned values are given in Table 5.23 (LL) and Table 5.24 (DD). Correlations between the free
parameters are illustrated in Figure 5.28.

Some of the fits to reconstructed B± → D∗π± candidates (shown in the lower part of Figures
5.22–5.27) show pulls of relatively large magnitudes, indicating statistically significant deviations
between the observed bin populations and those predicted by the fitted model. However, these fits
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are performed solely to provide constraints on background yields and shapes entering the γ-sensitive
B± → D∗K± samples, and the fits to these samples do not exhibit large pulls.

Only candidates falling within ± 3σ windows centred on each B± → D∗K± signal peak are
propagated forward to the full CP fit. These windows are marked by vertical lines in the plotted fits.
For LL candidates in the correctly-reconstructed signal modes (i.e. (n = γ||n = π0)), the window used
is [5220; 5351] MeV. For DD candidates in the correctly-reconstructed signal modes, the window used is
[5220; 5352] MeV. For LL candidates in the partially-reconstructed signal mode (i.e. n = π0

part.reco.), the
window used is [5108; 5349] MeV. For DD candidates in the partially-reconstructed signal mode, the
window used is [5107; 5351] MeV. Component yields extracted within these windows are enumerated
in Table 5.25.
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Constant Value Description
Parameter

α
γ||π0

1 0.233

Double Crystal Ball parameters for correctly-reconstructed signal PDF

α
γ||π0

2 0.886

nγ||π0

1 112

nγ||π0

2 131
f γ||π0

0.0536

σ
γ||π0

MC 22.2 MeV

α
π0

part.reco.
1 0.670

Double Crystal Ball parameters for partially-reconstructed signal PDF

α
π0

part.reco.
2 1.03

n
π0

part.reco.
1 22.4

n
π0

part.reco.
2 3.26

f π0
part.reco. 0.278

σ
π0

part.reco.
MC 40.9 MeV

α
K γ||π0

xfeed 0.460
Crystal Ball parameters for correctly-reconstructed crossfeed PDFnK γ||π0

xfeed 126

σ
K γ||π0

xfeed MC 55.3 MeV

α
K π0

part.reco.
xfeed 1.34

Crystal Ball parameters for partially-reconstructed crossfeed PDFn
K π0

part.reco.
xfeed 144

σ
K π0

part.reco.
xfeed MC 117 MeV

δmpart.reco. −56.9 MeV Shift of partially-reconstructed signal PDF relative to correctly-reconstructed
δmcor.reco.

xfeed 74.8 MeV Shift of cross-feed PDF relative to signal, for correctly-reconstructed neutral candidates
δmpart.reco.

xfeed 100 MeV Shift of cross-feed PDF relative to signal, for partially-reconstructed neutral candidates

εPID
K→π 0.185 Efficiency of K → π bachelor mis-identification

εPID
π→K 0.0389 Efficiency of π → K bachelor mis-identification

r
γ π0

part.reco.
Dπ MC 1.15 Ratio of B± → Dπ± background yields in X0 = γ and x0 = π0

part.reco. samples

Table 5.22.: Constant parameters used in the simultaneous fit to the reconstructed B-mass spectrum for selected
B± → D∗h± candidates. All parameters listed are common to samples with both LL and DD K0

S
candidates.
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Figure 5.22.: Fit to reconstructed B-mass spectrum, and corresponding pulls, for LL B± → D∗K± (top) and
B± → D∗π± (bottom) candidates satisfying the D∗ → Dπ0 (i.e. n = π0) hypothesis. In each plot,
the lower canvas shows the pull.
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Figure 5.23.: Fit to reconstructed B-mass spectrum, and corresponding pulls, for DD B± → D∗K± (top) and
B± → D∗π± (bottom) candidates satisfying the D∗ → Dπ0 (i.e. n = π0) hypothesis. In each plot,
the lower canvas shows the pull.
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Figure 5.24.: Fit to reconstructed B-mass spectrum, and corresponding pulls, for LL B± → D∗K± (top) and
B± → D∗π± (bottom) candidates satisfying the partially-reconstructed D∗ → Dπ0, π0 → γγ (i.e.
n = π0

part. reco.) hypothesis. In each plot, the lower canvas shows the pull.



210 Fit to reconstructed B-meson mass spectrum

)2 mass (MeV/c±B
4900 5000 5100 5200 5300 5400 5500 5600

 )
2

E
ve

nt
s 

/ (
 2

0.
83

33
 M

eV
/c

0

10

20

30

40

50

60 Signal
Combinatoric
Cross-feed

±*
 K

*0
 D→ ±B

±π 0
 D→ ±B

± K
0

 D→ ±B ±

 K
±*

 D→ 0
B

 4900 5000 5100 5200 5300 5400 5500 56005−

0

5   

)2 mass (MeV/c±B
4900 5000 5100 5200 5300 5400 5500 5600

 )
2

E
ve

nt
s 

/ (
 2

0.
83

33
 M

eV
/c

0

100

200

300

400

500

Signal
Combinatoric
Cross-feed

±ρ *0
 D→ ±B

±π 0
 D→ ±B

±ρ 0
 D→ ±B ±

π 
±*

 D→ 0
B

 4900 5000 5100 5200 5300 5400 5500 56005−

0

5   

Figure 5.25.: Fit to reconstructed B-mass spectrum, and corresponding pulls, for DD B± → D∗K± (top) and
B± → D∗π± (bottom) candidates satisfying the partially-reconstructed D∗ → Dπ0, π0 → γγ (i.e.
n = π0

part. reco.) hypothesis. In each plot, the lower canvas shows the pull.
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Figure 5.26.: Fit to reconstructed B-mass spectrum, and corresponding pulls, for LL B± → D∗K± (top) and
B± → D∗π± (bottom) candidates satisfying the D∗ → Dγ (i.e. n = γ) hypothesis. In each plot, the
lower canvas shows the pull.
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Figure 5.27.: Fit to reconstructed B-mass spectrum, and corresponding pulls, for DD B± → D∗K± (top) and
B± → D∗π± (bottom) candidates satisfying the D∗ → Dγ (i.e. n = γ) hypothesis. In each plot, the
lower canvas shows the pull.
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Free Parameter Designation Fitted Value Description

µ mean 5286+1
−1 MeV Central value of X0 = π0, γ signal peaks

kσ width_smear_factor 0.966+0.03
−0.03 Ratio of CB widths in data w.r.t. simulation

rπ
σ xfeedinDstPi_widthratio 5+5

−3 Ratio of cross-feed to signal widths, for h = π

rKπ Ka_Pi_ratio 0.10+0.01
−0.01 Ratio of h = K and h = π signal yields

rπ0
ρ rho_wrt_sig_ratio 0.81+0.05

−0.05 Ratio of D∗ρ± to signal yields, for X0 = π0, π0
part.reco.

rπ0

K∗ kst_wrt_sig_ratio 0.6+0.2
−0.2 Ratio of D∗K∗± to signal yields, for X0 = π0, π0

part.reco.

Nπ γ
sig Pi_gam_sig_nB 620+30

−30 Signal yield for h = π, X0 = γ sample

Nπ π0

sig Pi_pi0_sig_nB 76+10
−9 Signal yield for h = π, X0 = π0 sample

N
π π0

part.reco.
sig Pi_pi0_miss_sig_nB 970+30

−30 Signal yield for h = π, X0 = π0
part.reco. sample

Nπ γ
D∗ρ Pi_gam_rho_nB 160+60

−60 Yield of D∗ρ± in h = π, X0 = γ sample

Nπ π0

Dπ Pi_pi0_dpi_nB 12+7
−7 Yield of Dπ± in h = π, X0 = π0 sample

N
π π0

part.reco.
Dπ Pi_pi0_miss_dpi_nB 170+20

−10 Yield of Dπ± in h = π, X0 = π0
part.reco. sample

τπ π0
Pi_pi0_Comb_tau −0.002+0.002

−0.004 Slope of h = π, X0 = π0 combinatoric
Nπ π0

comb Pi_pi0_nComb 50+20
−20 Yield of h = π, X0 = π0 combinatoric

τK π0
Ka_pi0_Comb_tau −0.011+0.005

−0.009 Slope of h = K, X0 = π0 combinatoric
NK π0

comb Ka_pi0_nComb 7+4
−3 Yield of h = K, X0 = π0 combinatoric

τπ π0
part.reco. Pi_pi0_miss_Comb_tau −0.05+0.03

−0.03 Slope of h = π, X0 = π0
part.reco. combinatoric

N
π π0

part.reco.
comb Pi_pi0_miss_nComb 30+20

−10 Yield of h = π, X0 = π0
part.reco. combinatoric

τK π0
part.reco. Ka_pi0_miss_Comb_tau −0.005+0.002

−0.007 Slope of h = K, X0 = π0
part.reco. combinatoric

N
K π0

part.reco.
comb Ka_pi0_miss_nComb 30+30

−20 Yield of h = K, X0 = π0
part.reco. combinatoric

τπ γ Pi_gam_Comb_tau −0.0008+0.0001
−0.0001 Slope of h = π, X0 = γ combinatoric

Nπ γ
comb Pi_gam_nComb 1940+80

−80 Yield of h = π, X0 = γ combinatoric
τK γ Ka_gam_Comb_tau −0.0010+0.0004

−0.0004 Slope of h = K, X0 = γ combinatoric
NK γ

comb Ka_gam_nComb 210+30
−30 Yield of h = K, X0 = γ combinatoric

Table 5.23.: Free parameters used in the simultaneous fit to the reconstructed B-mass spectrum for selected
B± → D∗h± candidates, with K0

S candidates of track type LL. The designations assigned within
the fitting program are listed, to allow the reader to interpret the corresponding plot of correlations,
Figure 5.28.
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Free Parameter Designation Fitted Value Description

µ mean 5284.8+0.6
−0.6 MeV Central value of X0 = π0, γ signal peaks

kσ width_smear_factor 1.01+0.02
−0.02 Ratio of CB widths in data w.r.t. simulation

rπ
σ xfeedinDstPi_widthratio 0.32+0.1

−0.06 Ratio of cross-feed to signal widths, for h = π

rKπ Ka_Pi_ratio 0.073+0.005
−0.006 Ratio of h = K and h = π signal yields

rπ0
ρ rho_wrt_sig_ratio 0.62+0.04

−0.04 Ratio of D∗ρ± to signal yields, for X0 = π0, π0
part.reco.

rπ0

K∗ kst_wrt_sig_ratio 0.3+0.1
−0.1 Ratio of D∗K∗± to signal yields, for X0 = π0, π0

part.reco.

Nπ γ
sig Pi_gam_sig_nB 1850+60

−50 Signal yield for h = π, X0 = γ sample

Nπ π0

sig Pi_pi0_sig_nB 280+20
−20 Signal yield for h = π, X0 = π0 sample

N
π π0

part.reco.
sig Pi_pi0_miss_sig_nB 3620+10

−10 Signal yield for h = π, X0 = π0
part.reco. sample

Nπ γ
D∗ρ Pi_gam_rho_nB 500+100

−100 Yield of D∗ρ± in h = π, X0 = γ sample

Nπ π0

Dπ Pi_pi0_dpi_nB 34+7
−7 Yield of Dπ± in h = π, X0 = π0 sample

N
π π0

part.reco.
Dπ Pi_pi0_miss_dpi_nB 510+30

−30 Yield of Dπ± in h = π, X0 = π0
part.reco. sample

τπ π0
Pi_pi0_Comb_tau −0.006+0.002

−0.002 Slope of h = π, X0 = π0 combinatoric
Nπ π0

comb Pi_pi0_nComb 140+30
−30 Yield of h = π, X0 = π0 combinatoric

τK π0
Ka_pi0_Comb_tau −0.011+0.0009

−0.0011 Slope of h = K, X0 = π0 combinatoric
NK π0

comb Ka_pi0_nComb 40+9
−8 Yield of h = K, X0 = π0 combinatoric

τπ π0
part.reco. Pi_pi0_miss_Comb_tau −0.0043+0.0004

−0.0005 Slope of h = π, X0 = π0
part.reco. combinatoric

N
π π0

part.reco.
comb Pi_pi0_miss_nComb 1300+200

−200 Yield of h = π, X0 = π0
part.reco. combinatoric

τK π0
part.reco. Ka_pi0_miss_Comb_tau −0.0035+0.0006

−0.0008 Slope of h = K, X0 = π0
part.reco. combinatoric

N
K π0

part.reco.
comb Ka_pi0_miss_nComb 280+50

−50 Yield of h = K, X0 = π0
part.reco. combinatoric

τπ γ Pi_gam_Comb_tau −0.00144+0.00008
−0.00008 Slope of h = π, X0 = γ combinatoric

Nπ γ
comb Pi_gam_nComb 5300+100

−100 Yield of h = π, X0 = γ combinatoric
τK γ Ka_gam_Comb_tau −0.0012+0.0002

−0.0002 Slope of h = K, X0 = γ combinatoric
NK γ

comb Ka_gam_nComb 570+50
−40 Yield of h = K, X0 = γ combinatoric

Table 5.24.: Free parameters used in the simultaneous fit to the reconstructed B-mass spectrum for selected
B± → D∗h± candidates, with K0

S candidates of track type DD. The designations assigned within
the fitting program are listed, to allow the reader to interpret the corresponding plot of correlations,
Figure 5.28.
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Figure 5.28.: Correlation matrices obtained for parameters in the simultaneous B-mass fits to LL (top) and DD
(bottom) B± → D∗h± candidates.
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5.5. Estimation of fake D background yield

The combinatoric background in each of the modes studied consists of two components, arising from B-
meson candidates containing fake and real D-meson candidates. It is important to distinguish between
these two categories, since they give rise to different distributions over the Dalitz plane, which must be
accounted for in the CP fit. In the ‘real D’ case, the combinatoric, incorrectly-reconstructed part of the
B-meson candidate does not include the D-meson or any of its progeny, and so the D-meson candidate
is correctly reconstructed. This ensures that the distribution of these candidates in the Dalitz plane
must be an admixture of those for real D0 and D0 decays. In the ‘fake D’ case, the D-meson candidate
is reconstructed from incorrectly associated tracks, and so the kinematic variables of the decay are
not correlated as they would be for a correctly-reconstructed candidate. Instead, these candidates are
assumed to give a flat distribution over the Dalitz plane.11

In order to determine the separate fake and real D-meson background yields, fits to the reconstructed
D-meson mass are performed for data events selected in each mode and lying within the signal window
of the corresponding B-mass spectrum. Events containing real D candidates give peaking distributions,
described using Gaussian shapes with floated mean and width parameters. Fake D candidates do not
peak, and are instead modelled using a flat distribution.

Due to the low statistics entering these fits, common D-mass fits are performed across several
categories:

• B± → Dπ± and B± → DK± events containing LL K0
S candidates;

• B± → Dπ± and B± → DK± events containing DD K0
S candidates;

• B0 → DK∗0 events containing both LL and DD K0
S candidates;

• B± → DK∗± events containing both LL and DD K0
S candidates;

• B± → D∗π± and B± → D∗K± events, containing both LL and DD K0
S candidates and satisfying

the neutral hypothesis D∗ → Dγ; and

• B± → D∗π± and B± → D∗K± events, containing both LL and DD K0
S candidates and satisfy-

ing the neutral hypothesis D∗ → Dπ0, where the neutral pion may be either fully or partially
reconstructed.

The width of the D-meson mass window is doubled from its nominal value when performing these
fits, to allow the tails of the Gaussian shapes to be fitted. To extract the yields of fake and real D-meson
candidates in the final selected datasets, the fitted PDFs are then integrated over the nominal mass
window. The resulting fits are shown in Figures 5.29–5.34, where in each case the nominal mass window
is delimited by two vertical grey lines. The yields of real and fake D candidates extracted in these
fits are shown in Table 5.26. The fake D yields obtained for modes B0 → DK∗0 and B± → DK∗± are
compatible with zero, suggesting it may be possible in future to constrain these values to zero in the
nominal CP fit.

11A systematic uncertainty may later be evaluated considering an alternative distribution.
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Mode K0
S type nfakeD nrealD

B± → Dπ± & B± → DK± LL 500± 30 10800± 100
B± → Dπ± & B± → DK± DD 990± 60 26300± 200

B0 → DK∗0 LL & DD 2+4
−2 120± 10

B± → DK∗± LL & DD 0+1
−0 50± 7

B± → D∗π± & B± → D∗K± , D∗ → Dγ LL & DD 100± 20 3690± 60
B± → D∗π± & B± → D∗K± , D∗ → Dπ0 LL & DD 140± 20 5050± 70

Table 5.26.: Yields of real and fake D candidates extracted in fits to the reconstructed D-meson mass spectrum for
each sample fitted.

The pulls arising in fits to selected B± → Dh± and B± → D∗h± candidates (Figures 5.29, 5.30,
5.33 and 5.34), where statistics are plentiful, reveal systematic deviations implying that the tails of the
distribution of real D-meson candidates are not well modelled by a Gaussian shape. A systematic may
be extracted by repeating these fits using alternative PDF shapes.
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Figure 5.29.: Fit to the reconstructed D-meson mass spectrum for selected B± → DK± and B± → Dπ± data
events lying within the B-meson mass signal window, with K0

S candidates of track type LL. The lower
canvas shows the pull.
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Figure 5.30.: Fit to the reconstructed D-meson mass spectrum for selected B± → DK± and B± → Dπ± data
events lying within the B-meson mass signal window, with K0

S candidates of track type DD. The lower
canvas shows the pull.
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Figure 5.31.: Fit to the reconstructed D-meson mass spectrum for selected B0 → DK∗0 data events lying within
the B-meson mass signal window, with K0

S candidates of track type LL and DD combined. The lower
canvas shows the pull.
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Figure 5.32.: Fit to the reconstructed D-meson mass spectrum for selected B± → DK∗± data events lying within
the B-meson mass signal window, with K0

S candidates of track type LL and DD combined. The lower
canvas shows the pull.
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Figure 5.33.: Fit to the reconstructed D-meson mass spectrum for selected B± → D∗K± and B± → D∗π±

data events lying within the B-meson mass signal window, identified under the neutral hypothesis
D∗ → Dγ. Events containing K0

S candidates of track type LL and DD are combined. The lower canvas
shows the pull.
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Figure 5.34.: Fit to the reconstructed D-meson mass spectrum for selected B± → D∗K± and B± → D∗π±

data events lying within the B-meson mass signal window, identified under the neutral hypothesis
D∗ → Dπ0 (both correctly- and partially-reconstructed neutral hypotheses are combined). Events
containing K0

S candidates of track type LL and DD are combined. The lower canvas shows the pull.
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6. Determination of the selection efficiency
variation over the Dalitz plane

In order to extract the values of the CP parameters, the events selected in each mode are fitted in the
Dalitz plane of the D → K0

Sπ+π− decay, where non-uniformities, parameterized by γ, arise due to
interference between CP conjugate D-meson eigenstates. It is therefore crucial to take into account any
additional non-uniformities arising due to the selection efficiency.1

One approach is to include in the data fit a generalised smooth, symmetric efficiency function with
floating parameters. In this way, the function is fitted to data alongside the model. This increases the
number of free parameters in the final fit, and thus has the potential to reduce the statistical sensitivity
with which the CP parameters can be extracted. However, this method is data-driven, and, where a
high-statistics control mode is available that allows a reliable determination of the relative efficiency for
the signal mode, the precision with which the CP parameters may be determined is negligibly affected.

Another approach is to use simulated events to extract a parameterization for the selection efficiency,
which is then fixed in the final CP fit. Within this approach, care must be taken to account for any
data/simulation differences to ensure that the obtained efficiency is accurate. In addition, any uncer-
tainties in the efficiency function obtained must be propagated into the final CP fit result as systematic
uncertainties.

The present chapter describes the extraction of efficiency histograms from simulation. Efficiency
functions are extracted for all modes; the actual efficiency approach (data- or simulation-driven) chosen
for each mode in the final CP fit is described alongside the fits, in Chapter 8.

The Monte Carlo simulated samples used are shown in Table 6.1. To prevent bias, these samples
have no overlap with those used to train the MVA classifiers for each mode. All samples are truth-
matched using full truth-level information to connect parent and daughter mesons within each event.
For kinematically-equivalent modes, common efficiencies are used.

• For modes B± → DK± and B± → Dπ± , a common efficiency is determined using B± → DK±

MC.

• For modes B0 → DK∗0 and B0
s → DK∗0, a common efficiency is determined from B0

s → DK∗0 MC.

• For modes B± → D∗K± and B± → D∗π± , a common efficiency is obtained from B± → D∗K±

MC, and the three signal categories (D∗ → Dγ, D∗ → Dπ0 and partially-reconstructed D∗ → Dπ0)
are combined.

In each mode, separate efficiencies are obtained for events containing LL and DD K0
S candidates, since

separate selections are applied in each case.

1Note that the absolute value of the efficiency is not needed, only the variations.
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Mode No. of events No. of events in
generated efficiency determination

B± → DK± 10× 106 82350 (LL)
267597 (DD)

B0
s → DK∗0 400× 106 79817 (LL)

244534 (DD)
B± → DK∗± 110× 106 15514 (LL)

56324 (DD)
B± → D∗K± 110× 106 29155 (LL)

129847 (DD)

Table 6.1.: Simulated Monte Carlo samples used to extract efficiency variations over the Dalitz plane. The number
of events generated is shown, alongside the number of events which pass the selection (not including
trigger and PID requirements) and thus enter into the efficiency determination.

The Dalitz plane of the D → K0
Sπ+π− decay may be parameterized using the combined invariant

masses of each pair of decay products, denoted by

S2
+ = |Pµ

K0
S
+ Pµ

π+ |2, (6.1)

S2
− = |Pµ

K0
S
+ Pµ

π− |
2, and (6.2)

S2
0 = |Pµ

π+ + Pµ
π− |

2. (6.3)

Any point in the phase space of the decay is fully specified by providing any two out of these three
variables. Throughout this chapter, efficiency variations will be described as functions of S2

+ and S2
−.

The total efficiency for each selection may be decomposed into several component parts, concerning
each set of requirements applied to the generated events:

εc, tt(S2
−, S2

+) = εc
acc εc

rec εc, tt
strip εc, tt

sel εc, tt
trig εc, tt

PID, (6.4)

where εc
acc is the efficiency of the acceptance requirements for mode c, εc

rec is the reconstruction efficiency,
εc, tt

strip is the stripping efficiency for events in mode c with K0
S candidates of track type (tt = LL, DD),

εc, tt
sel is the efficiency of the offline selection, excluding trigger and PID requirements, εc, tt

trig is the trigger

efficiency, and εc, tt
PID is the PID efficiency.

Since each sample is generated uniformly over the allowed kinematic phase space of the decay,
without any resonant structure included, one might naively assume that the distribution of selected
events directly gives a histogram of the efficiency. However, the simulation is known to give a poor
representation of the distributions of the Level-0 hadron trigger decision, and the PID variables, and
so a separate weighting procedure is used to obtain the efficiencies εL0 and εPID. Histograms, εc, tt

direct,
are obtained directly from simulated events passing the full selection, excluding trigger and PID
requirements, so that

εc, tt
direct = εc

acc εc
rec εc, tt

strip εc, tt
sel , (6.5)
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and thus

εc, tt(S2
−, S2

+) = εc, tt
direct εc, tt

trig εc, tt
PID. (6.6)

The largest source of non-uniformity in the efficiencies arises due to the selection requirements
preceding the offline selection; namely the acceptance, reconstruction and stripping selection criteria.
The combined efficiencies of these stages, εc

accεc
recεc, tt

strip, obtained from the distribution of MC events
before any offline selection requirements are applied, are shown in Figures 6.1–6.4 for B± → DK± ,
B0

s → DK∗0, B± → DK∗± and B± → D∗K± MC. In each case, events containing LL and DD K0
S

candidates are shown together.

These efficiency distributions may be understood by considering the combined effects of detector
acceptance, reconstruction methodology and stripping requirements. In general, reconstruction algo-
rithms tend to be more effective when candidates have higher energies, and higher energy candidates
are preferred by the stripping requirements defined in Chapter 4. However, the more high energy
candidates within a decay, the more likely it becomes that one or more will have sufficient transverse
momentum to leave the LHCb detector acceptance. Given a specific B-meson decay mode, then, the
efficiency εc

accεc
recεc, tt

strip will be greatest when 4-momentum is partitioned amongst decay products such
that all remain within detector acceptance, but with high enough energies to give reliable reconstruction,
and to pass the selection requirements.

Figures 6.1–6.4 show efficiency distributions that decrease as either S2
+ or S2

− increase. The efficiency
is low when S2

+ is large and S2
− is small, or vice versa, because in these circumstances the lower energy

pion becomes difficult to distinguish from the low energy pions of the underlying event, and so the
reconstructed D-meson is more likely to be a combinatoric candidate, and fail the selection. The
efficiency is also low when both S2

+ and S2
− are large. In this case, the high energies of the D-meson

decay products increase the likelihood that one or more candidates leave the LHCb acceptance. In
adddition, even if all products remain within the acceptance, since now the 4-momentum partitioned
amongst the rest of the candidates in the decay is lower, this leads to a greater likelihood of one of these
candidates failing the selection.

Mode B± → DK∗± , Figure 6.3, appears to show steeper variation across the Dalitz plane than the
other modes. This may be due to the presence of two K0

S-meson candidates within the decay. When the
D-meson decay products have high energies, resulting in large S2

+ and S2
−, the K0

S candidate originating
from the K∗± -meson decay tends to have lower energy, making it more difficult to reconstruct from its
daughter pions and thus less likely to pass the selection.
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Figure 6.1.: Distributions of B± → DK± MC events after stripping selection. Both LL and DD K0
S candidates are

shown.
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Figure 6.2.: Distributions of B0
s → DK∗0 MC events after stripping selection. Both LL and DD K0

S candidates are
shown.
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Figure 6.3.: Distributions of B± → DK∗± MC events after stripping selection. Both LL and DD K0
S candidates are

shown.
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Figure 6.4.: Distributions of B± → D∗K± MC events after stripping selection. Both LL and DD K0
S candidates are

shown.
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6.1. Edge bin reweighting

In using a frequency histogram, εc, tt
direct, to describe what is in reality a continuous function, the content

of each bin represents the average of the true efficiency function over the area of the bin. However, for
bins lying partially outside the kinematically-allowed region of the Dalitz plane, this averaging includes
an unphysical, and thus depopulated region. This gives an underestimation of the function value; since
it should be averaged only over the allowed part of the bin. This effect is corrected by re-weighting bins
by a factor inversely proportional to the fraction of the bin lying within the allowed phase-space.
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Figure 6.5.: Illustration of the method used to correct the populations of ‘edge bins’, lying partly outside the
allowed region of phase space. Uniformly generated points (a), give the bin populations Ni

total, while
the subsets of these points lying within the allowed region (b) give the bin populations Ni

inside.

The procedure used to obtain these correction weights is illustrated in Figure 6.5. Points are
generated uniformly over the Dalitz plane, giving a frequency histogram with bin populations Ni

total.
The subset of these points that lie within the allowed region is found, giving a histogram with bin
populations Ni

inside. Correction weights εi
edge for each bin may then be extracted;

εi
edge = Ni

total/Ni
inside. (6.7)

Applying this correction, the expression for the total selection efficiency in mode c becomes

εc, tt(S2
−, S2

+) = εc, tt
direct εedge εc, tt

trig εc, tt
PID. (6.8)
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6.2. Trigger weights

The L0 trigger is hardware-based, and thus more difficult to simulate than the selection variables which
are generated in the reconstruction software. For all modes considered in the analysis, the L0 trigger
requirements are the same:

(B_L0HadronDecision_TOS == 1||B_L0Global_TIS == 1). (6.9)

The L0 Hadron TOS trigger requires that the hardware trigger fired due to one or more tracks used
to reconstruct the signal candidate, and thus it is important to ensure its efficiency is well described.
The inclusion of the L0Global TIS trigger is crucial in allowing the trigger efficiency to be extracted,
since this requires that the hardware trigger fired due to a track coming from the underlying event, and
thus gives no bias on the kinematics, or on the Dalitz distribution, of selected candidates. It is useful to
define two independent categories of events which may pass the above trigger requirements:

• Events are named ‘TOS’ if they fire the B_L0HadronDecision_TOS trigger;

• Events are named ‘notTOS’ if they do not fire the B_L0HadronDecision_TOS trigger, but do fire the
B_L0Global_TIS trigger.

All events passing the trigger requirements must fall into one of these two categories.

Standard tables [150], calibrated from data, are available to describe the probability for different
final state particle tracks (pions, kaons, electrons, etc.) to fire the B_L0HadronDecision_TOS trigger,
binned in the transverse momentum of the track. Since the threshold of this trigger was adjusted
between 2011 and 2012 data-taking, separate tables, ε2011

TOS (pT) and ε2012
TOS (pT), have been computed for

each year.

Per-track weights, wt
TOS, may be assigned to the simulated reference samples, by combining the

values found in each table in the ratio of the luminosities measured in 2011 and 2012:

wt
TOS(pT) =

L2011

L2011 + L2012
ε2011

TOS (pT) +
L2012

L2011 + L2012
ε2012

TOS (pT). (6.10)

A given event passes the TOS trigger if any one of the tracks it contains fires the trigger. Noting that

P(event is TOS) = P(any track within event is TOS), (6.11)

= 1− P(no track within event is TOS), (6.12)

per-event weights, we
TOS, may then be calculated using

we
TOS = 1−∏

t
(1− wt

TOS). (6.13)
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A histogram of the L0 selection efficiency for TOS events may then be constructed by taking the
average of these weights within bins of the Dalitz plane, such that the value for the i-th bin is given by

εi
TOS =

Ni
∑

e=1
we

TOS

Ni
. (6.14)

Histograms obtained for each mode are displayed in Figures 6.6–6.13. Since a single high-pT pion track
is more likely to fire the hadron trigger than two low-pT ones, the TOS efficiency is observed to be
greatest in the high-S2

+ and high-S2
− corners of the allowed phase space.

Mode B± → DK∗± , Figures 6.10 and 6.11, appears to show less variation across the Dalitz plane
than the other modes. This may be because when the D-meson decay products have lower energies,
and are thus less likely to fire the hadron trigger, the K0

S candidate, and its daughter pions, originating
from the K∗± -meson decay tend to have higher energy, and thus these pions become more likely to fire
the trigger.
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Figure 6.6.: L0 Hadron TOS efficiency weights obtained in selected B± → DK± MC, for events containing LL K0
S

candidates.

In order to construct the full L0 selection efficiency for each mode, the efficiency for events to be
selected in the notTOS category must also be calculated. From the requirements that define this category,
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Figure 6.7.: L0 Hadron TOS efficiency weights obtained in selected B± → DK± MC, for events containing DD K0
S

candidates.

one may write

P(event is notTOS) = P(event is not TOS|event is L0Global_TIS) · P(event is L0Global_TIS). (6.15)

Since the Global_TIS trigger decision does not depend on any particle within the signal decay, the
second factor is assumed to be uniform over the Dalitz plane. The notTOS efficiency can then be found
similarly to the TOS efficiency, but considering only those reference events which pass the L0Global_TIS
trigger, and using the probability that none of the tracks in a given event fires the Hadron trigger.

Considering only these events, per-event weights may be assigned as

we
notTOS = ∏

t
(1− wt

TOS), (6.16)

and a histogram, εi
notTOS, may be constructed by averaging within bins of the Dalitz plane.

Histograms obtained for each mode are displayed in Figures 6.14–6.21. Since notTOS events are
required not to fire the L0Hadron trigger, these histograms display distributions complementary to the
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Figure 6.8.: L0 Hadron TOS efficiency weights obtained in selected B0
s → DK∗0 MC, for events containing LL K0

S
candidates.

TOS efficiencies, with efficiency decreasing in the high-S2
+ and high-S2

− corners of the allowed phase
space.

Finally, the full L0 trigger efficiency is obtained for each mode, by combining the corresponding
TOS and notTOS histograms. The relative proportions are fixed to match the ratios of TOS and notTOS
events found in the final data samples used in the CP fit. For the m-th mode, the final L0 trigger
efficiency histogram is then given by

εm
L0 = f m

TOSεm
TOS + (1− f m

TOS)ε
m
notTOS. (6.17)

The numbers of TOS and notTOS candidates selected for each data sample are shown in Table 6.2.

L0 efficiency histograms obtained for each mode are displayed in Figures 6.22–6.25.
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Figure 6.9.: L0 Hadron TOS efficiency weights obtained in selected B0
s → DK∗0 MC, for events containing DD K0

S
candidates.

Data sample TOS yield notTOS yield

B± → DK± (LL) 525 910
B± → DK± (DD) 1417 2225
B0 → DK∗0 (LL) 14 24
B0 → DK∗0 (DD) 43 70

B± → DK∗± (LL) 11 13
B± → DK∗± (DD) 23 35
B± → D∗K± (LL) 98 169
B± → D∗K± (DD) 309 446

Table 6.2.: TOS and notTOS yields observed in each data sample, after the application of all selection requirements.
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Figure 6.10.: L0 Hadron TOS efficiency weights obtained in selected B± → DK∗± MC, for events containing LL
K0

S candidates.



Determination of the selection efficiency variation over the Dalitz plane 237

]4/c2 [GeV2
+S

0.5 1 1.5 2 2.5 3

]4
/c2

 [G
eV

2 -
S

0.5

1

1.5

2

2.5

3

0.4

0.45

0.5

0.55

0.6

]4/c2 [GeV2
-S

0.5 1 1.5 2 2.5 3
0

0.1

0.2

0.3

0.4

0.5

0.6

]4/c2 [GeV2
+S

0.5 1 1.5 2 2.5 3
0

0.1

0.2

0.3

0.4

0.5

0.6

]4/c2 [GeV2
0S

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

0.1

0.2

0.3

0.4

0.5

Figure 6.11.: L0 Hadron TOS efficiency weights obtained in selected B± → DK∗± MC, for events containing DD
K0

S candidates.
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Figure 6.12.: L0 Hadron TOS efficiency weights obtained in selected B± → D∗K± MC, for events containing LL
K0

S candidates.
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Figure 6.13.: L0 Hadron TOS efficiency weights obtained in selected B± → D∗K± MC, for events containing DD
K0

S candidates.
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Figure 6.14.: L0 Hadron notTOS efficiency weights obtained in selected B± → DK± MC, for events containing LL
K0

S candidates.



Determination of the selection efficiency variation over the Dalitz plane 241

]4/c2 [GeV2
+S

0.5 1 1.5 2 2.5 3

]4
/c2

 [G
eV

2 -
S

0.5

1

1.5

2

2.5

3

0.5

0.52

0.54

0.56

0.58

]4/c2 [GeV2
-S

0.5 1 1.5 2 2.5 3
0

0.1

0.2

0.3

0.4

0.5

0.6

]4/c2 [GeV2
+S

0.5 1 1.5 2 2.5 3
0

0.1

0.2

0.3

0.4

0.5

0.6

]4/c2 [GeV2
0S

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

0.1

0.2

0.3

0.4

0.5

0.6

Figure 6.15.: L0 Hadron notTOS efficiency weights obtained in selected B± → DK± MC, for events containing
DD K0

S candidates.
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Figure 6.16.: L0 Hadron notTOS efficiency weights obtained in selected B0
s → DK∗0 MC, for events containing LL

K0
S candidates.
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Figure 6.17.: L0 Hadron notTOS efficiency weights obtained in selected B0
s → DK∗0 MC, for events containing DD

K0
S candidates.
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Figure 6.18.: L0 Hadron notTOS efficiency weights obtained in selected B± → DK∗± MC, for events containing
LL K0

S candidates.



Determination of the selection efficiency variation over the Dalitz plane 245

]4/c2 [GeV2
+S

0.5 1 1.5 2 2.5 3

]4
/c2

 [G
eV

2 -
S

0.5

1

1.5

2

2.5

3

0.4

0.45

0.5

0.55

0.6

0.65

]4/c2 [GeV2
-S

0.5 1 1.5 2 2.5 3
0

0.1

0.2

0.3

0.4

0.5

0.6

]4/c2 [GeV2
+S

0.5 1 1.5 2 2.5 3
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

]4/c2 [GeV2
0S

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

0.1

0.2

0.3

0.4

0.5

0.6

Figure 6.19.: L0 Hadron notTOS efficiency weights obtained in selected B± → DK∗± MC, for events containing
DD K0

S candidates.
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Figure 6.20.: L0 Hadron notTOS efficiency weights obtained in selected B± → D∗K± MC, for events containing
LL K0

S candidates.
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Figure 6.21.: L0 Hadron notTOS efficiency weights obtained in selected B± → D∗K± MC, for events containing
DD K0

S candidates.
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Figure 6.22.: Combined L0 Hadron TOS and notTOS efficiency weights obtained in selected B± → DK± MC, for
events containing (a) LL and (b) DD K0

S candidates.
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Figure 6.23.: Combined L0 Hadron TOS and notTOS efficiency weights obtained in selected B0
s → DK∗0 MC, for

events containing (a) LL and (b) DD K0
S candidates.
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Figure 6.24.: Combined L0 Hadron TOS and notTOS efficiency weights obtained in selected B± → DK∗± MC, for
events containing (a) LL and (b) DD K0

S candidates.
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Figure 6.25.: Combined L0 Hadron TOS and notTOS efficiency weights obtained in selected B± → D∗K± MC, for
events containing (a) LL and (b) DD K0

S candidates.
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In order to obtain the L0 trigger weights as described above, HLT requirements are not applied on
the samples used. The inclusion of these requirements gives a very small additional non-uniformity,
which may be seen by taking the bin-by-bin ratio of the histograms obtained for events selected with
and without the requirements applied, after all other selection criteria have been applied. The resulting
HLT efficiencies for each mode are shown in Figures 6.26–6.29, HLT contributions are included in the
final efficiency histograms for each mode.
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Figure 6.26.: HLT efficiency weights obtained in selected B± → DK± MC, for events containing (a) LL and (b)
DD K0

S candidates.
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Figure 6.27.: HLT efficiency weights obtained in selected B0 → DK∗0 MC, for events containing (a) LL and (b) DD
K0

S candidates.
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Figure 6.28.: HLT efficiency weights obtained in selected B± → DK∗± MC, for events containing (a) LL and (b)
DD K0

S candidates.
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Figure 6.29.: HLT efficiency weights obtained in selected B± → D∗K± MC, for events containing (a) LL and (b)
DD K0

S candidates.
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6.3. PID weights

The distributions of PID variables are not well-described in simulation, and instead a standard tool,
PIDCalib [148]2, has been developed by LHCb to provide PID efficiency histograms calibrated on data
for different species of final state particles. For pion and kaon candidates, very pure calibration samples
have been obtained at LHCb from decays of the form D∗+ → D0π+, D0 → K−π+ [151].

For each PID requirement applied within the present analysis, as specified in Table 4.7, a two-
dimensional calibration histogram is constructed, binned in momentum, p, and pseudorapidity, η. The
same binning scheme is used in each case, with bin boundaries defined by

• p: [2, 9.3, 15.6, 19] ∪ 15 uniform bins within [19, 100] ∪ [100, 1000] GeV; and

• η: [1.5, 2.4, 3.15, 3.9, 5].

This binning scheme has been designed by the creators of the PIDCalib tool, in order to give approxi-
mately constant PID efficiency within each bin for the calibration samples. This is achieved by beginning
with a fine-grained uniform binning scheme, and iteratively merging adjacent bins whose efficiencies
are consistent to within some set tolerance [148].

These calibration histograms are used to assign weights, wt
PID, to each track for which a PID

requirement is placed in the selection. Per-event weights, we
PID, are constructed by taking the product

of all such weights within each event,

we
PID = ∏

t
wt

PID. (6.18)

Finally, histograms decribing the PID efficiency, εi
PID, are obtained by taking the average of these

per-event weights within bins of the Dalitz plane. Histograms obtained for each reference sample are
shown in Figures 6.30–6.37. In all cases the PID efficiency is very nearly flat over the Dalitz plane, since
no PID requirements are placed on the D-meson or its daughters.

2Version v10r4.
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Figure 6.30.: PID efficiency weights obtained in selected B± → DK± MC, for events containing LL K0
S candidates.
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Figure 6.31.: PID efficiency weights obtained in selected B± → DK± MC, for events containing DD K0
S candidates.
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Figure 6.32.: PID efficiency weights obtained in selected B0
s → DK∗0 MC, for events containing LL K0

S candidates.



Determination of the selection efficiency variation over the Dalitz plane 255

]4/c2 [GeV2
+S

0.5 1 1.5 2 2.5 3

]4
/c2

 [G
eV

2 -
S

0.5

1

1.5

2

2.5

3

0.78

0.79

0.8

0.81

0.82

0.83

]4/c2 [GeV2
-S

0.5 1 1.5 2 2.5 3
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

]4/c2 [GeV2
+S

0.5 1 1.5 2 2.5 3
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

]4/c2 [GeV2
0S

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

Figure 6.33.: PID efficiency weights obtained in selected B0
s → DK∗0 MC, for events containing DD K0

S candidates.
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Figure 6.34.: PID efficiency weights obtained in selected B± → DK∗± MC, for events containing LL K0
S candidates.
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Figure 6.35.: PID efficiency weights obtained in selected B± → DK∗± MC, for events containing DD K0
S candidates.
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Figure 6.36.: PID efficiency weights obtained in selected B± → D∗K± MC, for events containing LL K0
S candidates.
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Figure 6.37.: PID efficiency weights obtained in selected B± → D∗K± MC, for events containing DD K0
S candidates.
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6.4. Total efficiency

To obtain the final efficiency histograms for each mode, the histograms obtained directly from selected
MC events are multiplied bin-by-bin with the edge-bin, L0 and PID weights. The resulting histograms
are symmetrised about the leading diagonal, since each selection applies identical requirements to the
two pion daughters of the D-meson, and so no asymmetry is expected. The final efficiency histograms
obtained for each mode are shown in Figures 6.38 and 6.39.

]4/c2 [GeV2
+S

0.5 1 1.5 2 2.5 3

]4
/c2

 [G
eV

2 -
S

0.5

1

1.5

2

2.5

3

0.04

0.05

0.06

0.07

0.08

0.09

0.1

0.11

0.12

(a)

]4/c2 [GeV2
+S

0.5 1 1.5 2 2.5 3

]4
/c2

 [G
eV

2 -
S

0.5

1

1.5

2

2.5

3

0.04

0.05

0.06

0.07

0.08

0.09

0.1

0.11

0.12(b)

]4/c2 [GeV2
+S

0.5 1 1.5 2 2.5 3

]4
/c2

 [G
eV

2 -
S

0.5

1

1.5

2

2.5

3

0.04

0.05

0.06

0.07

0.08

0.09

0.1

0.11(c)

]4/c2 [GeV2
+S

0.5 1 1.5 2 2.5 3

]4
/c2

 [G
eV

2 -
S

0.5

1

1.5

2

2.5

3

0.04

0.06

0.08

0.1

0.12(d)

Figure 6.38.: Full selection efficiency histograms obtained for (a) B± → DK± , (b) B0 → DK∗0, (c) B± → DK∗± ,
and (d) B± → D∗K± MC events containing LL K0

S candidates. Edge-bin, trigger and PID weights
are included, and each histogram is symmetrised about the leading diagonal.
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Figure 6.39.: Full selection efficiency histograms obtained for (a) B± → DK± , (b) B0 → DK∗0, (c) B± → DK∗± ,
and (d) B± → D∗K± MC events containing DD K0

S candidates. Edge-bin, trigger and PID weights
are included, and each histogram is symmetrised about the leading diagonal.
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7. Measurement of the CKM angle γ using
B0→ DK∗0 with D→ K0

Sπ+π− decays

The work described so far in this thesis develops the foundations for a simultaneous Dalitz analysis of
multiple decay modes of the form B→ D(∗)h(∗). This approach represents a significant improvement
on the method of statistically combining multiple single-mode analyses after the fact, since it reduces
the number of degrees of freedom required to fit the distribution of candidates in the Dalitz plane, and
allows cross-feed of signal decays between different decay modes to be modelled accurately. As such,
it is expected to improve the sensitivity to γ that can be achieved using the available dataset, and the
benefit it offers is expected to increase as more statistics become available.

However, systematic studies have not yet been performed for this simultaneous analysis. This
task is left for future work, but it is natural to take as a starting point the studies performed for the
previous single-mode analysis published in reference [1], to which the present author was a main
contributor. Specifically, my contributions were focused on the selection procedure, mass fit and CP fit,
and the evaluation of the systematic uncertainities arising from the amplitude model used in the CP fit.
I was also responsible for managing the generation of several of the MC samples used. Another main
contributor worked in parallel on the selection procedure and mass fit1, and evaluated the systematic
uncertainties arising from the PDF model used in the mass fit.

This publication is reproduced in full in the following section, but first it is useful to note some small
differences relative to the present combined analysis, in the selection criteria used to choose candidate
decays and the PDF model used in the fit to the B-meson mass spectrum. These are described below.

Selection of candidate decays

The mass requirements placed on D0- and K0
S-meson candidates differ slightly from those applied in

the present analysis. The reconstructed D0-meson mass is required to lie within 30 MeV of its expected
value, instead of 25 MeV. The reconstructed K0

S-meson mass is required to lie within 14.4(19.9) MeV of
its expected value for LL(DD) candidates, whilst the present analysis uses 15 MeV in both cases.

The multivariate analysis stage of the selection makes use of boosted decision tree classifers instead
of neural networks as in Chapter 4. Background training samples are taken from the upper sideband of
the B-meson reconstructed mass spectrum beginning at 5500 MeV, instead of 5800 MeV. This region
overlaps with the fitting region, so to prevent bias a ‘crossed’ architecture is used: the background
training data is split into two subsamples, with one BDT trained using the first subsample and another
trained using the second. Each BDT is then used to select data events from the subsample that it was
not trained on. In total, four BDTs are trained, since separate classifiers are used to select LL and DD
candidates.

1 Two competing selection procedures were considered – one using a neural network classifier, and the other using a boosted
decision tree classifier.
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S π+π− decays

The cosine of the K∗0-meson helicity angle, cos(θhelicity
K∗0 ) is included as an input to the BDT classifiers,

whilst the D-meson lifetime, τD, is not. In addition, the inclusion of the impact parameter χ2, with
respect to the PV, for each final state candidate, is treated differently to the present analysis. Instead of
constructing the six variables

• ln(max
(
(χ2)IP,PV

π+
D

, (χ2)IP,PV
π−D

)
),

• ln(min
(
(χ2)IP,PV

π+
D

, (χ2)IP,PV
π−D

)
),

• ln(max
(
(χ2)IP,PV

π+

K0
S

, (χ2)IP,PV
π−

K0
S

)
),

• ln(min
(
(χ2)IP,PV

π+

K0
S

, (χ2)IP,PV
π−

K0
S

)
),

• ln
(
(χ2)IP,PV

πK∗0
)
, and

• ln
(
(χ2)IP,PV

KK∗0

)
,

two variables are constructed, the first combining the impact parameter χ2 of both daughter pions
originating from the K0

S-meson, and the second combining the impact parameter χ2 of all other final
state particles:

• ln
(
(χ2)IP,PV

π+

K0
S

+ (χ2)IP,PV
π−

K0
S

)
; and

• ln
(
(χ2)IP,PV

π+
D

+ (χ2)IP,PV
π−D

+ (χ2)IP,PV
πK∗0

+ (χ2)IP,PV
KK∗0

)
.

Finally, a veto is used to exclude candidates which may arise from B± → DK± decays, by rejecting
any candidates for which the invariant mass of the reconstructed D-meson and the final state kaon
combined lies within 50 MeV of the B± mass.

Fit to reconstructed B-meson mass spectrum

The fit performed for this measurement includes one component not used in the fit described in
Section 5.2, arising from misidentified B0 → Dρ0 decays. These may satisfy the selection criteria for this
mode if one of the ρ0-meson’s daughter pions (ρ0 decays predominantly to π+π− [3]) is mis-identified
as a kaon. A kernel-estimated PDF shape for this component is obtained using selected MC decays.

7.1. Publication

Reference [1] is reproduced overleaf.
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1 Introduction

The Standard Model can be tested by checking the consistency of the Cabibbo-Kobayashi-
Maskawa (CKM) mechanism [1,2], which describes the mixing between weak and mass eigenstates
of the quarks. The CKM phase γ can be expressed in terms of the elements of the complex unitary
CKM matrix, as γ ≡ arg [−VudVub

∗/VcdVcb
∗]. Since γ is also the angle of the unitarity triangle

least constrained by direct measurements, its precise determination is of considerable interest.
Its value can be measured in tree-level processes such as B±→ DK± and B0→ DK∗0, where D

is a superposition of the D0 and D0 flavour eigenstates, and K∗0 is the K∗(892)0 meson. Since
loop corrections to these processes are of higher order, the associated theoretical uncertainty on
γ is negligible [3]. As such, measurements of γ in tree-level decays provide a reference value,
allowing searches for potential deviations due to physics beyond the Standard Model in other
processes.

The combination of measurements by the BaBar [4] and Belle [5] collaborations gives γ =

(67± 11)◦ [6], whilst an average value of LHCb determinations in 2014 gave γ =
(
73+9

−10

)◦ [7].
Global fits of all current CKM measurements by the CKMfitter [8,9] and UTfit [10] collaborations
yield indirect estimates of γ with an uncertainty of 2◦. Some of the CKM measurements included
in these combinations can be affected by new physics contributions.

Since the phase difference between Vub and Vcb depends on γ, the determination of γ in
tree-level decays relies on the interference between b → c and b → u transitions. The strategy
of using B± → DK± decays to determine γ from an amplitude analysis of D-meson decays to
the three-body final state K0

Sπ
+π− was first proposed in Refs. [11, 12]. The method requires
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knowledge of the D→ K0
Sπ

+π− decay amplitude across the phase space, and in particular the
variation of its strong phase. This may be obtained either by using a model to describe the D-
meson decay amplitude in phase space (model-dependent approach), or by using measurements
of the phase behaviour of the amplitude (model-independent approach). The model-independent
strategy, used by Belle [13] and LHCb [14,15], incorporates measurements from CLEO [16] of the
D decay strong phase in bins across the phase space. The present paper reports a new unbinned
model-dependent measurement, following the method used by the BaBar [17–19], Belle [20–22]
and LHCb [23] collaborations in their analyses of B± → D(∗)K(∗)± decays. This method allows
the statistical power of the data to be fully exploited.

The sensitivity to γ depends both on the yield of the sample analysed and on the magnitude
of the ratio rB of the suppressed and favoured decay amplitudes in the relevant region of phase
space. Due to colour suppression, the branching fraction B(B0→ D0K∗0) = (4.2 ± 0.6) × 10−5

is an order of magnitude smaller than that of the corresponding charged B-meson decay mode,
B(B+ → D0K+) = (3.70 ± 0.17) × 10−4 [24]. However, this is partially compensated by an
enhancement in rB0 , which was measured to be rB0 = 0.240+0.055

−0.048 in B0 → DK∗0 decays in
which the D is reconstructed in two-body final states [25]; the charged decays have an average
value of rB = 0.097 ± 0.006 [8, 9]. Model-dependent and independent determinations of γ using
B0 → D(K0

Sπ
+π−)K∗0 decays have already been performed by the BaBar [26] and Belle [27]

collaborations, respectively. The model-independent approach has also been employed recently
by LHCb [28]. For these decays a time-independent CP analysis is performed, as the K∗0 is
reconstructed in the self-tagging mode K+π−, where the charge of the kaon provides the flavour
of the decaying neutral B meson.

The K∗0 meson is one of several possible states of the (K+π−) system. Letting X0
s represent

any such state, the B-meson decay amplitude to DK+π− may be expressed as a superposition
of favoured b → c and suppressed b → u contributions:

A(B0 → DX0
s) ∝ |Ac|Af + |Au|ei(δB0−γ)Āf ,

A(B0 → DX0
s) ∝ |Ac|Āf + |Au|ei(δB0+γ)Af ,

(1)

where |Ac,u| are the magnitudes of the favoured and suppressed B-meson decay amplitudes, δB0 is
the strong phase difference between them, and γ is the CP -violating weak phase. The quantities
Ac,u and δB0 depend on the position in the B0 → DK+π− phase space. The amplitudes of the D0

and D0 mesons decaying into the common final state f , Af ≡
〈
f
∣∣H
∣∣D0

〉
and Āf ≡

〈
f
∣∣H
∣∣D0

〉
,

are functions of the K0
Sπ

+π− final state, which can be completely specified by two squared invari-
ant masses of pairs of the three final-state particles, chosen to be m2

+ ≡ m2
K0

Sπ
+ and m2

− ≡ m2
K0

Sπ
− .

The other squared invariant mass is m2
0 ≡ m2

π+π− . Making the assumption of no CP violation
in the D-meson decay, the amplitudes Af and Āf are related by Āf (m

2
+,m

2
−) = Af (m

2
−,m

2
+).

The amplitudes in Eq. 1 give rise to distributions of the form

dΓB0 ∝ |Ac|2|Af |2 + |Au|2|Āf |2 + 2|Ac||Au| Re
[
A⋆

f Āf e
i(δB0−γ)

]
,

dΓB0 ∝ |Ac|2|Āf |2 + |Au|2|Af |2 + 2|Ac||Au| Re
[
Af Ā

⋆
f e

i(δB0+γ)
]
,

(2)
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which are functions of the position in the B0 → DK+π− phase space. Integrating only over the
region φK∗0 of the B0 → DK+π− phase space in which the K∗0 resonance is dominant,

r2B0 ≡
∫
φK∗0

dφ |Au|2∫
φK∗0

dφ |Ac|2
. (3)

The functional
P(A, z, κ) =

∣∣A
∣∣2 + |z|2

∣∣Ā
∣∣2 + 2κRe

[
zA⋆Ā

]
, (4)

describes the distribution within the phase space of the D-meson decay,

PB0(m
2
−,m

2
+) ∝ P(Af , z−, κ),

PB0(m2
−,m

2
+) ∝ P(Āf , z+, κ),

(5)

where the coherence factor κ is a real constant (0 ≤ κ ≤ 1) [29] measured in Ref. [30], parame-
terising the fraction of the region φK∗0 that is occupied by the K∗0 resonance, and the complex
parameters z± are

z± = rB0 ei(δB0±γ). (6)

A direct determination of rB0 , δB0 and γ can lead to bias, when rB0 gets close to zero [17]. The
Cartesian CP violation observables, x± = Re(z±) and y± = Im(z±), are therefore used instead.

This paper reports model-dependent Cartesian measurements of z± made using B0 →
D(K0

Sπ
+π−)K∗0 decays selected from pp collision data, corresponding to an integrated lumi-

nosity of 3 fb−1, recorded by LHCb at centre-of-mass energies of 7TeV in 2011 and 8TeV in
2012. The measured values of z± place constraints on the CKM angle γ. Throughout the paper,
inclusion of charge conjugate processes is implied, unless specified otherwise.

Section 2 describes the LHCb detector used to record the data, and the methods used to
produce a realistic simulation of the data. Section 3 outlines the procedure used to select can-
didate B0 → D(K0

Sπ
+π−)K∗0 decays, and Sec. 4 describes the determination of the selection

efficiency across the phase space of the D-meson decay. Section 5 details the fitting procedure
used to determine the values of the Cartesian CP violation observables and Sec. 6 describes the
systematic uncertainties on these results. Section 7 presents the interpretation of the measured
Cartesian CP violation observables in terms of central values and confidence intervals for rB0 ,
δB0 and γ, before Sec. 8 concludes with a summary of the results obtained.

2 The LHCb detector

The LHCb detector [31, 32] is a single-arm forward spectrometer covering the pseudorapidity
range 2 < η < 5, designed for the study of particles containing b or c quarks. The detector
includes a high-precision tracking system consisting of a silicon-strip vertex detector surrounding
the pp interaction region, a large-area silicon-strip detector located upstream of a dipole magnet
of reversible polarity with a bending power of about 4Tm, and three stations of silicon-strip
detectors and straw drift tubes placed downstream of the magnet. The tracking system provides
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a measurement of the momentum p of charged particles with a relative uncertainty that varies
from 0.5% at low momentum to 1.0% at 200GeV. The minimum distance of a track to a primary
vertex (PV), the impact parameter (IP), is measured with a resolution of (15 + 29/pT)µm,
where pT is the component of the momentum transverse to the beam, in GeV. Different types of
charged hadrons are distinguished using information from two ring-imaging Cherenkov detectors.
Photons, electrons and hadrons are identified by a calorimeter system consisting of scintillating-
pad and preshower detectors, an electromagnetic calorimeter and a hadronic calorimeter. Muons
are identified by a system composed of alternating layers of iron and multiwire proportional
chambers.

The trigger consists of a hardware stage, based on information from the calorimeter and muon
systems, followed by a software stage, in which all charged particles with pT > 500 (300)MeV

are reconstructed for 2011 (2012) data. The software trigger requires a two-, three- or four-
track secondary vertex with a large sum of the transverse momentum, pT, of the tracks and
a significant displacement from the primary pp interaction vertices. At least one track should
have pT > 1.7GeV and χ2

IP with respect to any primary interaction greater than 16, where χ2
IP is

defined as the difference in χ2 of a given PV reconstructed with and without the considered track.
A multivariate algorithm [33] is used for the identification of secondary vertices consistent with
the decay of a b hadron. In the offline selection, trigger signals are associated with reconstructed
particles. Selection requirements can therefore be made on the trigger selection itself and on
whether the decision was due to the signal candidate, other particles produced in the pp collision,
or a combination of both.

Decays of K0
S → π+π− are reconstructed in two different categories: the first involving K0

S

mesons that decay early enough for the daughter pions to be reconstructed in the vertex detector,
and the second containing K0

S that decay later such that track segments of the pions cannot
be formed in the vertex detector. These categories are referred to as long and downstream,
respectively. The long category has better mass, momentum and vertex resolution than the
downstream category.

Large samples of simulated B0
(s) → D

( )

K ∗0 decays and various background decays are used
in this study. In the simulation, pp collisions are generated using Pythia [34] with a specific
LHCb configuration [35]. Decays of hadronic particles are described by EvtGen [36], in which
final-state radiation is generated using Photos [37]. The interaction of the generated particles
with the detector, and its response, are implemented using the Geant4 toolkit [38], as described
in Ref. [39].

3 Candidate selection and background sources

In addition to the hardware and software trigger requirements, after a kinematic fit [40] to
constrain the B0 candidate to point towards the PV and the D candidate to have its nominal
mass, the invariant mass of the K0

S candidates must lie within ±14.4MeV (±19.9MeV) of the
known value [24] for long (downstream) categories. Likewise, after a kinematic fit to constrain
the B0 candidate to point towards the PV and the K0

S candidate to have the K0
S mass, the
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reconstructed D-meson candidate must lie within ±30MeV of the D0 mass. To reconstruct the
B0 mass, a third kinematic fit of the whole decay chain is used, constraining the B0 candidate
to point towards the PV and the D and K0

S to have their nominal masses. The χ2 of this fit is
used in the multivariate classifier described below. This fit improves the resolution of the m2

±
invariant masses and ensures that the reconstructed D candidates are constrained to lie within
the kinematic boundaries of the phase space. The K∗0 candidate must have a mass within
±50MeV of the world average value and |cos θ∗| > 0.4, where the decay angle θ∗ is defined in the
K∗0 rest frame as the angle between the momentum of the kaon daughter of the K∗0, and the
direction opposite to the B0 momentum. The criteria placed on the K∗0 candidate are identical
to those used in the analysis of B0→ DK∗0 with two-body D decays [25].

A multivariate classifier is then used to improve the signal purity. A boosted decision tree
(BDT) [41,42] is trained on simulated signal events and background candidates lying in the high
B0 mass sideband [5500, 6000]MeV in data. This mass range partially overlaps with the range of
the invariant mass fit described below. To avoid a potential fit bias, the candidates are randomly
split into two disjoint subsamples, A and B, and two independent BDTs (BDTA and BDTB)
are trained with them. These classifiers are then applied to the complementary samples. The
BDTs are based on 16 discriminating variables: the B0 meson χ2

IP, the sum of the χ2
IP of the K0

S

daughter pions, the sum of the χ2
IP of the final state particles except the K0

S daughters, the B0

and D decay vertex χ2, the values of the flight distance significance with respect to the PV for
the B0, D and K0

S mesons, the D (K0
S ) flight distance significance with respect to the B0 (D)

decay vertex, the transverse momenta of the B0, D and K∗0, the cosine of the angle between the
momentum direction of the B0 and the displacement vector from the PV to the B0 decay vertex,
the decay angle of the K∗0 and the χ2 of the kinematic fit of the whole decay chain. Since some
of the variables have different distributions for long or downstream candidates, the two event
categories have separate BDTs, giving a total of four independent BDTs. The optimal cut value
of each BDT classifier is chosen from pseudoexperiments to minimise the uncertainties on z±.

Particle identification (PID) requirements are applied to the daughters of the K∗0 to select
kaon-pion pairs and reduce background coming from B0 → Dρ0 decays. A specific veto is also
applied to remove contributions from B±→ DK± decays: B0→ DK∗0 candidates with a DK

invariant mass lying in a ±50MeV window around the B±-meson mass are removed. To reject
background from D0→ ππππ decays, the decay vertex of each long K0

S candidate is required to
be significantly displaced from the D decay vertex along the beam direction.

The decay B0
s → DK∗0 has a similar topology to B0 → DK∗0, but exhibits much less

CP violation [30], since the decay B0
s → D0K∗0 is doubly-Cabbibo suppressed compared to

B0
s → D0K∗0. These decays are used as a control channel in the invariant mass fit. Background

from partially reconstructed B0
(s) → D∗ ( )

K ∗0 decays, where D∗ stands for either D∗0 or D∗0,
are difficult to exclude since they have a topology very similar to the signal. The D∗0 → D0γ

and D∗0 → D0π0 decays where the photon or the neutral pion is not reconstructed lead to
B0

(s)→ D
( )

K ∗0 candidates with a lower invariant mass than the B0
(s) mass.
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Figure 1: Variation of signal efficiency across the phase space for (left) long and (right) downstream
candidates.

4 Efficiency across the phase space

The variation of the detection efficiency across the phase space is due to detector acceptance,
trigger and selection criteria and PID effects. To evaluate this variation, a simulated sample
generated uniformly over the D→ K0

Sπ
+π− phase space is used, after applying corrections for

known differences between data and simulation that arise for the hardware trigger and PID
requirements.

The trigger corrections are determined separately for two independent event categories. In
the first category, events have at least one energy deposit in the hadronic calorimeter, associated
with the signal decay, which passes the hardware trigger. In the second category, events are
triggered only by particles present in the rest of the event, excluding the signal decay. The
probability that a given energy deposit in the hadronic calorimeter passes the hardware trigger
is evaluated with calibration samples, which are produced for kaons and pions separately, and
give the trigger efficiency as a function of the dipole magnet polarity, the transverse energy and
the hit position in the calorimeter. The efficiency functions obtained for the two categories are
combined according to their proportions in data.

The PID corrections are calculated with calibration samples of D∗+→ D0π+, D0 → K−π+

decays. After background subtraction, the PID efficiencies for kaon and pion candidates are
obtained as functions of momentum and pseudorapidity. The product of the kaon and pion
efficiencies, taking into account their correlation, gives the total PID efficiency.

The various efficiency functions are combined to make two separate global efficiency functions,
one for long candidates and one for downstream candidates, which are used as inputs to the fit
to obtain the Cartesian observables z±. To smooth out statistical fluctuations, an interpolation
with a two-dimensional cubic spline function is performed to give a continuous description of the
efficiency ε(m2

+,m
2
−), as shown in Fig. 1.
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5 Analysis strategy and fit results

To determine the CP observables z± defined in Eq. 6, an unbinned extended maximum likelihood
fit is performed in three variables: the B0 candidate reconstructed invariant mass mB0 and
the Dalitz variables m2

+ and m2
−. This fit is performed in two steps. First, the signal and

background yields and some parameters of the invariant mass PDFs are determined with a fit to
the reconstructed B0 invariant mass distribution, described in Sec. 5.1. An amplitude fit over the
phase space of the D-meson decay is then performed to measure z±, using only candidates lying
in a ±25MeV window around the fitted B0 mass, and taking the results of the invariant mass
fit as inputs, as explained in Sec. 5.2. The cfit [43] library has been used to perform these fits.
Candidate events are divided into four subsamples, according to K0

S type (long or downstream),
and whether the candidate is identified as a B0 or B0-meson decay. In the B-candidate invariant
mass fit, the B0 and B0 samples are combined, since identical distributions are expected for this
variable, whilst in the CP violation observables fit (CP fit) they are kept separate.

5.1 Invariant mass fit of B0→ DK∗0 candidates

An unbinned extended maximum likelihood fit to the reconstructed invariant mass distributions
of the B0 candidates in the range [4900, 5800]MeV determines the signal and background yields.
The long and downstream subsamples are fitted simultaneously. The total PDF includes several
components: the B0→ DK∗0 signal PDF, background PDFs for B0

s → DK∗0 decays, combina-
torial background, partially reconstructed B0

(s) → D∗ ( )

K ∗0 decays and misidentified B0 → Dρ0

decays, as illustrated in Fig. 2.
The fit model is similar to that used in the analysis of B0 → DK∗0 decays with D-meson

decays to two-body final states [25]. The B0 → DK∗0 and B0
s → DK∗0 components are each

described as the sum of two Crystal Ball functions [44] sharing the same central value, with the
relative yields of the two functions and the tail parameters fixed from simulation. The separation
between the central values of the B0→ DK∗0 and B0

s → DK∗0 PDFs is fixed to the known B0-B0
s

mass difference. The ratio of the B0 → DK∗0 and B0
s → DK∗0 yields is constrained to be the

same in both the long and downstream subsamples. The combinatorial background is described
with an exponential PDF. Partially reconstructed B0

(s) → D∗ ( )

K ∗0 decays are described with
non-parametric functions obtained by applying kernel density estimation [45] to distributions of
simulated events. These distributions depend on the helicity state of the D∗0 meson. Due to
parity conservation in D∗0→ D0γ and D∗0→ D0π0 decays, two of the three helicity amplitudes
have the same invariant mass distribution. The B0

s → D∗K∗0 PDF is therefore a linear combi-
nation of two non-parametric functions, with the fraction of the longitudinal polarisation in the
B0

s → D∗K∗0 decays unknown and accounted for with a free parameter in the fit. Each of the
two functions describing the different helicity states is a weighted sum of non-parametric func-
tions obtained from simulated B0

s → D∗(D0γ)K∗0 and B0
s → D∗(D0π0)K∗0 decays, taking into

account the known D∗0 → D0π0 and D∗0 → D0γ branching fractions [46] and the appropriate
efficiencies. The PDF for B0 → D∗K∗0 decays is obtained from that for B0

s → D∗K∗0 decays,
by applying a shift corresponding to the known B0-B0

s mass difference. In the nominal fit, the
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Figure 2: Invariant mass distribution for B0 → DK∗0 long and downstream candidates. The fit result,
including signal and background components, is superimposed (solid blue). The points are data, and
the different fit components are given in the legend. The two vertical lines represent the signal region in
which the CP fit is performed.

polarisation fraction is assumed to be the same for B0→ D∗K∗0 and B0
s → D∗K∗0 decays. The

effect of this assumption is taken into account in the systematic uncertainties. The B0 → Dρ0

component is also described with a non-parametric function obtained from the simulation, using
a data-driven calibration to describe the pion-kaon misidentification efficiency. This component
has a very low yield and, to improve the stability of the fit, a Gaussian constraint is applied,
requiring the ratio of yields of B0 → Dρ0 and B0

s → DK∗0 to be consistent with its expected
value.

The fitted distribution is shown in Fig 2. The resulting signal and background yields in a
±25MeV range around the B0 mass are given in Table 1. This range corresponds to the signal
region over which the CP fit is performed.

5.2 CP fit

A simultaneous unbinned maximum likelihood fit to the four subsamples is performed to de-
termine the CP violation observables z±. The value of the coherence factor is fixed to the
central value of κ = 0.958+0.005+0.002

−0.010−0.045, as measured in the recent LHCb amplitude analysis of
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Table 1: Signal and background yields in the signal region, ±25MeV around the B0 mass, obtained from
the invariant mass fit. Total yields, as well as separate yields for long and downstream candidates, are
given.

Component Yield
Long Downstream Total

B0→ DK∗0 29± 5 60± 8 89± 11

B0
s → DK∗0 0.59± 0.12 1.21 ± 0.23 1.8 ± 0.3

Combinatorial 9.6± 1.0 16.1 ± 1.4 25.7 ± 1.7

B0→ D∗K∗0 0.06± 0.02 0.06 ± 0.02 0.12 ± 0.03

B0
s → D∗K∗0 4.1± 0.8 7.9± 1.3 11.9 ± 1.7

B0→ Dρ0 0.20± 0.05 0.37 ± 0.09 0.57 ± 0.11

Total background 14.5± 1.3 25.6 ± 1.8 40.1 ± 2.4

B0→ DK+π− decays [30]. The negative logarithm of the likelihood,

− lnL =−
∑

B0cand.

ln

(∑

c

Ncf
mass
c (mB ; ~q

mass
c )fB0 model

c (m2
+,m

2
−; z±, κ, ~q

model
c )

)

−
∑

B0cand.

ln

(∑

c

Ncf
mass
c (mB ; ~q

mass
c )fB0 model

c (m2
+,m

2
−; z±, κ, ~q

model
c )

)

+
∑

c

Nc,

(7)

is minimised, where c indexes the different signal and background components, Nc is the yield
for each category, fmass

c is the invariant mass PDF determined in the previous section, ~q mass
c are

the mass PDF parameters, fB model
c is the amplitude PDF and ~q model

c are its parameters other
than z± and κ, which have been included explicitly.

The non-uniformity of the selection efficiency over the D→ K0
Sπ

+π− phase space is accounted
for by including the function ε(m2

+,m
2
−), introduced in Sec. 4, within the fB model

c PDF:

fB model
c (m2

+,m
2
−; z±, κ, ~q

model
c ) = Fc(m

2
+,m

2
−; z±, κ, ~q

model
c ) ε(m2

+,m
2
−), (8)

where Fc is the PDF of the amplitude model.
The model describing the amplitude of the D → K0

Sπ
+π− decay over the phase space,

Af

(
m2

+,m
2
−
)
, is identical to that used previously by the BaBar [19,47] and LHCb [23] collabora-

tions. An isobar model is used to describe P -wave (including ρ(770)0, ω(782), Cabibbo-allowed
and doubly Cabibbo-suppressed K∗(892)± and K∗(1680)−) and D-wave (including f2(1270) and
K∗

2 (1430)
±) contributions. The Kπ S-wave contribution (K∗

0 (1430)
±) is described using a gen-

eralised LASS amplitude [48], whilst the ππ S-wave contribution is treated using a P -vector
approach within the K-matrix formalism. All parameters of the model are fixed in the fit to the
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values determined in Ref. [47].1

All components included in the fit of the B-meson mass spectrum are included in the fit for
the CP violation observables, with the exception of the B0 → D∗K∗0 background, because its
yield within the signal region is negligible (Table 1). CP violation is neglected for B0

s → DK∗0

and B0
s → D∗K∗0 decays, since their Cabbibo-suppressed contributions are negligible. The

relevant PDFs are therefore FB0
s→D(∗)K∗0 = P(Āf , 0, 0) and FB0

s→D(∗)K∗0 = P(Af , 0, 0), where
P is defined in Eq. 4. For background arising from misidentified B0 → Dρ0 events, the B

flavour state cannot be determined, resulting in an incoherent sum of D0 and D0 contributions:
FB0→Dρ0 = (|Af |2 + |Āf |2)/2.

The combinatorial background is composed of two contributions: one from non-D candidates,
and the other from real D mesons combined with random tracks. Combinatorial D candidates
arise from random combinations of four charged tracks, incorrectly reconstructed as a D →
K0

Sπ
+π− decay, and this contribution is assumed to be distributed uniformly over phase space,

FComb, non−D = 1, consistent with what is seen in the data. Background from real D candidates
arises when the K∗(892)0 candidate is reconstructed from random tracks. Consequently, the
B-meson flavour is unknown, resulting in an incoherent sum, FComb, real D = (|Af |2 + |Āf |2)/2.
The relative proportions of non-D and real D meson backgrounds (O(30%)) are fixed using the
results of a fit to the reconstructed invariant mass of the D candidates in the signal B mass region.
Figures 3 and 4 show the Dalitz plot and its projections, with the fit result superimposed, for
B0 and B0 candidates, respectively. A blinding procedure was used to obscure the values of the
CP parameters until all aspects of the analysis were finalised. The measured values are

x− = −0.15 ± 0.14,

y− = 0.25 ± 0.15,

x+ = 0.05 ± 0.24,

y+ = −0.65 +0.24
−0.23,

where the uncertainty is statistical only. The correlation matrix is

x− y− x+ y+


1 0.14 0 0

0.14 1 0 0

0 0 1 0.14

0 0 0.14 1




,

and the corresponding likelihood contours for z± are shown in Fig. 5.
1As previously noted in Ref. [23], the model implemented by BaBar [47] differs from the formulation described

therein. One of the two Blatt-Weisskopf coefficients was set to unity, and the imaginary part of the denominator
of the Gounaris-Sakurai propagator used the mass of the resonant pair, instead of the mass associated with
the resonance. The model used herein replicates these features without modification. It has been verified that
changing the model to use an additional centrifugal barrier term and a modified Gounaris-Sakurai propagator has
a negligible effect on the measurements.
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Figure 3: Selected B0→ DK∗0 candidates, shown as (a) the Dalitz plot, and its projections on (b) m2
−,

(c) m2
+ and (d) m2

0. The line superimposed on the projections corresponds to the fit result and the points
are data.

6 Systematic uncertainties

Several sources of systematic uncertainty on the evaluation of z± are considered, and are sum-
marised in Table 2. Unless otherwise stated, for each source considered, the CP fit is repeated
and the differences in the z± values compared to the nominal results are taken as the systematic
uncertainties.

The uncertainty on the description of the efficiency variation across the D-meson decay phase
space arises from several sources. Statistical uncertainties arise due to the limited sizes of the sim-
ulated samples used to determine the nominal efficiency function and of the calibration samples
used to obtain the data-driven corrections to the PID and hardware trigger efficiencies. Large
numbers of alternative efficiency functions are created by smearing these quantities according to
their uncertainties. For each fitted CP parameter, the residual for a given alternative efficiency
function is defined as the difference between its value obtained using this function, and that
obtained in the nominal fit. The width of the obtained distribution of residuals is taken as the
corresponding systematic uncertainty. Additionally, since the nominal fit is perfomed using an
efficiency function obtained using only BDTA, the fit is repeated using an alternative efficiency
function obtained using BDTB, and an uncertainty extracted. The fit is also performed with
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Figure 4: Selected B0→ DK∗0 candidates, shown as (a) the Dalitz plot, and its projections on (b) m2
−,

(c) m2
+ and (d) m2

0. The line superimposed on the projections corresponds to the fit result and the points
are data.

alternative efficiency functions obtained by varying the fraction of candidates triggered by at
least one product of the signal decay chain. Finally, for a few variables used in the BDT, a small
difference is observed between the simulation and the background-subtracted data sample. To
account for this difference, the simulated events are reweighted to match the data, and the fit is
repeated with the resulting efficiency function.

The B-meson invariant mass fit result is used to fix the fractions of signal and background
and the parameters of the B0 mass PDF shapes in the CP fit. A large number of pseudoexperi-
ments is generated, in which the free parameters of the invariant mass fit are varied within their
uncertainties, taking into account their correlations. The CP fit is repeated for each variation.
For each CP parameter, the width from a Gaussian fit to the resulting residual distribution is
taken as the associated systematic uncertainty. This is the dominant contribution to the invari-
ant mass fit systematic uncertainty quoted in Table 2. Other uncertainties due to assumptions
in the invariant mass fit are evaluated by allowing the B0 → DK∗0/B0

s → DK∗0 yield ratio to
be different for long and downstream categories, by varying the B0 → Dρ0/B0

s → DK∗0 yield
ratio, by varying the Crystal Ball PDF parameters within their uncertainties and by testing
alternatives to the Crystal Ball PDFs. The proportions of D∗0 → D0γ and D∗0 → D0π0 in
the B0

(s) → D∗ ( )

K ∗0 background description are also varied, and the effect of neglecting the
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Table 2: Summary of the systematic uncertainties on z±, in units of (10−3). The total experimental and
total model-related uncertainties are also given as percentages of the statistical uncertainties.

Source of uncertainty δx− δy− δx+ δy+

Efficiency 5.4 1.1 11 1.8
Invariant mass fit 12 21 15 48
Migration over the phase space 5.3 1.8 6.2 3.0
Misreconstructed signal 7.7 6.6 10 7.1
Background description

Non-D background 20 15 28 47
Real D background 0.1 0.4 0.2 1.0
CP violation in B0

s → D∗K∗0 1.5 0.8 4.0 1.6
B+→ D0π+π+π− contribution 0.6 1.4 0.8 2.3
Λ0
b → D0pπ− contribution 0.1 0.7 0.5 1.6

K∗ coherence factor (κ) 4.8 2.4 8.5 2.6
CP fit bias 5 49 11 40
Total experimental 26 (19%) 56 (37%) 39 (16%) 78 (33%)
Total model-related (see Table 3) 8 (5%) 7 (5%) 10 (4%) 5 (2%)

B0→ D∗K∗0 component in the CP fit is evaluated.
The systematic uncertainty due to the finite resolution in m2

± is evaluated with a large number
of pseudoexperiments. One nominal pseudodata sample is generated, with z± fixed to the values
obtained from data. A large number of alternative samples are generated from the nominal one
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by smearing the m2
± coordinates of each event according to the resolution found in simulation and

taking correlations into account. For each CP parameter, the width of the residual distribution
is taken as the systematic uncertainty.

The misreconstruction of B0 → DK∗0 signal events is also studied. This can occur e.g.
when the wrong final state pions of a real signal event are combined in the reconstruction of
the D-meson candidate, leading to migration of this event within the D-decay phase space. The
uncertainty corresponding to this effect is evaluated using pseudoexperiments. The effect of signal
misreconstruction due to K∗0–K∗0 misidentification, corresponding to a (K±π∓) → (π±K∓)

misidentification, is found to be negligible thanks to the PID requirements placed on the K∗0

daughters.
The uncertainty arising from the background description is evaluated for several sources.

The CP fit is repeated with the fractions of the two categories of combinatorial background
(non-D and real D candidates) varied within their uncertainties from the fit to the D invariant
mass distribution. Additionally, since in the nominal fit the non-D candidates are assumed to
be uniformly distributed over the phase space of the D → K0

Sπ
+π− decay, the fit is repeated

changing this contribution to the sum of a uniform distribution and a K∗(892)± resonance. The
relative proportions of the two components are fixed based on the m2

± distributions found in
data. The fit is also repeated with the D-meson decay model for the non-D component set
to the distribution of data in the D mass sidebands. The uncertainty arising from the poorly-
known fraction of non-D and real D background is the dominant systematic uncertainty for the
x± parameters.

The description of the real D combinatorial background assumes that the probabilities of a
D0 or a D0 being present in an event are equal. The CP violation observables fit is repeated
with the decay model for this background changed to include a D0–D0 production asymmetry,
whose value is set to the measured D± asymmetry (−1.0± 0.3) × 10−2 [49].

CP violation is neglected in the B0
s → D∗K∗0 decay nominal description. The CP fit is

repeated with the inclusion of a small component describing the suppressed decay amplitude of
B0

s → D∗0K∗0, with CP violation parameters for this component fixed to γ = 73.2◦, rB0
s
= 0.02

and δB0
s
= {0◦, 45◦, 90◦, 135◦, 180◦, 225◦, 270◦, 315◦}. The model used to describe B0

s → D∗K∗0

decays consists of an incoherent sum of D∗0→ D0π0 and D∗0→ D0γ contributions. Between the
D∗0 → D0π0 and D∗0 → D0γ decays, there is an effective strong phase shift of π that is taken
into account [50].

The systematic uncertainties arising from the inclusion of background from misreconstructed
B+→ D0π+π+π− and Λ0

b → D0pπ− decays are evaluated, by adding these components into the
fit model. The CP fit is also repeated with the K∗(892)0 coherence factor κ varied within its
uncertainty [30].

The CP fit is verified using one thousand data-sized pseudoexperiments. In each experiment,
the signal and background yields, as well as the distributions used in the generation, are fixed to
those found in data. The fitted values of z± show biases smaller than the statistical uncertainties,
and are included as systematic uncertainties. These biases are due to the current limited statistics
and are found to reduce in pseudoexperiments generated with a larger sample size.
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To evaluate the systematic uncertainty due to the choice of amplitude model for D →
K0

Sπ
+π−, one million B0 → DK∗0 and one million B0

s → DK∗0 decays are simulated accord-
ing to the nominal decay model, with the Cartesian observables fixed to the nominal fit result.
These simulated decays are fitted with alternative models, each of which includes a single mod-
ification with respect to the nominal model, as described in the next paragraph. Each of these
alternative models is first used to fit the simulated B0

s → DK∗0 decays to determine values for
the resonance coefficients of the model. Those coefficients are then fixed in a second fit, to the
simulated B0 → DK∗0 decays, to obtain z±. The systematic uncertainties are taken to be the
signed differences in the values of z± from the nominal results.

The following changes, labelled (a)-(u), are applied in the alternative models, leading to the
uncertainties shown in Table 3:

− ππ S-wave: The F -vector model is changed to use two other solutions of the K-matrix
(from a total of three) determined from fits to scattering data [51] (a), (b). The slowly
varying part of the nonresonant term of the P -vector is removed (c).

− Kπ S-wave: The generalised LASS parametrisation used to describe the K∗
0 (1430)

± reso-
nance, is replaced by a relativistic Breit–Wigner propagator with parameters taken from
Ref. [52] (d).

− ππ P-wave: The Gounaris–Sakurai propagator is replaced by a relativistic Breit–Wigner
propagator [19, 47] (e).

− Kπ P-wave: The mass and width of the K∗(1680)− resonance are varied by their uncer-
tainties from Ref. [48] (f)−(i).

− ππ D-wave: The mass and width of the f2(1270) resonance are varied by their uncertainties
from Ref. [24] (j)−(m).

− Kπ D-wave: The mass and width of the K∗
2 (1430)

± resonance are varied by their uncer-
tainties from Ref. [53] (n)−(q).

− The radius of the Blatt–Weisskopf centrifugal barrier factors, rBW, is changed from
1.5 GeV−1 to 0.0 GeV−1 (r) and 3.0 GeV−1 (s).

− Two further resonances, K∗(1410)0 and ρ(1450), parametrised with relativistic Breit–
Wigner propagators, are included in the model [19, 47] (t).

− The Zemach formalism used for the angular distribution of the decay products is replaced
by the helicity formalism [19,47] (u).

It results in total systematic uncertainties arising from the choice of amplitude model of

δx− = 8× 10−3,

δy− = 7× 10−3,

δx+ = 10× 10−3,

δy+ = 5× 10−3.

The different systematic uncertainties are combined, assuming that they are independent
to obtain the total experimental uncertainties. Depending on the (x±, y±) parameters, the
leading systematic uncertainties arise from the invariant mass fit, the description of the non-
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Table 3: Model related systematic uncertainties for each alternative model, in units of (10−3). The
relative signs indicate full correlation or anti-correlation.

Description δx− δy− δx+ δy+

(a) K-matrix 1st solution −2 0.9 2 1

(b) K-matrix 2nd solution 0.3 0.3 0.0 −0.5

(c) Remove slowly varying −0.7 0.2 0.5 0.6

part in P -vector

(d)
Generalised LASS

2 3 −1 3→ relativistic Breit–Wigner

(e)
Gounaris-Sakurai

0.7 0.0 −0.1 0.8→ relativistic Breit–Wigner
(f)

K∗(1680)

m+ δm −0.0 0.6 0.1 0.5

(g) m− δm −0.2 −0.5 0.2 −0.9

(h) Γ + δΓ −0.2 0.2 0.0 −0.2

(i) Γ− δΓ 0.2 −0.1 0.5 −0.2

(j)

f2(1270)

m+ δm −0.1 0.0 0.3 −0.2

(k) m− δm −0.0 0.1 0.2 −0.2

(l) Γ + δΓ −0.0 0.0 0.2 −0.2

(m) Γ− δΓ −0.1 0.0 0.2 −0.2

(n)

K∗
2 (1430)

m+ δm 0.3 0.2 0.2 −0.2

(o) m− δm −0.4 −0.2 0.3 −0.1

(p) Γ + δΓ −0.2 0.2 0.1 −0.2

(q) Γ− δΓ 0.1 −0.1 0.3 −0.2

(r) rBW = 0.0GeV−1 −2 0.7 −1 −0.3

(s) rBW = 3.0GeV−1 4 −2 4 2

(t) Add K∗(1410) and ρ(1450) −0.2 −0.2 0.3 −0.3

(u) Helicity formalism −6 6 −8 2

Total model related 8 7 10 5

D background and the fit biases. A larger data sample is expected to reduce all three of these
uncertainties. Whilst not intrinsically statistical in nature, the systematic uncertainty due to the
description of the non-D background is presently evaluated using a conservative approach due to
lack of statistics. The total systematic uncertainties, including the model-related uncertainties,
are significantly smaller than the statistical uncertainties.

7 Determination of the parameters γ, rB0 and δB0

To determine the physics parameters rB0 , δB0 and γ from the fitted Cartesian observables z±,
the relations

x± = rB0 cos(δB0 ± γ),

y± = rB0 sin(δB0 ± γ),
(9)
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must be inverted. This is done using the GammaCombo package, originally developed for the
frequentist combination of γ measurements by the LHCb collaboration [7,54]. A global likelihood
function is built, which gives the probability of observing a set of z± values given the true values
(rB0 , δB0 , γ),

L(x−, y−, x+, y+|rB0 , δB0 , γ). (10)

All statistical and systematic uncertainties on z± are accounted for, as well as the statisti-
cal correlation between z±. Since the precision of the measurement is statistics dominated,
correlations between the systematic uncertainties are ignored. Central values for (rB0 , δB0 , γ)

are obtained by performing a scan of these parameters, to find the values that maximise
L(xobs− , yobs− , xobs+ , yobs+ |rB0 , δB0 , γ), where zobs± are the measured values of the Cartesian observ-
ables. Associated confidence intervals may be obtained either from a simple profile-likelihood
method, or using the Feldman-Cousins approach [55] combined with a “plugin” method [56].
Confidence level curves for (rB0 , δB0 , γ) obtained using the latter method are shown in Figs. 6,
7 and 8. The measured values of z± are found to correspond to

γ =
(
80+21

−22

)◦
,

rB0 = 0.39 ± 0.13,

δB0 =
(
197+24

−20

)◦
.

Intrinsic to the method used in this analysis [12], there is a two-fold ambiguity in the solution;
the Standard Model solution (0 < γ < 180)◦ is chosen. Two-dimensional confidence level curves
obtained using the profile-likelihood method are shown in Figs. 9 and 10.
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Figure 6: Confidence level curve on γ, obtained using the “plugin” method [56].
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Figure 7: Confidence level curve on rB0 , obtained using the “plugin” method [56].
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Figure 8: Confidence level curve on δB0 , obtained using the “plugin” method [56]. Only the δB0 solution
corresponding to 0 < γ < 180◦ is highlighted; the other maximum is due to the (δB0 , γ) → (δB0 +π, γ+π)
ambiguity.

8 Conclusion

An amplitude analysis of B0→ DK∗0 decays, employing a model description of the D→ K0
Sπ

+π−

decay, has been performed using data corresponding to an integrated luminosity of 3 fb−1,
recorded by LHCb at a centre-of-mass energy of 7TeV in 2011 and 8TeV in 2012. The mea-
sured values of the CP violation observables x± = rB0 cos (δB0 ± γ) and y± = rB0 sin (δB0 ± γ)
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Figure 9: Two-dimensional confidence level curves in the (γ, rB0) plane, obtained using the profile-
likelihood method.
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Figure 10: Two-dimensional confidence level curves in the (γ, δB0) plane, obtained using the profile-
likelihood method.

are

x− = −0.15 ± 0.14 ± 0.03 ± 0.01,

y− = 0.25 ± 0.15 ± 0.06 ± 0.01,

x+ = 0.05 ± 0.24 ± 0.04 ± 0.01,

y+ = −0.65 +0.24
−0.23 ± 0.08 ± 0.01,
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where the first uncertainties are statistical, the second are systematic and the third are due to
the choice of amplitude model used to describe the D → K0

Sπ
+π− decay. These are the most

precise measurements of these observables related to the neutral channel B0 → DK∗0. They
place constraints on the magnitude of the ratio of the interfering B-meson decay amplitudes, the
strong phase difference between them and the CKM angle γ, giving the values

γ =
(
80+21

−22

)◦
,

rB0 = 0.39 ± 0.13,

δB0 =
(
197+24

−20

)◦
.

Here, rB0 and δB0 are defined for a Kπ mass region of ±50MeV around the K∗(892)0 mass and
for an absolute value of the cosine of the K∗0 decay angle greater than 0.4. These results are
consistent with those reported in Ref. [28], where a different analysis method is used. The two
results are based on the same data set and cannot be combined.
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8. Study of γ using the simultaneous fit to all
B→ D(∗)K(∗) decay modes

The mass fit results obtained in Chapter 5 act as inputs to the final CP fit, performed in the D → K0
Sπ+π−

Dalitz plane, as described in Section 1.5. Selected candidates lying within the signal region of each
mass fit are analysed simultaneously, and both model-dependent and model-independent fits are
performed. Moving from performing a model-dependent CP fit for a single decay mode, as described
in Chapter 7, to performing both model-dependent and model-independent analyses for multiple decay
modes simulataneously, presents a significant technical challenge. This work has been performed by
a collaborator with significant expertise in CP analysis, and not by the present author. This chapter
describes the fit models used, and presents the first results obtained, before discussing the estimation of
systematic uncertainties.

It is useful to begin by introducing the relevant notation, which extends that of Section 1.5.

Model-dependent

The model-dependent approach begins with equations 1.117 and 1.118, which present the PDF for a
signal B-meson decay of the form studied in this thesis:

dΓm
−∼

∣∣∣A f

∣∣∣
2
+ |zm

−|2
∣∣∣Ā f

∣∣∣
2
+ 2κm Re

(
zm
− A?

f Ā f

)
; and

dΓm
+∼

∣∣∣Ā f

∣∣∣
2
+ |zm

+|2
∣∣∣A f

∣∣∣
2
+ 2κm Re

(
zm
+ Ā?

f A f

)
,

where A f gives the amplitude for the observed (K0
S, π+, π−) momentum configuration to have arisen

from a decay proceeding via a D0-meson, and Ā f gives the amplitude to have proceeded via a D0-
meson. A resonance model is used to describe these amplitudes, as described in Chapter 2.1 In order to
model the observed distribution of events within the Dalitz plane, it is necessary to account for any
efficiency variations, and so each of these expressions must be multiplied by an efficiency function
before it can be fitted to data.

Defining the functional

PMD(A, ξz, κ, ε) =
(
|A|2 + |ξz|2|Ā2

f |+ 2κRe(ξzA∗ Ā f )
)
· ε, (8.1)

1Recall that A f and Ā f are linked by Ā f (s12, s13) = A f (s13, s12).
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the normalised PDF models for a given pair of conjugate decay modes are then given by

dΓm
− =

1
Nm
PMD(A f , ξmz−, κm, εm), and (8.2)

dΓm
+ =

1
Nm
PMD(Ā f , ξmz+, κm, εm), (8.3)

where Nm is the population of mode m within the model, and εm describes its efficiency variation over
the Dalitz plane.

Note that the same functional also applies to decay modes for which the suppressed component, A,
is negligible, by setting ξm = 0. A flat PDF can also be obtained, by setting A = 1 and ξm = 0. This
means that the same functional may be used to describe all of the signal and background components
included in the CP fit.

Model-independent

As introduced in Section 1.5, the model-independent approach integrates the PDFs of equations 1.117
and 1.118 to model the bin populations of observed decays within the Dalitz plane, giving equations
1.129–1.132:

Γm
−, i ∼ Ti + |zm

−|2Tĩ + 2κm|zm
−|
{

ci cos
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)
− si sin

(
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−)
)}

;

Γm
−, ĩ ∼ Tĩ + |zm

−|2Ti + 2κm|zm
−|
{

ci cos
(
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−)
)
+ si sin
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−)
)}

;
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+, i ∼ Tĩ + |zm
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{

ci cos
(
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)
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(
arg(zm
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)}

; and
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{

ci cos
(
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)
− si sin

(
arg(zm

+)
)}

.

Each of these expressions may be expressed using the functional

P(Ti, Tĩ, ci, si, ξz, κ, ε) = Ti + |ξz|2Tĩ + 2κ|ξz|
{

ci cos
(

arg(ξz)
)
− si sin

(
arg(ξz)

)}
. (8.4)

Within the model-independent approach, the amplitudes A f and Ā f are never modelled directly,
but all information relating to them is carried by the set of bin-integrated parameters {Ti, Tĩ, ci, si}, so it
is useful to denote this set of information as A f . Making this substitution, and generalising to allow for
non-uniform efficiency, the model-independent PDF may be described by a functional of the form,

PMI(A, ξz, κ, ε). (8.5)

This functional takes the same arguments as PMD and thus unifies the notation between the model-
dependent and model-independent approaches.
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name channel
dominant

ξc κc
amplitude

bdk- B−→ DK− A f 1 1
bdpi- B−→ Dπ− A f 0 1

b0dkst- B0→ DK∗0 A f ξDK∗0 κDK∗0

bdkst- B−→ DK∗− A f ξDK∗± κDK∗±

bdstkg- B−→ D∗(Dγ)K− A f −ξD∗K 1
bdstkr- B−→ D∗(Dπ0)K− A f ξD∗K 1
bdstkm- B−→ D∗(Dπ0

part.reco.)K− A f ξD∗K 1

bdstpig- B−→ D∗(Dγ)π− A f 0 1
bdstpir- B−→ D∗(Dπ0)π− A f 0 1
bdstpim- B−→ D∗(Dπ0

part.reco.)π− A f 0 1

d0+ D0→ K0
S π+π− A f 0 1

d0- D0→ K0
S π+π− Ā f 0 1

flat flat 1 0 −

Table 8.1.: Phase space PDF models used for signal and background components included in the CP violation fit.

8.1. CP fit model

The phase space PDFs used to describe each signal and background component can be expressed
in terms of the functionals defined above. The only differences between each of the components
are the dominant amplitude, A, passed as the first argument of the functional, and the ξm and κm

parameters. Table 8.1 summarises all of the phase space models that are defined. Note that, thanks to
the shared notation, the same expressions give the PDFs used in both the model-dependent and model-
independent fits. PDFs for the opposite charge are obtained by swapping A f ↔ Ā f and z− ↔ z+. The
notation B−→ D∗(Dπ0

part.reco.)K− indicates the B− → D∗K− signal mode with partially-reconstructed
D∗ → Dπ0, π0 → γγ, as discussed in Section 4.3.3. The notation B−→ D∗(Dπ0

part.reco.)π− indicates
the corresponding control mode. The letters r and m in bdstkr, bdstkm, bdstpir and bdstpim stand
for ‘reconstructed’ and ‘misreconstructed’, respectively, and refer to the π0 candidate arising from the
D∗0 decay. An additional PDF model, d0=, is defined as the average of the d0+ and d0- models. The
value of the coherence factor for decay mode DK∗0 is extracted from reference [152], and the value of
the coherence factor for decay mode DK∗± is calculated from the model described in reference [153].

Tables 8.2 – 8.6 indicate which of the defined phase space PDFs is used to model each signal and
background component of each B-meson decay mode. Different PDFs are used to model combinatoric
background reconstructed using real and fake D-meson candidates. For fake-D candidates, the final
state (K0

S, π+, π−) does not originate from a progenitor D-meson, and so the distribution in the Dalitz
plane is assumed to be flat. For real-D candidates, the decay is assumed to proceed only via its
dominant intermediate (D0 or D0), without interference. Since the reconstructed decay chain contains
combinatoric candidates, the flavour of the D-meson, whether D0 or D0, cannot be tagged, and so an
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B−→ DK− B−→ Dπ−

signal bdk- bdpi-

fake-D combinatoric flat flat

real-D combinatoric d0= d0=

crossfeed bdpi- bdk-

B− → D∗K− bdstk −
B− → D∗π− d0+ d0+

B− → D∗ρ− d0+ d0+

B0 → D∗ρ0 d0+ d0+

B− → Dρ− d0+ d0+

B0 → Dρ0 d0+ d0+

B0
s → DK∗0 d0- −

B0 → DK∗0 b0dkst- −

Table 8.2.: Phase space PDFs used to describe each component in the fit to B± → Dh± decay modes. Orange rows
indicate decays which are signal in another category.

equal sum of the two models is used. The populations of fake-D and real-D combinatoric entering each
sample are fixed from Section 5.5.

In addition to combining multiple decay modes into a single simultaneous fit, the PDF models
defined may be used to perform standalone fits to individual decay modes. In this case, any cross-feed
of signal decays from one mode into another is modelled using its dominant component only, instead
of a correct PDF model with unknown CP parameters. This applies to e.g. background arising from
B±→ DK± candidates which enters the standalone fit to mode B±→ D∗K± . The decay model used
for these components is d0+ for models with a minus sign and d0- for models with a plus sign, i.e.
the pure flavour models with the same dominant flavour amplitude. The correct PDF model for the
crossfeed component is not used, since this introduces additional free CP parameters in the fit, and thus
significantly increases the uncertainty on each parameter. The simultaneous fit is thus a unique tool,
since it is the only proposed approach that assigns an accurate decay model for crossfeed components.
Rows in Tables 8.2 – 8.6 describing such cross-feed components are highlighted in orange text.

The final fit PDF is obtained by combining the mass and phase space terms of each component,
with their corresponding yield Nm,

P = ∑
m

Nm Pm
mass Pm

± . (8.6)

All the yields and parameters of the mass PDF are fixed to the results obtained from the fits to B and
D mass distributions in Chapter 5. This allows the likelihood to take into account the different mass
distributions of the different signal and background categories.
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B0→ DK∗0 B0
s→ DK∗0

B0 signal b0dkst- b0dkst+

B0
s signal d0- d0+

fake-D combinatoric flat flat

real-D combinatoric d0= d0=

B0
s → D∗(Dγ)K∗0 d0- d0+

B0
s → D∗(Dπ0)K∗0 d0- d0+

B0 → D∗(Dγ)K∗0 d0- d0+

B0 → D∗(Dπ0)K∗0 d0- d0+

Table 8.3.: Phase space PDFs used to describe each component in the fit to B0
(s) → DK∗0 decay modes.

B−→ DK∗−

signal bdkst-

fake-D combinatoric flat

real-D combinatoric d0=

B− → D∗(Dγ)K∗− d0+

B− → D∗(Dπ0)K∗− d0+

Table 8.4.: Phase space PDFs used to describe each component in the fit to the B± → DK∗± decay mode.

B−→ D∗(Dγ)K− B−→ D∗(Dπ0)K− B−→ D∗(Dπ0
part.reco.)K−

signal bdstkg- bdstkr- bdstkm-

fake-D combinatoric flat flat flat

real-D combinatoric d0= d0= d0=

crossfeed bdstpig- bdstpir- bdstpim-

B− → D∗K∗− d0+ d0+ d0+

B−→ Dπ− bdpi- bdpi- bdpi-

B−→ DK− bdk- bdk- bdk-

B0 → D∗+K− d0+ d0+ d0+

Table 8.5.: Phase space PDFs used to describe each component in the fit to the B± → D∗K± decay modes. Orange
rows indicate decays which are signal in another category.
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B−→ D∗(Dγ)π− B−→ D∗(Dπ0)π− B−→ D∗(Dπ0
part.reco.)π−

signal d0+ d0+ d0+

fake-D combinatoric flat flat flat

real-D combinatoric d0= d0= d0=

crossfeed bdstkg- bdstkr- bdstkm-

B− → D∗ρ− d0+ d0+ d0+

B− → Dπ− d0+ d0+ d0+

B− → Dρ− d0+ d0+ d0+

B0 → D∗+π− d0+ d0+ d0+

Table 8.6.: Phase space PDFs used to describe each component in the fit to the B± → D∗π± decay modes.

Fit results are obtained using the cfit library [124] through an extended maximum likelihood fit,
by minimising the function

−2 ∑
j

lnPj + 2 ∑
m

Nm, (8.7)

where Pj is the full PDF evaluated for datum j.

Efficiency non-uniformities over the D decay phase space are accounted for using a second order
polynomial function, in the phase space variables S2

+ and S2
−,

εm(x, y) = a + b(x + y) + cxy + d(x2 + y2), (8.8)

x = S2
+ −m2

0, (8.9)

y = S2
− −m2

0, (8.10)

where the constant m2
0 = 1.9 GeV2 improves the fit convergence by centering the polynomial variables

within the allowed region of the Dalitz plane.

For B±→ Dh± and B±→ D∗h± fits, where candidate yields are high, the coefficients b, c and d
of the efficiency functions float and are determined solely from data in the simultaneous fit. Coefficient
a is fixed to be 1. For B0→ DK∗0 and B± → DK∗± fits, the MC efficiency histograms described in
Chapter 6 are used to introduce a Gaussian constraint on the efficiency parameters. The MC efficiencies
take the form of a collection of bin contents εb with corresponding uncertainties σb

ε , using an arbitrary
scale. The arbitrary scale is parameterized by introducing a parameter Cm to multiply the efficiency
model εm for these modes. The Gaussian constraint is introduced by means of an additional χ2 term in
the fit function, which becomes

−2 ∑
j

lnPj + 2 ∑
m

Nm + ∑
m

∑
b

(
εb − Cm εm

σb
ε

)2
. (8.11)
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channel standalone simultaneous

B±→ DK± x x x x x
B±→ Dπ± x x x x
B0→ DK∗0 x x x x
B0

s→ DK∗0 x x x x x
B±→ DK∗± x x x
B±→ D∗h± x x

Table 8.7.: Decay mode configurations for which CP fits are performed.

8.2. Preliminary results

Fits are performed for a range of standalone and simultaneous decay mode combinations. The con-
figurations used are summarised in Table 8.7. Standalone fit results for the Cartesian parameters are
shown in Table 8.8. Simultaneous fit results for the Cartesian parameters are shown in Table 8.9. Only
statistical uncertainties are shown, since all central values remain blinded whilst the analysis proceeds
through peer review within the LHCb collaboration.

For each fit, the blinded Cartesian central values, and their statistical covariances, may be propagated
to give an estimated statistical uncertainty on the value of γ, as described in Chapter 7. For the model-
dependent and model-independent simultaneous fits including all decay modes studied, preliminary
statistical uncertainties of 12◦ and 13.5◦ on γ are obtained, respectively.

8.3. Expected systematic uncertainties

Systematic uncertainties for the full simultaneous analysis have not yet been evaluated. However, their
expected order of magnitude can be estimated by considering the previous standalone measurements
that have been completed. The model-dependent approach has been used to extract Cartesian CP
parameters in the decay modes

• B± → D(→ K0
S π+π−)K± , using data corresponding to an integrated luminosity of 1 fb−1

recorded at LHCb during 2011 [154], and

• B0 → D(→ K0
S π+π−)K∗0, using the full LHCb Run 1 dataset [1], corresponding to an integrated

luminosity of 3 fb−1, as described in Chapter 7.

The model-independent approach has been used to extract Cartesian CP parameters in the decay modes

• B± → D(→ K0
S π+π−, K0

S K+K−)K± , using the full LHCb Run 1 dataset [155], and

• B0 → D(→ K0
S π+π−, K0

S K+K−)K∗0, using the same dataset [156].
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channels parameter σMD
stat σMI

stat

DK±

x− 0.023 0.025
y− 0.028 0.034
x+ 0.022 0.023
y+ 0.026 0.031

Dh±

x− 0.022 0.025
y− 0.027 0.033
x+ 0.021 0.023
y+ 0.025 0.030

DK∗0

x− 0.144 0.145
y− 0.164 0.175
x+ 0.214 0.251
y+ 0.234 0.251

DK∗±

x− 0.144 0.196
y− 0.171 0.197
x+ 0.353 0.277
y+ 0.207 0.314

D∗h±

x− 0.055 0.060
y− 0.064 0.071
x+ 0.059 0.065
y+ 0.079 0.092

Table 8.8.: Comparison of standalone CP fit sensitivities using the model-dependent (MD) and model-independent
(MI) approaches. All modes are included alongside their control mode, except for the first block (DK±

without Dπ± ).
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channels parameter σMD
stat σMI

stat

Dh±

DK∗0

x− 0.019 0.022
y− 0.015 0.021
x+ 0.018 0.023
y+ 0.018 0.029
Re(ξDK∗0) 3.224 3.250
Im(ξDK∗0) 2.908 3.229

Dh±

DK∗0

DK∗±

x− 0.020 0.021
y− 0.014 0.021
x+ 0.018 0.023
y+ 0.019 0.029
Re(ξDK∗0) 3.211 3.201
Im(ξDK∗0) 2.865 3.261
Re(ξDK∗± ) 3.562 2.713
Im(ξDK∗± ) 2.453 3.053

Dh±

DK∗0

DK∗±

D∗h±

x− 0.019 0.021
y− 0.013 0.022
x+ 0.018 0.023
y+ 0.018 0.029
Re(ξDK∗0) 3.201 3.223
Im(ξDK∗0) 2.791 3.302
Re(ξDK∗± ) 3.530 2.743
Im(ξDK∗± ) 2.420 3.051
Re(ξD∗K± ) 0.805 0.634
Im(ξD∗K± ) 0.781 0.809

Table 8.9.: Comparison of simultaneous CP fit sensitivities for different combinations of decay modes, using the
model-dependent (MD) and model-independent (MI) approaches. All modes are included alongside
their control mode.



304 Study of γ using the simultaneous fit to all B→ D(∗)K(∗) decay modes

An order of magnitude estimate for the systematic uncertainty arising in the present analysis may be
found directly by taking the systematic uncertainty obtained in the existing standalone measurements
of decay mode B± → DK± . This mode is the highest statistics CP-sensitive category within the
present simultaneous fit. As such, the fitted values for the Cartesian CP parameters, and thus for γ,
should change significantly more under systematic variations within this decay mode than they do
under systematic variations within the other included modes.2 The total systematic uncertainty should
therefore be only slightly larger than that arising purely from B± → DK± .

Taking the systematic uncertainties obtained in References [154] and [155] gives the expected orders
of magnitude

σsyst(x−)∼ 1.0× 10−2, σmodel(x−)∼ 0.1× 10−2,

σsyst(y−)∼ 1.0× 10−2, σmodel(y−)∼ 0.5× 10−2,

σsyst(x+)∼ 1.0× 10−2, σmodel(x+)∼ 0.5× 10−2 and

σsyst(y+)∼ 1.0× 10−2, σmodel(y+)∼ 1.0× 10−2,

for the model-dependent simultaneous fit, and

σsyst(x−)∼ 1.0× 10−2, σCLEO(x−)∼ 0.5× 10−2,

σsyst(y−)∼ 0.5× 10−2, σCLEO(y−)∼ 1.0× 10−2,

σsyst(x+)∼ 1.0× 10−2, σCLEO(x+)∼ 0.5× 10−2 and

σsyst(y+)∼ 0.5× 10−2, σCLEO(y+)∼ 1.0× 10−2,

for the model-independent simultaneous fit. σmodel is the systematic uncertainty propagating from the
calibration of the D0 → K0

Sπ+π− amplitude model by the BaBar collaboration. σCLEO is the systematic
uncertainty propagating from the measurement of the bin phase parameters ci and si by the CLEO
collaboration. σsyst includes all remaining systematics.

The actual systematic uncertainty obtained using the model-dependent approach may turn out
to be lower than the above estimate, since the standalone measurement of reference [154] analysed
only data obtained at LHCb during 2011, approximately one third of the full Run 1 dataset included in
the present analysis. Several leading systematics are expected to reduce with increased statistics. In
particular, uncertainties propagated from the results of the fits to reconstructed B-meson and D-meson
mass spectra should reduce as statistics within those fits increase. Indeed, the systematic uncertainties
obtained in the model-independent analysis of B± → DK± using the full Run 1 dataset [155] are lower
than those obtained in the analysis using 2011 data only [157] by an average factor of 0.41.

2Of course, variations within other modes may give large systematic uncertainties on the corresponding ξm parameters, but
these are not used in the extraction of γ.



9. Summary

This thesis describes two analyses to extract γ from B-meson decays of the form B→ D(∗)h(∗) recorded
at LHCb during Run 1. Direct CP violation, parameterized by γ, occurs between CP-conjugate decay
modes of this form. Both analyses follow the GGSZ methodology, studying the final state D → K0

Sπ+π−,
which is accessible to both D0- and D0-mesons, giving a B-meson decay amplitude consisting of two
tree-level contributions. These contributions interfere in the (K0

Sπ+π−) Dalitz plane to generate an
interference pattern that depends on their phase difference, which contains both weak and strong
contributions. Performing a simultaneous fit to the interference patterns observed in two CP-conjugate
B-meson decay modes allows the weak and strong phases to be separated, and the γ-sensitive Cartesian
parameters, {x± , y± }, to be extracted.

The first analysis studies the decay B0 → DK∗0 with K∗0 → K+π− and D → K0
Sπ+π−, and its

CP conjugate, using a model-dependent approach. This approach builds a resonance-based model to
describe the amplitude for the decay D0 → K0

Sπ+π− in the Dalitz plane. The model used has been
calibrated by the BaBar collaboration to a pure sample of D0 → K0

Sπ+π− decays [55]. This analysis
yields the results

x− = −0.15± 0.14± 0.03± 0.01,

y− = 0.25± 0.15± 0.06± 0.01,

x+ = 0.05± 0.24± 0.04± 0.01, and

y+ = −0.65 +0.24
−0.23 ± 0.08± 0.01,

where the first uncertainties are statistical, the second systematic and the third arise from the uncertainty
on the D0 → K0

Sπ+π− amplitude model used. These results imply a value for γ of

γ = (80+21
−22)

◦.

This measurement has been combined statistically with others performed at LHCb, to give a value for
γ of (74.0+5.0

−5.8)
◦ [2].

The second analysis combines the decay modes

• B+ → DK+, with D → K0
Sπ+π−;

• B0 → DK∗0, with K∗0 → K+π− and D → K0
Sπ+π−;

• B+ → D∗K+, with D∗ → Dγ/π0 and D → K0
Sπ+π−; and

• B+ → DK∗+, with K∗+ → K0
Sπ+ and D → K0

Sπ+π−,

and their CP conjugate modes, in a single simultaneous CP fit. Candidate decays are selected using
a combination of univariate and multivariate binary classifiers, trained using Monte Carlo simulated
signal samples and combinatoric background. The reconstructed B- and D-meson mass spectra are
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fitted to extract yields and PDFs for each signal and background component, which are taken as input
in the final CP fit. Efficiency variations within the Dalitz plane are accounted for using a polynomial
function whose parameters float in the CP fit, with Gaussian constraints applied using efficiencies
obtained in MC.

The CP fit is performed both using the model-dependent approach, as in the first analysis, and
using the model-independent approach. The model-independent approach allows the amplitude for
the decay D0 → K0

Sπ+π− to remain unknown, and integrates the model PDF over bins within the
Dalitz plane, to give a finite number of unknowns in the fit. To reduce the number of unknowns, the
phase parameters of each bin, ci and si, are fixed from previous CLEO measurements [56].

This analysis is still ongoing, but preliminary results yield the uncertainties

σx− = ± 0.019± 0.010± 0.001,

σy− = ± 0.013± 0.010± 0.005,

σx+ = ± 0.018± 0.010± 0.005, and

σy+ = ± 0.018± 0.010± 0.010,

using the model-dependent approach, where the first numbers are statistical, the second are estimated
systematics arising from the experimental method used, and the third are estimated systematics arising
from the calibration of the amplitude model by the BaBar collaboration. The model-independent
approach yields the uncertainties

σx− = ± 0.021± 0.010± 0.005,

σy− = ± 0.022± 0.005± 0.010,

σx+ = ± 0.023± 0.010± 0.005, and

σy+ = ± 0.029± 0.005± 0.010,

where in this case the final uncertainties are estimated systematics arising from the measurement of the
bin phase parameters, ci and si, by the CLEO collaboration.

Unlike a standalone analysis, a simultaneous fit to multiple decay modes allows cross-feed of signal
decays between samples to be modelled accurately in the CP fit. More generally, combining decay
modes within a simultaneous fit naturally captures the correlations between parameters coming from
different modes. These correlations are difficult to determine when standalone results are combined in
a meta-analysis.

Both of these measurements rely heavily on LHCb’s ability to reconstruct and identify individual
mesons created during heavy-flavour decays. LHCb’s RICH subdetectors provide discrimination
between pion and kaon candidates, crucial to identifying the final states considered in this thesis, by
measuring the Cherenkov ‘rings’ emitted as charged mesons traverse a radiator medium. In preparation
for the high luminosity era, due to commence in 2021, the RICH photon detector planes and readout
electronics will be upgraded. Beam tests have been performed using the candidate upgrade photon
detectors and full readout chain.
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A. The relative weak phase for B→ D(∗)K(∗)

We wish to find the weak phase of the process

B→ D(∗)0K(∗), (A.1)

relative to the process

B0 → D(∗)0K(∗). (A.2)

Inspection of the relevant Feynman diagrams reveals that the CKM matrix elements involved are Vub

and Vcs for the D(∗)0 case, whilst for the D(∗)0 case they are Vcb and Vus. The relative weak phase
between the two is thus

φ = arg
(

VcbVus

VubVcs

)
. (A.3)

It is useful here to note the definition of γ:

γ ≡ arg
(
− VudV∗ub

VcdV∗cb

)
.

To bring φ into a form that can be compared more directly with γ, two relations that result from the
theory of complex numbers are useful:

arg(z∗) = −arg(z),

and

arg(z1z2) = arg(z1) + arg(z2).

These allow us to write

φ = arg
(

VusV∗cs
VubV∗cb

)
. (A.4)

Using the unitarity relation, VudV∗cd + VusV∗cs + VubV∗cb = 0, to replace the numerator of the fraction, we
obtain

φ = arg
(
− 1− VudV∗cd

VubV∗cb

)
. (A.5)

309



310 The relative weak phase for B→ D(∗)K(∗)

The final relation to be used is arg(z) = tan−1(Im(z)/Re(z)), from which follows

arg(z1 + z2) = tan−1
(

Im(z1 + z2)

Re(z1 + z2)

)
(A.6)

= tan−1
( |z1|sin(θ1) + |z2|sin(θ2)

|z1|cos(θ1) + |z2|cos(θ2)

)
, (A.7)

where |zi| is the modulus of complex number zi, and θi is its argument. From inspection of equa-
tion (A.5), it is clear that φ takes the form arg(z1 + z2), with |z1| = 1, θ1 = arg(−1) = π, and θ2 = γ.
Substituting these into equation (A.7), we find

φ = tan−1
( |z2|sin(γ)
−1 + |z2|cos(γ)

)
. (A.8)

|z2| involves just the moduli of the relevant CKM matrix elements, and can be found from the numerical
values presented in [3]. Using these, one obtains |z2| ≈ 1400. Thus φ ≈ γ, so long as |cos(γ)| � 1/1400.



B. Useful relations of complex numbers

A useful expression for the square-modulus of the sum of two complex numbers can be derived as
follows. We begin with the straightforward relation

|z1 + z2|2 = |z1|2 + |z2|2 + 2(z1.z2). (B.1)

The term in parentheses may be readily re-expressed:

z1.z2 = Re(z1)Re(z2) + Im(z1)Im(z2) (B.2)

= |z1||z2|cos(θ1)cos(θ2) + |z1||z2|sin(θ1)sin(θ2), (B.3)

where θi ≡ arg(zi). Using the trigonometric identity for cos(A± B), one finds

z1.z2 = |z1||z2|cos(θ1 − θ2), (B.4)

which finally gives

|z1 + z2|2 = |z1|2 + |z2|2 + 2|z1||z2|cos(θ1 − θ2), (B.5)

= |z1|2 + |z2|2 + 2Re(z1z∗2). (B.6)
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C. Helicity eigenstates for a spin-1 resonance

The aim of this appendix is to determine the value of the ‘spin-sum’ for a spin-1 resonance:

∑
λ

ε
µ
λε∗νλ , (C.1)

where ε
µ
λ are the relativistic helicity1 eigenvectors for a spin-1 particle, and λ gives the helicity eigen-

value:

λ = 0, ± 1. (C.2)

As such, only the properties of the helicity eigenstates that are relevant to the evaluation of this term are
discussed. A comprehensive discussion of the treatment of helicity and spin within particle physics
may be found in the very useful (and seemingly little-known) review reference [158].

In Section 2.2, two conditions on the states ε
µ
λ were introduced:

1. ε
µ
λ transform as Lorentz vectors.

2. Pµrε
µ
λ = 0 (‘transversality’).

The first condition is essential, since it ensures that any amplitude constructed using ε
µ
λ will be a

Lorentz scalar, as it must be.2 The second condition was introduced to reduce the number of degrees of
freedom of ε

µ
λ from four (the number of elements of a Lorentz vector) to three (the number of coefficients

needed to fully specify a general superposition of three helicity eigenstates). These two conditions are
enough to derive the specific form taken by ε

µ
λ, which in turn allows the evaluation of the ‘spin-sum’.

The derivation begins by formulating a set of spin eigenstates for a particle at rest, before applying
a Lorentz transformation to find the general form for the helicity eigenstates, which applies for all
momenta.

For a particle at rest,

Pµ = {m,~0}. (C.3)

Transversality thus implies that

ε
µ
λ(p = 0) = {0,~ελ}. (C.4)

for all λ.

1Helicity is the quantum number which corresponds to the component of a particle’s spin which is measured parallel to its
momentum.

2Otherwise, the cross-section for an interaction would depend on the reference frame from which it was viewed.
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It is well known3 that the angular momentum eigenstates for a spin-1 particle at rest are given by:

~e(m=± 1) = ∓
1√
2




1

± i

0


 , ~e(m=0) =




0

0

1


 , (C.5)

where m is the quantum number corresponding to the operator Jz; which measures the z-component of
the particle’s angular momentum.

If we choose to set~ελ = ~em for λ = m, this yields expressions for the Lorentz eigenvectors of the
z-component of spin for a particle at rest. However, we want to obtain the helicity eigenstates for general
momentum values. This can be achieved by applying the transformation:

ε
µ
λ(~p) =

(
RΛz(p)

)µ

ν
ε

µ
λ(0), (C.6)

where Λz(p) represents a Lorentz boost along the z-axis, and R is the rotation which maps the z-axis
onto the direction ~̂p. For the rest of this appendix, in the interests of simplicity, we let the momentum ~p
define the z-axis; in this case, R reduces to the identity matrix.

Explicitly then, the three z-spin eigenstates for a stationary particle are given by

ε
µ
± 1(0) = ∓

1√
2




0

1

± i

0




, ε
µ
0 (0) =




0

0

0

1




. (C.7)

The Lorentz boost that must be applied may be expressed as

Λz(p) =




γ βγ

1

1

βγ γ




. (C.8)

Since the boost is along the z-axis, it has no effect on the x and y components of the vectors it acts on,
and so

ε
µ
± 1(p~̂z) = ε

µ
± 1(0). (C.9)

3See any introductory quantum mechanics text, e.g. Binney [159].
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Transforming the (λ = 0) eigenstate,

ε
µ
0 (p~̂z) =




βγ

0

0

γ




=




p/m

0

0

E/m




. (C.10)

Now that the helicity eigenstates have been determined explicitly, the ‘sum-rule’ may be evaluated;

∑
λ

ε
µ
λε∗νλ =ε

µ
−1(p)ε∗ν−1(p) + ε

µ
1 (p)ε∗ν1 (p) (C.11)

+ ε
µ
0 (p)ε∗ν0 (p). (C.12)

The first two terms give the contributions

ε
µ
−1(p)ε∗ν−1(p) =

1
2




0

1 −i

−i 1

0




, (C.13)

ε
µ
1 (p)ε∗ν1 (p) =

1
2




0

1 +i

+i 1

0




, (C.14)

and the third term gives

ε
µ
0 (p)ε∗ν0 (p) =




p2/m2 pE/m2

pE/m2 E2/m2




=




(E2/m2 − 1) pE/m2

pE/m2 (p2/m2 + 1)




, (C.15)

where the last expression follows from noting that E2 − p2 = m2.

The spin-sum may thus be expressed as

∑
λ

ε
µ
λε∗νλ =




E2/m2 pE/m2

pE/m2 p2/m2




+




−1

1

1

1




. (C.16)
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The second term may be straightforwardly identified as −gµν.

Noting that the particle momentum was chosen to define the z-axis, ~p = p̂~z, and thus Pµ =

{E, 0, 0, p}. Inspection of the first term therefore reveals that it may be written as PµPν/m2, which
generalises for arbitrary momentum. Finally, the ‘spin-sum rule’ is obtained

∑
λ

ε
µ
λε∗νλ =

PµPν

m2 − gµν. (C.17)



D. Input variables used to train multivariate
classifiers

MVA input variable distributions for signal and background training samples are shown in Figures D.1–
D.8. Corresponding correlation matrices are shown in Figures D.9–D.16.
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Figure D.1.: Distributions of input variables for signal and background samples, used to train MVA’s to select LL
B± → Dh± candidate events.
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Figure D.2.: Distributions of input variables for signal and background samples, used to train MVA’s to select DD
B± → Dh± candidate events.
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Figure D.3.: Distributions of input variables for signal and background samples, used to train MVA’s to select LL
B0 → DK∗0 candidate events.
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Figure D.4.: Distributions of input variables for signal and background samples, used to train MVA’s to select DD
B0 → DK∗0 candidate events.
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Figure D.5.: Distributions of input variables for signal and background samples, used to train MVA’s to select LL
B± → DK∗± candidate events.
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Figure D.6.: Distributions of input variables for signal and background samples, used to train MVA’s to select DD
B± → DK∗± candidate events.
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Figure D.7.: Distributions of input variables for signal and background samples, used to train MVA’s to select LL
B± → D∗h± candidate events.
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Figure D.8.: Distributions of input variables for signal and background samples, used to train MVA’s to select DD
B± → D∗h± candidate events.
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Figure D.9.: Correlation matrices for training variables used in MVA’s to select LL B± → Dh± candidate events.
Correlations are shown for the signal (top) and background (bottom) training samples used.
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Figure D.10.: Correlation matrices for training variables used in MVA’s to select DD B± → Dh± candidate events.
Correlations are shown for the signal (top) and background (bottom) training samples used.
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Figure D.11.: Correlation matrices for training variables used in MVA’s to select LL B0 → DK∗0 candidate events.
Correlations are shown for the signal (top) and background (bottom) training samples used.
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Figure D.12.: Correlation matrices for training variables used in MVA’s to select DD B0 → DK∗0 candidate events.
Correlations are shown for the signal (top) and background (bottom) training samples used.
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Figure D.13.: Correlation matrices for training variables used in MVA’s to select LL B± → DK∗± candidate events.
Correlations are shown for the signal (top) and background (bottom) training samples used.
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Figure D.14.: Correlation matrices for training variables used in MVA’s to select DD B± → DK∗± candidate
events. Correlations are shown for the signal (top) and background (bottom) training samples used.
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Figure D.15.: Correlation matrices for training variables used in MVA’s to select LL B± → D∗h± candidate events.
Correlations are shown for the signal (top) and background (bottom) training samples used.
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Figure D.16.: Correlation matrices for training variables used in MVA’s to select DD B± → D∗h± candidate
events. Correlations are shown for the signal (top) and background (bottom) training samples used.
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