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Abstract

To maximize the luminosity of the Large Hadron Collider (LHC), the collision of particle bunches
with a uniform longitudinal particle density is considered for a future upgrade. The benefits
of such bunches and their generation by means of special longitudinal beam manipulations are
presented in this report.

Three possible options are analyzed with respect to their potential luminosity gain at the
beam-beam limit: short rectangular bunches held by radio frequency (RF) harmonics using
multiples of the nominal RF frequency of 400.8MHz, long and flat bunches held by multiples
of 40.08MHz, and so-called superbunches, confined by barrier buckets. The comparison of the
three different approaches shows that flat bunches, with an intermediate bunch length of the
order of several meters, are capable of producing a comparable luminosity to superbunches,
while avoiding most of their inherent disadvantages.

Possible schemes to create the bunches with uniform line density are studied and a lon-
gitudinal manipulation to combine a batch of ordinary bunches into a long and flat bunch is
proposed. These RF gymnastics are based on well-proven techniques such as batch compres-
sion and bunch pair merging. Their advantages and disadvantages, including optimization with
respect to degradation of the longitudinal particle density, are discussed in detail. Special at-
tention is paid to the investigation of collective effects due to the large line charge density and
the influence of the beam on the RF installation is also studied.
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Chapter 1

Introduction

During the last fifty years, substantial contributions to the understanding of the fundamental
principles of nature have been initiated by particles accelerators. These machines accelerate
beams of charged particles, like electrons or protons, to high kinetic energies, so that their
velocities may approach the speed of light. The particle beams are guided and focused by
magnetic elements. The acceleration itself is effectuated by longitudinal electric fields. Large
alternating voltages are generated in radio frequency (RF) resonators, so-called cavities. In
contrast to linear accelerators, where the particles pass through these accelerating cavities once,
the beam is guided through the RF cavities multiple times in circular accelerators. At constant
beam energy, it can even be accumulated or stored in a storage ring for many hours.

Cosmic rays represent a natural source of high energetic particles. However, the flux of such
particles is low compared to the flux of intense beams generated in modern accelerator and
storage ring facilities. Therefore, high energy accelerators represent the only man-made possi-
bility to access the energy range required to produce new matter in a laboratory environment
and have lead to decisive discoveries of new particles [1, 2, 3].

The combination of all the experimental data collected so far results in the standard model
of particle physics, which has been remarkably successful and is now considered as a well
established theory. However, the fundamental mechanism that determines the different masses
of the particles remains unexplained. At present, this mechanism is attributed to the so-called
Higgs field, which should be detectable in the form of the associated particle. The rest energy of
this boson is expected to be in the range of about 100 to 120GeV. A first glimpse of the Higgs
particle might have been detected in the Large Electron Positron Collider (LEP), operated
at CERN1 until 2000 with beam energies up to 105GeV per beam [4, 5]. As no definitive
evidence has been found so far, the discovery of the Higgs particle is a prime motivation for
the construction of high energy accelerator facilities such as the Large Hadron Collider (LHC),
where the mass region of the Higgs boson is within reach.

The hadron collider principle, where two beams of protons or antiprotons in circular storage
rings are brought to collision inside dedicated detectors to analyze the debris, has been proven
to be extremely successful [6, 7, 8] since the full kinetic energy of both beams is available for the
production of new particles. On the high energy frontier, collisions of proton and antiproton
beams with an energy of almost 1TeV [9, 10] each have been reached, and on the high intensity
frontier up to 57.75A [11] of average proton current has been stored successfully in colliding
beam facilities.

Besides its optimum reach in energy, the efficiency of colliding beam facilities is measured

1Conseil Européen pour la Recherche Nucléaire, European Organization for Nuclear Research
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2 CHAPTER 1. INTRODUCTION

in terms of luminosity, which can be described as the number of particle crossings per unit
of transverse area in the interaction region and per second. The actual luminosity record of
L = 2.2 · 1032 cm−2s−1 for hadron colliders is held by the now decommissioned Intersecting
Storage Rings (ISR) at CERN, but at the moderate energy of 31GeV per beam.

The Large Hadron Collider (LHC), which will be operational at CERN in 2007, will reach
a maximum proton beam energy of 7TeV, with a nominal luminosity of 1034 cm−2s−1 [12, 13,
14, 15], almost two orders of magnitude above luminosities obtained so far. Previous high
energy hadron accelerators were operated as single ring proton-antiproton colliders, and their
beam intensities were limited by the availability of antiprotons, whose production as a brilliant
beam is complex and time consuming. This limitation no longer exists in the LHC since it
consists of two separate storage rings, one for each beam with opposite polarity so that two
counter-rotating intensive proton beams will collide at four interaction points.

The construction of an accelerator such as the LHC, with almost 27 km circumference,
represents a considerable investment that must be exploited as efficiently as possible, including
the implementation of all feasible means to extend its physics reach as far as possible. After
several years of operation with nominal beam and collision parameters, the LHC will have
covered the initially foreseen research domain, and several components will have to be replaced
because of irradiation. Therefore, various upgrade scenarios, starting with modifications of
the beam parameters at the interaction regions up to a replacement of all bending magnets,
are being envisaged. In this report, a scenario is proposed and analyzed to upgrade the LHC
luminosity by up to an order of magnitude, based on the collision of long and flat bunches.

In the first, nominal stage, the LHC will be operated with 2808 bunches per beam, held
by an RF system consisting of eight cavities producing 16MV per beam at 400.8MHz. The
resulting bunch length (four sigma) in collision is expected to be about 30 cm. These bunches
are generated by sophisticated RF manipulations in the upstream injectors, the Proton Syn-
chrotron (PS) and the Super Proton Synchrotron (SPS), delivering a well prepared proton beam
at an energy of 450GeV to the LHC. Finally, the beam is confined as numerous short bunches,
while the major fraction of the circumference remains longitudinally unoccupied. The sugges-
tion has recently been made to concentrate the particles in a limited number of long and flat
superbunches [16]. Coasting sausage-like beams would be brought to intersect at large crossing
angles. Such a scheme is especially interesting with respect to electron cloud effects and unde-
sired electromagnetic crosstalk between both beams in the collision regions. This phenomenon,
known as beam-beam interaction, can be partly compensated by homogeneous bunches which
are much longer than the luminous region at the intersection points.

Although confining the whole beam to a single superbunch with a length of some 260m has
been considered as an upgrade option for the LHC, no scheme to generate this bunch, with
reasonable modifications of the accelerator itself and the injector chain, has been proposed up
to now. This report thus suggests a variety of flat bunch options and analyzes their potential
benefits for the improvement of the LHC performance. An intermediate solution is proposed,
combining batches of 16 or 32 nearly nominal LHC bunches, to form a flat bunch with a length
of four to five meters. This offers a peak luminosity comparable to the superbunch option.

In collision mode, these intermediate long and flat bunches are held by multi-harmonic RF
systems, operating at multiples of 40.08MHz. It is shown that even RF systems with three
different harmonics are sufficient to form an almost ideal barrier bucket, providing bunches
with a long section of quasi-constant line density and comparatively much shorter tails.

The combination scheme, to create the intermediate long and flat bunches, presented in
this report is based on well-proven RF manipulations called batch compression and bunch



3

pair merging. Furthermore, the scheme can be performed completely in the LHC itself so
that the modifications to the injector chain, apart from a significant intensity increase, remain
straightforward.

This report is organized as follows: the subsequent chapter introduces the subject of lon-
gitudinal beam dynamics in circular particle accelerators, which describes the interaction of a
particle beam with electromagnetic fields generated across longitudinal gaps in the beam pipe.
Multiple harmonic RF systems are included, as well as the beam dynamics of barrier RF sys-
tems. Besides the so-called single particle dynamics, the behaviour of bunches as a whole is
also discussed in the subsequent chapter. Furthermore, a short introduction to the basics of
longitudinal particle tracking is given.

While the characteristics of the RF systems are considered to be constant in the second
chapter, chapter three is devoted to longitudinal beam manipulations, using special variations
of the external RF parameters, such as frequency, phase and amplitude. This chapter gives an
overview of the most important bunch manipulation processes: bunch merging and splitting,
batch compression and bunch rotation. Additionally, more recent barrier bucket manipulation
techniques, like moving barrier bunch compression and fast barrier stacking are described in
order to illustrate the possibilities offered by longitudinal beam gymnastics.

The fourth chapter is dedicated to the optimization of the luminosity close to the beam-beam
limit. Three possible schemes, i.e. short rectangular bunches, flat bunches of intermediate length
and very long superbunches are discussed and classified according to their potential luminosity
gain. Formulas, including corrections for the luminosity and beam-beam tune spread of short
and long rectangular bunches, are derived and applied to the different LHC scenarios of colliding
long and flat bunches. The luminosity loss due to a non-perfect rectangular bunch held by a
multiple harmonic RF system is also worked out. Finally, the longitudinal parameters of the
two collision options, using flat bunches of intermediate bunch length comprising either 16 or
32 nearly nominal LHC bunches, are defined.

Once the parameters during the collision of long bunches are identified, their generation
is discussed in detail in the fifth chapter. Though the process is based on well-known sub-
procedures, its optimization is essential to conserve the longitudinal beam quality during the
long and flat bunch combination scheme. It can be demonstrated that, though tunable in
frequency, only two RF systems of reasonable size and performance are sufficient to perform
the required complex RF gymnastics. The scheme is finally crosschecked by extensive tracking
calculations to particularly analyze the beam quality degradation under various conditions.

A first outlook on collective effects and beam loading during creation and collision of the long
and flat bunches is presented in the last chapter, including a comparison with calculations avail-
able for the nominal LHC scheme. It turns out that operating the LHC with a 40.08MHz RF
system makes the beam more sensitive to longitudinal instabilities. Possible counter-measures
and their potential benefits are discussed.

The report closes with a summary of the work done so far and an outlook on further studies.
It should be mentioned that a machine experiment to study the behaviour of long proton

bunches in a large accelerator has been accomplished in the SPS. The experimental results and
conclusions for the LHC are described in App. A.

During the study it turned out that the bunch combination scheme proposed for the up-
graded LHC could also be applied in the planned heavy ion synchrotron SIS100 at GSI2. The
detailed proposal is also presented in the appendix.

2Gesellschaft für Schwerionenforschung mbH, Darmstadt, Germany
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Chapter 2

Longitudinal Beam Dynamics

The controlled acceleration of charged particles requires a continuous energy transfer of an
external source to the particle beam. In synchrotrons, the particle beam is accelerated by lon-
gitudinal electric fields, while the transverse magnetic field of the bending magnets is increased
such that the bending radius of the particle orbit stays constant. These longitudinal electric
fields are developed across special gaps inside RF resonators, so-called RF cavities. Stable
acceleration implies that the frequency of the RF field has to be chosen such that it remains
nearly repetitive from one turn to the next. With increasing energy, the particle gets faster and
the RF frequency is increased synchronously. The longitudinal particle motion under the effect
of electric fields generated by the RF cavities is described by the longitudinal beam dynamics.

As long as the accelerating cavities in a circular accelerator are placed in non-dispersive
sections, with negligible dependence of the position of a particle on its energy deviation, it
is legitimate to treat the longitudinal and transverse phase space motions separately in first
order approximation [17, 18]. This is the case for most modern synchrotrons and storage rings.
However, acceleration is not the only use of RF systems in circular accelerators. Of equal
importance are the so-called RF gymnastics with which the longitudinal beam charge and
bunch distribution is manipulated. They are therefore addressed in a dedicated chapter.

Starting from the general relation between RF frequency and magnetic bending field, the
concept of phase stability for individual particles under the influence of a general RF amplitude
function will be derived on the basis of the Hamilton formalism. The isolated and barrier bucket
technique is introduced in a dedicated section. Following the dynamics of single particles, the
behaviour of an ensemble of particles with different distributions and its description in terms of
emittance is discussed. Finally, effects like space charge and synchrotron radiation are examined.

2.1 Magnetic cycle

In a synchrotron, the particle beam couples the transverse magnetic field B of the bending
magnets to the frequency of a longitudinal electric field generated in RF cavities which is used
for acceleration.

2.1.1 RF frequency and bending field

To keep particles on an orbit of constant radius, the centripetal force has to be exactly com-
pensated by the Lorentz force. Considering that the angular revolution frequency of the beam
is given by ω0 = βc/Rmean, this relation between both forces leads to the dependence of the

5



6 CHAPTER 2. LONGITUDINAL BEAM DYNAMICS

revolution frequency on the bending field:

ω0(B) =
B√√√√( m0c

eRmag

)2

+B2

· c

Rmean
. (2.1)

the radii Rmean and Rmag are the average radius of the accelerator and the bending radius of
its dipole magnets. The properties of the particle are defined by its rest mass m0 and charge
e; β = v/c is the fraction of the beam velocity with respect to the speed of light in vacuum. If
the radius R is used without an index, it replaces the average radius of the accelerator so that
the circumference is defined as 2πRmean = 2πR.

2.1.2 Energy gain during acceleration

As one acceleration cycle in a synchrotron lasts for some thousands to millions of revolutions, the
magnetic bending field varies very slowly compared to the time scale of the longitudinal particle
motion, therefore the energy gain per turn is small. The time derivative of the momentum ṗ
can be approximated by a stepwise momentum increase ∆p/∆t according to1

ṗ =
∆p
∆t

=
m0c

2β

2πR
(β∆γ + γ∆β) =

∆E
2πR

. (2.2)

The average energy gain ∆E per turn has to be generated by a longitudinal electric field. The
relativistic mass factor is given by γ = E/(m0c

2). As the dependence of the particle momentum
on the magnetic field is again defined by the cancellation of Lorentz and centripetal force which
gives p = eRmagB, the average energy gain per turn can be written as

∆E = 2πeRmagRmeanḂ . (2.3)

It it worth noting that the circulating particle may experience an additional energy loss.
This energy loss may be caused by synchrotron radiation ∆Erad (see Sec. 2.8) and small losses
induced by the resistive impedance of the beam pipe or other components of the accelerator.
In what follows, it is just assumed that the RF system has to compensate a certain average
energy gain or loss W0 being the total of all average energy changes during one turn.

2.2 Single particle dynamics and phase stability

Stable acceleration of a particle in a circular machine requires a longitudinal electric field that
is periodic for each turn. This condition leads to the requirement that the possible angular RF
frequency ωRF of the acceleration system is restricted to near integer harmonics

ωRF = hω0 with h ∈ N (2.4)

of the revolution frequency ω0. The parameter h is the so-called harmonic number and defines
the frequency of the RF system. It can range from unity to values up to several ten thousands.

1A list of symbols and notations used throughout this report is found on pp. 173-175.
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2.2.1 Synchronous particle

It is convenient to define a synchronous particle whose energy E0(t) is arbitrarily chosen to
characterize the expected behaviour of the center of the distribution of real particles. The
energy gain or loss of the synchronous particle is exactly compensated by the RF systems so
that it is always at the reference energy E0(t). Assuming that there is only one RF frequency
with the amplitude U0 present, the particle has to ride on the RF waveform at the so-called
synchronous phase φ0 which fulfills the condition

eU0 sinφ0 = W0 . (2.5)

All non-synchronous particles move in the longitudinal phase space with respect to the syn-
chronous particle.

2.2.2 Non-synchronous particle

Any particle is characterized by a certain phase and energy deviation with respect to the
synchronous particle. It is therefore necessary to define a completely new set of parameters
to describe the motion of particles with respect to the synchronous particle as reference of the
longitudinal phase space [19, 20]:

Revolution frequency ω = ω0 + ∆ω
Phase with respect to the accelerator θ = θ0 + ∆θ
Phase with respect to the RF frequency hω φ = φ0 + ∆φ
Mean orbit radius R = R0 + ∆R
Particle momentum p = p0 + ∆p
Particle energy E = E0 + ∆E .

The motion of the non-synchronous particle can be determined by comparing its behaviour
with the synchronous one. The condition which connects the momentum variation of a particle
to the average energy gain per turn has already been given in Eq. (2.2). A simple conversion
leads to

Rṗ =
eU0

2π
g(φ) , (2.6)

where g(φ) is a generalized RF voltage normalized to unity. The only conditions g(φ) needs to
fulfill are periodicity with the lowest RF harmonic and the absence of a direct current (DC)
component:

g(φ) = g(φ + 2π) and
∫ 2π

0
g(φ) dφ = 0 .

In Eq. (2.6) the particle parameters, orbit radius and momentum derivative, are condensed
on the left side. Comparing Eq. (2.6) to the analogous relation for the synchronous particle
becomes

Rṗ−R0ṗ0 = ∆(Rṗ) =
eU0

2π
[g(φ) − g(φ0)] . (2.7)

The expression ∆(Rṗ) on the left can be expanded in first order assuming that the relative
radial ∆R/R and momentum deviations ∆p/p are negligible [21]:

∆(Rṗ) = R∆ṗ+ ṗ∆R ' R0∆ṗ+ ṗ0∆R . (2.8)
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Furthermore, the second term is replaced by its first order approximation ṗ0∆R(∆p) '
(dp/dt)0(dR/dp)0∆p = Ṙ0∆p and by using the equation (see Eq. 2.2)

R0∆p = R0mc∆(βγ) =
∆E
ω0

(2.9)

one gets the relation

∆(Rṗ) =
d

dt
(R0∆p) =

d

dt

∆E
ω0

. (2.10)

Finally, the combination of Eqs. (2.7) and (2.10) leads to the first fundamental equation of the
longitudinal beam dynamics:

d

dt

∆E
ω0

=
eU0

2π
[g(φ) − g(φ0)] . (2.11)

The second fundamental equation can be obtained from the relationship between a radial
deviation and a deviation in revolution frequency. The proportional factor is called phase slip
factor and defined as2

η = −∆ω/ω
∆p/p

=
1
γ2
tr

− 1
γ2

= αc − 1
γ2
, (2.12)

where αc is the momentum compaction factor αc = (∆L/L)/(∆p/p) = 1/γ2
tr. The momentum

compaction factor is determined by the magnet lattice of the accelerator and is a positive
parameter for the common magnet structures in synchrotrons. The energy γtrm0c

2 at which
the phase slip factor vanishes is called transition energy. At transition energy, all particles rotate
with the same revolution frequency which is virtually independent from their energy deviation.
As will be shown later, the longitudinally focusing force, keeping the bunches together, vanishes
at this energy. However, Eq. (2.12) is only an approximation and higher order terms lead to a
non-linear coupling between energy deviation and revolution frequency [23].

The deviation of the revolution frequency can be substituted by the phase position derivative
and by transformation to an angle φ with reference to the RF phase, resulting in

∆p = − p0

η0ω0
∆ω = − p0

η0ω0

dθ

dt
=

p0

hη0ω0

dφ

dt
. (2.13)

The convention of the signs is sketched in Fig. 2.1. Replacing the momentum deviation with

Fig. 2.1: Illustration of the relationship between the phase θ
of a particle rotating clockwise in the reference frame of the
accelerator and its phase φ with reference to an RF system.

2In the literature the sign of the phase slip factor is sometimes defined differently, see e.g. [22].
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the term given by Eq. (2.9) finally gives the second fundamental equation

dφ

dt
=
hη0ω0

p0R0

(
∆E
ω0

)
(2.14)

of the longitudinal beam dynamics.
Both fundamental Eqs. (2.11) and (2.14) together have the structure of Hamilton equations

dq

dt
=
∂H

∂p
and

dp

dt
= −∂H

∂q
, (2.15)

where the canonical conjugated variables q and p coincide with the physical variables φ and
∆E/ω0. The set of Hamilton equations for the longitudinal beam dynamics is thus given by [24]

dφ

dt
=

hη0ω0

p0R0

(
∆E
ω0

)
(2.16)

d

dt

(
∆E
ω0

)
=

eU0

2π
[g(φ) − g(φ0)] . (2.17)

The choice of the set of variables φ and ∆E/ω0 is arbitrary and defines only the explicit form
of the Hamiltonian. As will be shown later, a different pair of variables can be chosen to get a
more compact form of the explicit operator.

It has to be mentioned that the parameters p0, R0, η0 in Eqs. (2.16) and (2.17) have an
explicit time dependence during the acceleration cycle. However, as these parameters usually
vary very slowly with respect to the period of the synchrotron frequency, this dependence can
be neglected. Furthermore, the indices to indicate the parameters of the reference particles
are suppressed in the subsequent calculations as the relative deviations from the synchronous
particle are negligible, e.g. (p− p0)/p0 � 1.

From the two Hamilton equations it is now possible to extract the full Hamiltonian

H

(
φ,

∆E
ω0

)
=

1
2
hηω0

pR

(
∆E
ω0

)2

+
eU0

2π

[
g(φ0)φ−

∫
g(φ) dφ

]
(2.18)

for the longitudinal single particle motion.
Furthermore, the equation of motion can be extracted from the Hamilton equations by

calculating the time derivative of Eq. (2.16) and combining it with Eq. (2.17). The general
equation of motion is thus given by

d2

dt2
φ+

ω2
s

cos φ0
[g(φ) − g(φ0)] = 0 with ω2

s = −hηω0eU0 cos φ0

2πpR
, (2.19)

where ωs is the so-called synchrotron frequency. For small amplitude oscillations one can show
that this definition is meaningful because Eq. (2.19) reduces to the differential equation of a
harmonic oscillator as will be demonstrated in the next section.

For completeness, the Hamiltonian of the interaction of a particle with only one RF system
can be written as

H

(
φ,

∆E
ω0

)
=

1
2
hηω0

pR

(
∆E
ω0

)2

+
eU0

2π
[cosφ− cos φ0 + (φ− φ0) sinφ0] . (2.20)

It should be noted that the Hamiltonian Eq. (2.20) is normalized so that it vanishes for a
synchronous particle, namely H(φ = φ0,∆E = 0) = 0.
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2.2.3 Small amplitude oscillations

In the case of small amplitude motion the phase φ of the particle stays closely to the synchronous
phase φ0. Approximation of the general voltage function g(φ) to first order and insertion to
Eq. (2.19) gives

d2

dt2
∆φ+

ω2
s

cos φ0

dg(φ)
dφ

∣∣∣∣
φ=φ0

∆φ = 0 , (2.21)

the differential equation of the harmonic oscillator. The independent phase variable is now ∆φ,
whose first and second time derivatives are equal to the derivatives of φ.

Considering a single RF system with a normalized amplitude of g(φ) = sinφ, Eq. (2.21)
simplifies to

d2

dt2
∆φ+ ω2

s∆φ = 0 , (2.22)

and it becomes obvious why ωs is called synchrotron frequency. It is the angular frequency of
the ∆E-φ-oscillation of non-synchronous particles with respect to the synchronous particle.

However, for stable and closed trajectories the squared synchrotron frequency ωs needs to
be positive corresponding to η cos φ0 < 0. Two different regions of oscillatory motions can
be identified, depending on whether the accelerator is operated below or above the transition
energy:

γ < γtr and 0 ≤ φ0 < π/2
or γ > γtr and π/2 < φ0 ≤ π . (2.23)

This so-called principle of phase stability [25, 26] assures that ensembles of particles can be
accelerated in synchrotrons, even if they are not exactly at the synchronous phase and energy.
Such particles just oscillate around the reference particle.

2.2.4 Convenient choice of variables and Hamiltonian

The conversion of the Hamiltonian in Eq. (2.18) leads to a form being more compact and
convenient for the subsequent calculations. Following Eq. (2.16), the variable ∆E describing
the energy deviation is converted to a phase velocity φ̇ while the phase variable φ remains
unchanged. The resulting Hamiltonian reduces to

H(φ, φ̇) =
1
2
φ̇2 + ω2

sW (φ) (2.24)

with the beam potential function

W (φ) =
1

cos φ0

[∫
g(φ) dφ − g(φ0)φ

]
; (2.25)

the normalization of H(φ, φ̇) is different from Eq. (2.18). The set of variables chosen is again
canonically conjugated: with q = φ and p = φ̇ the first Hamilton equation (2.16) is trivial and
the second one reproduces, as expected, the general equation of motion Eq. (2.19).

2.2.5 Large amplitude oscillations

Even though the equation of motion (2.19) cannot be solved in general, the Hamiltonian allows
the full calculation of trajectories in the longitudinal phase space.
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To get the trajectory of a particle starting at φ = φm and φ̇ = φ̇1, the Hamiltonian (2.24) is
equated with its value H0 = H(φm, φ̇1) at the starting point, and the equation of the trajectory
can be written as

φ̇(φ) = ±
√

2[H0 − ω2
sW (φ)] . (2.26)

The ensemble of all closed trajectories around the synchronous particle is called an RF
bucket. The number of possible buckets in a circular accelerator corresponds to the lowest
harmonic number h. Regarding the potential function Eq. (2.25), buckets can be identified by
potential valleys and reach from a local potential maximum to the phase where the potential
again has the same value as at the local maximum. The trajectories outside the RF buckets are
not closed and, with the exception of some special applications [27, 28], they cannot be used
for acceleration. Particles on these trajectories are normally lost at the inner part of the beam
pipe when the increase of the magnetic bending field starts.

An example for amplitude, potential and longitudinal phase space is illustrated in Fig. 2.2.
The synchronous phase was chosen to be φ0 = π/6. In the phase space plot (Fig. 2.2, bottom),
the separatrix and inner as well as outer trajectories are shown. The trajectories around the
synchronous phase are almost elliptical, and particles thereon oscillate with the synchrotron
frequency. Due to non-linearities of the bucket, the synchrotron frequency decreases towards
the separatrix as will be calculated in Sec. 2.2.6.

Separatrix

The trajectory which separates open and closed trajectories is called the separatrix. The value
of its Hamiltonian can be calculated by taking into account that one limit of the bucket is a
local maximum of the potential. It is worth noting that a local potential maximum appears as
an unstable fixed point in the longitudinal phase space, while local potential minima generate
a stable fixed point equivalent to the center of a bucket. This means that a test particle at the
phase of the maximum φm must have a vanishing energy deviation φ̇ = 0, leading to

Hsep = H(φ = φm, φ̇ = 0) = ω2
sW (φm) (2.27)

and the general separatrix function can be written as

φ̇(φ) = ±
√

2ω2
s [W (φm)−W (φ)] . (2.28)

For a single RF system the separatrix can be calculated analytically. The local potential
maximum is at φm = π − φ0, and the Hamiltonian of the separatrix reduces to

Hsep = H(φ = π − φ0, φ̇ = 0) =
ω2
s

cos φ0
(1 + cos φ0 − (π − φ0) sinφ0) .

Again, equating with the Hamiltonian Eq. (2.24) leads to the separatrix trajectory

φ̇(φ) = ±
√

2ω2
s

cos φ0
[(φ+ φ0 − π) sin φ0 + cosφ0 + cosφ] (2.29)

in the longitudinal phase space. To calculate the separatrix in real energy units, Eqs. (2.28)
and (2.29) have to be multiplied with a scaling factor according to

∆E(φ) =
pR

hη
φ̇(φ) =

√
Eβ2 eU0

2πhη
· φ̇(φ)√

ω2
s/ cos φ0

. (2.30)
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Fig. 2.2: RF Amplitude g(φ) (top),
potential function (center) W (φ) and
longitudinal phase space (bottom) for
an arbitrary chosen synchronous phase
of φ0 = π/6. Below transition en-
ergy, the particles rotate counterclock-
wise. In fact, the whole diagram could
be mirrored around a vertical line at
the synchronous phase and one gets the
same situation above transition energy
with φ0 = π−π/6 = 5/6π and particles
rotating clockwise.

Bucket length

The length of an RF bucket can only be calculated numerically. The first bucket limit corre-
sponds to the phase position φm of the unstable fixed point as used in the previous section.
The second bucket limit φn is determined by the phase where the RF potential W (φ) is equal
to W (φm). The bucket length φn−φm is usually given in units of phase or physical length. For
the latter convention, φn − φm is to be multiplied by c/(hω0).

Even for a single sinusoidal RF system, the condition W (φ) = W (φm) becomes a transcen-
dental equation. As can be seen from the numerically calculated curve in Fig. (2.3), the bucket
length shrinks rapidly when the synchronous phase slightly differs from the stationary values
φ0 = 0 (below the transition) or π (above transition), but approximates a linear function for
larger (below) or smaller (above) synchronous phase angles.

Bucket height

The bucket height is given by the maximum energy deviation of the separatrix function from
Eq. (2.28). As the potential W (φ) has by definition a minimum at the synchronous phase, the
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Fig. 2.3: Bucket length φn − φm versus syn-
chronous phase φ0.

Fig. 2.4: Relative bucket height versus syn-
chronous phase φ0.

energy acceptance simplifies to

ˆ̇φ =
√

2ω2
s [W (φm)−W (φ0)] or ∆Ê =

√
Eβ2 eU0 cos φ0

πhη
[W (φm)−W (φ0)] . (2.31)

For a single RF system, the bucket height calculated from Eq. (2.31) becomes

∆Ê =

√
Eβ2 eU0

πhη
[(π − 2φ0) sinφ0 − 2 cosφ0] (2.32)

as sketched in Fig. 2.4. Both bucket length and height decrease nearly linearly with the
synchronous phase.

Bucket area

The bucket area is the area enclosed by the separatrix trajectory. Generally it is defined by
twice the integral

A = 2
∫ φn

φm

φ̇(φ) dφ (2.33)

of the separatrix. As in the case of the bucket length, the area of a bucket generated by single
sinusoidal RF voltage cannot be calculated analytically. It is proportional to the integral

α(φ0) =
1

4
√

2

∫ π−2φ0

φm

√
cosφ0 + cosφ− (π − φ0 − φ) sinφ0 dφ , (2.34)

which has to be evaluated numerically. The expression is only valid below transition. Above
transition, the limits of the integration need to be changed to π − 2φ0 and φn, as well as the
sign of the argument of the square root (Fig. 2.5). The most common unit for areas in the
longitudinal phase space is [time · energy] = eV · s. The conversion from phase space areas in
other units can be performed according to

AeVs =
Eβ2

h2ω2
0|η|

Arad2/s or AeVs =
1
hω0

AeV rad . (2.35)
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Fig. 2.5: Relative bucket area versus synchronous
phase φ0.

From the scaling with the RF amplitude, it could be expected that the bucket area varies in
proportion to the square root of the applied voltage. However, this is only true in the absence
of acceleration. In the case of an accelerating bucket an additional factor due to dependence of
the synchronous phase (see Eq. 2.5) on the RF amplitude contributes to the area diminution.
Combining these two factors, the area effectively varies almost linearly with the RF voltage for
typical synchronous phases [29] which are in the range of φ0 = 0.35 to 0.7 rad (200 – 400).

Stationary bucket

Of special importance is the stationary bucket because most longitudinal beam manipulations
are done at constant energy. In such a case the bucket is symmetric around the synchronous
phase φ0, which is either zero (below) or π (above transition energy). This approximation is
reasonable when the bending field is held constant in the main magnets for all proton accel-
erators up to an energy of more than 1TeV. Even in the LHC at its full energy, synchrotron
radiation contributes to negligible losses compared to the nominal RF voltage and a stationary
bucket is a good approximation.

The parameters of the stationary bucket can be obtained by following the equations in
Sec. 2.2.5 and applying φ0 = 0, π. An illustration of the longitudinal phase space of a stationary
bucket is represented in Fig. 2.6. Each particle in a stationary bucket behaves like a physical

-Π -Π�2 0 Π�2 Π
Φ
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2
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Fig. 2.6: Stationary bucket around the syn-
chronous angle φ0 = 0 (below transition) or φ0 =
π (above). Particles follow the trajectories clock-
wise.

pendulum. The phase φ and energy deviation in units of phase deviation φ̇ directly correspond
to the deflection angle and the phase velocity of the oscillating mass [30].
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Separatrix. The separatrix of the stationary bucket is defined by

φ̇(φ) = ±
√

4ω2
s(1− cos ∆φ) = ±2ωs sin

φ

2
. (2.36)

Therefore, particles having exactly the reference energy circulate theoretically stable at any
arbitrary phase around the accelerator.

Bucket length. As the bucket extends over 2π with respect to φ, the bucket length in phase
or length units is directly given by 2π/h (with respect to θ) or 2πR/h.

Bucket height. The bucket height is the maximum value of the separatrix given by Eq. (2.36)
at ∆φ = 0:

ˆ̇φ = 2ωs or ∆Ê =

√
2Eβ2 eU0

πh|η| . (2.37)

Bucket area. Also the bucket area can be analytically calculated by integration over
Eq. (2.36):

A = 8ˆ̇
φ = 16ωs or AeVs =

8
√

2
hω0

√
Eβ2 eU0

πh|η| , (2.38)

where the latter expression was converted using the conversion factor from Eq. (2.35).

2.2.6 Synchrotron frequency distribution

The linear synchrotron frequency ωs as defined in Eq. (2.19) is only valid for particles which
oscillate around the synchronous phase with a small phase and energy deviation. In fact, in a
single harmonic RF bucket it decreases with increasing deviation from the bucket center and is
approaching zero in the region of the separatrix, because a particle would come to rest at the
unstable fixed point.

It can be calculated by making use of so-called action-angle variables, meaning that the
Hamiltonian of the motion is transformed to a new set of variables ω and J . The action-angle
variable J is defined as [31]

J(H) =
1

2πωs

∮
φ̇(φ) dφ . (2.39)

The integration has to be carried out over one full revolution of the trajectory φ̇(φ). The
characteristic oscillation period of the system is then defined according to the first Hamilton
equation for the set of new variables

ω(H) =
dH

dJ
or T (H) = 2π

d

dH
J , (2.40)

where T (H) is the oscillation period in dependence of the Hamiltonian of the trajectory. In fact,
the action-angle variable J and the characteristic frequency represent a canonically conjugated
set of variables. Assuming that the RF bucket is symmetric around the reference energy, the
circular integral can be converted to a conventional integration according to

T (H) =
√

2
ωs

∫ φu

φl

1√
H/ω2

s −W (φ)
dφ , (2.41)



16 CHAPTER 2. LONGITUDINAL BEAM DYNAMICS

which finally leads to the general definition of the relative synchrotron frequency for a trajectory
with the Hamiltonian H:

ω(H)
ωs

=

√
2π∫ φu

φl

1√
H/ω2

s −W (φ)
dφ

.

The maximum phase deviations of the trajectory on both sides of the synchronous phase are
described by φl and φu.

The distribution of the synchrotron frequency period in a stationary bucket results from
inserting Eq. (2.26) into Eq. (2.41) and can be written as

T (∆φu) =
2
ωs

∫ ∆φl

0

1√
sin2(∆φm/2)− sin2(∆φ/2)

d(∆φ) , (2.42)

where the Hamiltonian of the trajectory has been replaced by the maximum phase excursion
∆φu of the trajectory concerned. As the trajectory is symmetric around the bucket center,
this is also true for the maximum phase excursions, namely ∆φl = −∆φu. By the use of the
substitution

ζ(∆φ) = arcsin
[

sin(∆φ/2)
sin(∆φu/2)

]
,

the integral in Eq. (2.42) reduces to the conventional form of the complete elliptic integral of
the first kind K(x). Finally, one obtains

ω(∆φu)
ωs

=
π

2K[sin(∆φu/2)]
' 1− ∆φ2

u

16
(2.43)

for the synchrotron frequency as a function of the maximum phase deviation of the particle
(Fig. 2.7).

0 Π�4 Π�2 3Π�4 Π
DΦu

0.0

0.5

1.0

Ω
�Ω s

Fig. 2.7: Deviation of the synchrotron frequency
versus maximum phase deviation of the trajectory
in a stationary bucket. The exact curve is plot-
ted as a solid line, while the approximation from
Eq. (2.43) is dotted.

Clearly, K[sin(∆φu/2)] becomes very large for ∆φu = π meaning that the synchrotron
oscillation becomes infinitely slow. The physical reason is that the particle motion theoretically
comes to rest at the unstable fixed point.

In the case of an accelerating bucket generated by a single RF system, the calculation of a
reasonable approximation is more lengthy (see App. D). The application of the Hamiltonian
averaging technique [32] finally leads to [33, 34]

ω(∆φu)
ωs

= 1− 1 + 2/3 sin2 φ0

16(1 − sin2 φ0)
∆φ2

u . (2.44)
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2.3 Isolated and barrier buckets

Whereas most circular accelerators are operated with single or double harmonic sinusoidal RF
systems, the derivation of the longitudinal Hamiltonian is not limited to sinusoidal amplitudes.
Several applications demand other types of field configurations [16, 35, 36, 37], e.g. to generate
very long buckets wherein particles can be held coasting beam-like, or to get a single, isolated
RF bucket without neighbors.

Isolated and barrier buckets can be generated by a pulsed oscillating amplitude function
g(φ) with only a single or a few localized RF periods per turn [38]. Depending on the polarity
of the amplitude, either an isolated bucket or a barrier consisting of two open bucket boundaries
is generated. Suppression of buckets [39] can be useful to avoid disturbing a stored beam by the
influence of useless buckets, and barriers [40, 41] serve to create long buckets in between them.
Fig. 2.8 schematically shows a sketch of amplitude, potential and longitudinal phase space for
both cases.

Fig. 2.8: RF amplitude g, potential W and the φ-φ̇/ωs-phase space of an isolated bucket (left) and a barrier
bucket (right). Both cases are shown for the stationary case above transition energy.

In general, the RF amplitude of the single pulses does not need to be sinusoidal [42]. Tri-
angular or square wave pulses can also be used, but they are more difficult to generate because
of large amplitude components at higher harmonics of the revolution frequency. However, for
a given peak voltage (see Tab. 2.1) a square wave bucket has the maximum energy acceptance
and bucket area.

Wave form Bucket height, φ̇/ωs [rad/s] Bucket area [rad2/s]
Sinusoidal 2 16
Square wave

√
2π ' 2.51 4(2π)3/2/3 ' 21.0

Triangular
√
π ' 1.77 4π3/2/

√
2 ' 15.7

Tab. 2.1: Comparison of normalized bucket height and area for different RF wave forms. For a given peak
voltage, the square wave amplitude function generates the largest possible buckets.
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2.3.1 Accelerated barrier buckets

In general, the total RF amplitude consists of an arbitrary number of single sinusoidal pulses
centered around the phases φb,n. Each of these pulses is defined by

gn(φ) =


 sin[hb(φb,n − φ)] , φb,n − π

hb
≤ φ ≤ φb,n +

π

hb

0 , elsewhere
; (2.45)

the barrier frequency is defined by the harmonic number hb = 2πfb/ω0, which is not necessarily
an integer value as for a conventional RF system. The whole ensemble of pulses is periodic with
the particle revolution. It is assumed for the subsequent derivations that φb,n+1 > φb,n+2π/hb,n,
namely that the sinusoidal pulses do not overlap each other.

The total RF amplitude is given by the sum g(φ) =
∑

n gn(φ) of these pulses and, according
to Eq. (2.25), the potential function for an arbitrary number of isolated or barrier buckets can
be written as

W (φ) = − 1
cos φ0


 g0φ+

1
hb

∑
n

{cos [h(φ− φb,n)] + 1} , φb,n − π

hb
≤ φ ≤ φb,n +

π

hb

g0φ , elsewhere
,

(2.46)
where g0 is the normalized energy gain or loss per turn due to acceleration or synchrotron
radiation. As for the conventional bucket, the stable phase angles and bucket boundaries can
be found from the analysis of the potential W (φ).

The separatrix function is again obtained by equating H(φ, φ̇) = W (φm):

φ̇(φ) =

√
2ω2

s

cosφ0




√
g0(φm − φ) +

1
hb

∑
n

{cos[hb(φ1 − φb,n)]− cos[hb(φ− φb,n)]} ,

φb,n − π

hb
≤ φ ≤ φb,n +

π

hb√
g0(φm − φ) +

1
hb

∑
n

{cos[hb(φ1 − φb,n)] + n} ,

elsewhere

, (2.47)

where the relative energy loss or gain can be written as g0 = sinφ0. It should be mentioned that
the synchronous phase φ0 represents only a parameter being defined via g0. Two examples for
accelerated barrier buckets are shown in Figs. 2.9 and 2.10. In fact, three different possibilities
for the behaviour of a particle in such a long bucket can be distinguished:

Firstly, the particle is reflected at both of the potential barriers. The outer trajectories of
the bucket in Fig. 2.9 behave like this. Secondly, the particle is reflected at one barrier but
never reaches the second one. This can be the case when the energy loss or gain per turn is large
enough so that the particle reaches the reference energy without any additional kicks from the
RF system (inner trajectories of the phase space illustration in Fig. 2.9) . Thirdly, the energy
deviation per turn can be so large that a particle in the inner region of a bunch never leaves
the range of the first barrier. In such a case, it behaves exactly as in a conventional RF bucket.
Furthermore, one can see from Figs. 2.9 and 2.10 that the symmetry of long barrier buckets
is very sensitive to any kind of energy losses or gains, because a small g0 causes significant
distortion of the bucket. It is worth noting that a distortion of the barrier bucket potential due
a resistive impedance can also initiate an asymmetry of a long bunch [43].
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Fig. 2.9: Potential function and longitudinal
phase space for a barrier bucket between two si-
nusoidal RF pulses. The synchronous phase pa-
rameter g0 is 0.03.

Fig. 2.10: Same plot as in Fig. 2.9 but for
g0 = 0.12. The bucket is very asymmetric and
no particle can reach the second barrier.

The asymmetry of an accelerated barrier bucket can be compensated by means of special
devices generating a pulsed field of constant amplitude g0 during the passage of the long bunch.

2.3.2 Synchrotron frequency distribution

The synchrotron frequency distribution in an accelerated barrier bucket can be obtained again
by differentiation of the action-angle variable J as shown in Sec. 2.2.6. It is calculated versus the
distance of the a certain trajectory from the bucket center. For simplicity, the parameter ξ as
defined in Fig. 2.11 has been chosen to characterize the trajectory. It describes the normalized

Fig. 2.11: Definition of the trajec-
tory parameter ξ. Note that φu is
slightly smaller then half of the bar-
rier voltage pulse length 2π/h.

phase difference between the position of the stable fixed point (synchronous particle) and the
phase at which the trajectory crosses the reference energy.

The full synchrotron frequency distribution for barrier buckets with different synchronous
phase angles φ0 is illustrated in Fig. 2.12. At large synchronous phases, the synchrotron
frequency distribution is very similar to the one in an ordinary RF bucket (see Fig. 2.7).
However, in the stationary case φ0 = 0 it is completely different: particles with a small energy
deviation oscillate very slowly. This is also the case for particles which are reflected in region
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Fig. 2.12: Normalized synchrotron frequency versus
trajectory parameter ξ. A value of ξ = 0 defines a
particle at the stable fixed point, and ξ = 1 is the
trajectory of the separatrix. The synchronous phase
angle is decreased by 50 from one trace to the next.

(b) of Fig. 2.11. Especially when they approach the reference energy, the motion nearly comes
to rest. For particles being reflected at the second barrier, the synchrotron frequency increases
again. Clearly, the reflection under the influence of the RF focusing is faster than the reflection
in the absence of RF focusing mentioned before.

2.4 Longitudinal particle tracking

Numerical tracking of particles is a complementary tool for the analysis of the longitudinal phase
plane. Whereas the Hamilton technique delivers the whole ensemble of phase space trajectories,
the same trajectories can be calculated iteratively by following a particle turn by turn.

The main advantage of numerical particle tracking is its full flexibility with respect to
the variation of any external parameters like energy or RF amplitudes during the tracking.
Therefore, a complete acceleration cycle or even complex manipulation of the RF voltage U(θ)
or amplitude and phase modulations can be directly calculated.

Furthermore, effects caused by self-fields like space charge can be easily included in the
simulation, provided that they can be described by an additional energy loss or gain per turn.

2.4.1 Mapping equations

To track a single particle for several revolutions in an accelerator, a one dimensional leap-frog
algorithm is commonly used. As one simulation step per revolution is normally sufficient, it
is assumed that all RF stations are concentrated at a single position in the machine. Starting
from a given energy deviation of the test particle, its deviation of the revolution frequency
with respect to the synchronous particle is calculated. This leads to the time or the phase θ
at which the test particles arrives at the RF system. The particle gets an energy kick simply
defined by the RF voltage at the time of the bunch passage. According to the energy kick, the
energy deviation from the synchronous particle changes and the algorithm is restarted again by
calculating the new revolution frequency of the subsequent turn (Fig. 2.13).

This algorithm can be expressed in the form of two tracking equations which are a discrete
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Fig. 2.13: Schematic illustration of the longitudinal
tracking scheme. The new phase coordinate after one
revolution is calculated and used to determine the jump
in energy.

formulation of the two fundamental Hamilton equations (2.16) and (2.17):

θn+1 = θn + 2π η/β2(En/E0 − 1) (2.48)
En+1 = En + q[U(θn+1) + Usf(θn+1) + . . .] . (2.49)

The combination of a phase variable θ to describe the particles position with respect to the RF
system and the energy E or the energy deviation ∆E of the particle is the most common set of
variables chosen for longitudinal particle tracking [44, 45, 46]. All RF systems which contribute
to U(θ) are conventionally described by their frequency or harmonic number, their amplitude
and their phase.

The special choice of phase space variables makes it very convenient for the simulation of
RF systems at integer harmonics of the revolution frequency, because the phase angle is by
definition periodic with the revolution frequency. However, particle tracking with non-integer
harmonic RF systems, e.g. as longitudinal blow-up system, becomes more difficult: the phase
of the RF must be recalculated for each revolution.

In most cases where particle parameters do not vary significantly during one revolution
time, it is sufficient to update the Eqs. (2.48) and (2.49) once per revolution. However, in
special cases like particle tracking under strong space charge forces or under the influence of
a non-negligible energy loss per turn due to synchrotron radiation, the equations need to be
updated several times per revolution.

As the mapping equations are directly based on the definition of the phase slip factor
Eq. (2.12), their validity is not preserved in the vicinity of the transition energy. Higher order
terms in Eq. (2.48) proportional to (En/E0 − 1)2 and higher orders have to be taken into
account [47, 48, 45] if calculations around the transition energy or even of transition crossing
have to be performed.

2.4.2 Initial beam distributions

The tracking of only few macro-particles is not sufficient to get the full information of the
beam behaviour in a circular particle accelerator. Therefore, appropriate initial beam or bunch
distributions have to be tracked to calculate parameters like phase and energy projections or
emittance.

One can distinguish between two main classifications of distribution functions: those which
have independent one-dimensional distributions along both axes and those which only have a
radial distribution function and are symmetric in azimuth. The first group can be used to initiate
a coasting beam as its initial phase distribution is uniform, while the latter is important to
generate realistic bunches in the longitudinal phase space. The distributions and the projections
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of the two-dimensional distributions are summarized in Tab. 2.2 for the most common bunch
types with a conventional RF field.

One-dimensional Two-Dimensional Projection

Uniform
1

2∆φm
1

π∆φm∆Em
Elliptic

Elliptic
2
π

√
1− ∆φ2

∆φ2
m

3
2π

√
1− ∆φ2

∆φ2
m

− ∆E2

∆E2
m

Parabolic

Parabolic
3
4

(
1− ∆φ2

∆φ2
m

)
2
π

(
1− ∆φ2

∆φ2
m

− ∆E2

∆E2
m

)
8
3π

(
1− ∆φ2

∆φ2
m

)3/2

Gaussian
1√
π
e−∆φ2/∆φ2

m
1
π
e−∆φ2/∆φ2

m−∆E2/∆E2
m Gaussian

Tab. 2.2: Common one- and two-dimensional particle distributions and their projection functions in normalized
form. The function given for the one-dimensional distributions is only valid between −∆φm and ∆φm. The two
dimensional distributions are defined in the range of ∆φ2/∆φ2

m − ∆E2/∆E2
m ≤ 1 and vanish elsewhere. Only

the Gaussian distribution is defined from minus to plus infinity.

Numerically, an arbitrary two-dimensional distribution f(x, y) of random points can be
calculated by generating equally distributed triplets of random numbers (x, y, z). If f(x, y) > z
the pair (x, y) is kept, otherwise it is rejected. Finally, the remaining points are distributed as
defined by f(x, y) [49].

2.5 Concept of emittance preservation

The area in the longitudinal phase space which is enclosed by the trajectory of a particle is called
longitudinal single particle emittance. The emittance of a whole particle distribution is given by
the phase space area occupied by the full set of particles. In a perfect accelerator without random
energy dissipation like e.g. synchrotron radiation and without coupling between longitudinal
and transverse planes, emittance is a parameter preserved throughout the acceleration cycle
because of Liouville’s theorem, which will be proven after an introduction to the different
definitions of the longitudinal emittance.

2.5.1 Emittance definition

The emittance may be defined in many different ways whereof the most common one is the
root mean square (RMS) emittance defined according to the convention from [50, 51]. For
continuous distributions it can be written as

εRMS = 4
√

∆φ2 ·∆φ̇2 −∆φ∆φ̇
2

or εRMS =
4
N

√√√√ N∑
i=1

∆φ2
i ·

N∑
i=1

∆φ̇2
i −

(
N∑
i=1

∆φi∆φ̇i

)2

(2.50)
for an ensemble of N particles at positions (∆φi,∆φ̇i) around the bunch center. The advantage
of the RMS emittance definition is that it can be calculated for any arbitrary particle distribu-
tion. However, as there is no straightforward relationship to the phase space area occupied by
the bunch, its physical interpretation may be ambiguous.
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The elliptic emittance εl, which can be calculated by fitting an encircling ellipse around a
certain fraction of the particle ensemble, is of equal importance. It gives directly the occupied
phase space area, but may sometimes include plenty of empty phase space when the bunch
distribution is totally non-elliptic. The elliptic emittance is very powerful with respect to the
analysis of RF manipulations (see Chapter 3) because, as stated in the preceding sections,
trajectories in the center of a harmonic bucket are also elliptic. Thus, even if plenty of empty
phase space is included in the emittance area, this phase space will be consequently filled during
the subsequent filamentation caused by the non-linearities of the bucket.

The scaling laws between both emittance definitions for the most common bunch distribu-
tions are summarized in Tab. 2.3.

Uniform Elliptic Parabolic Gaussian

εRMS =
1
π
' 0.318

4
5π
' 0.255

2
3π
' 0.212 εl (100% inside)

' 0.213 εl (95% inside)

Tab. 2.3: Scaling factors between RMS and elliptic emittance for the most common bunch distributions.

2.5.2 Liouville’s theorem

Generally speaking, the motion of phase space density distribution behaves like an incompress-
ible fluid [52].

Considering the evolution of a non-dissipative system containing a large number of mass
points described by canonically conjugated pairs of space and momentum coordinates pi and
qi, the equations of motion can be written in the form of the Hamilton equations, namely

q̇i =
∂H

∂pi
and ṗi = −∂H

∂qi
, (2.51)

where the dot denotes a time derivative. The Hamiltonian generally depends on the space and
momentum coordinates as well as directly on time H = H(pi, qi, t). Furthermore, a so-called
velocity vector ~vi = {q̇i, ṗi}, which describes the particle velocity in the p-q-phase space can be
defined. For a large number of particles, this velocity vector can be written in a continuous
form ~v(p, q) = {q̇(q, p), ṗ(q, p)} depending on the continuous position (p, q) in the phase space.

The change of the phase space volume occupied by the particle ensemble is expressed by
the integrated flux through the surface d~f of the volume according to

dV (t)
dt

=
∫
~v d~f . (2.52)

Following Gauss’s law the surface integral can be converted to a volume integral∫
~v d~f =

∫
(∇ · ~v) dv =

∫ (
∂

∂q
q̇ +

∂

∂p
ṗ

)
dv =

∫ (
∂2H

∂q∂p
− ∂2H

∂q∂p

)
dv = 0 , (2.53)

where ∇ = {∂/∂q, ∂/∂q} is the space momentum derivative operator. Applying the continuous
form of the Hamilton equations (2.51) to the volume integral in Eq. (2.53) finally proves that
the time derivative dV (t)/dt = 0 vanishes and that the phase space volume occupied by the
particle ensemble remains constant. In particles accelerators, Liouville’s theorem applies to
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the six-dimensional phase space spanned by three coordinates and their canonically conjugated
momenta. Assuming small coupling between longitudinal and transverse motion, one may also
apply the theorem to the two-dimensional longitudinal phase space.

Though the physical space volume is constant, the numerical values may, however, change
with energy depending on the scaling of their reference frame. It is thus more convenient to
express phase space area in units like [time · energy] = eVs where it remains invariant [21].

It is worth noting two major limitations of the rigorous validity of Liouville’s theorem to
particle bunches. On the one hand, it is restricted to continuous phase space distributions.
Albeit each particle bunch typically contains some N ' 109 . . . 1013, it should be kept in mind
that the number is finite. This granularity is used for the stochastic beam cooling [53, 54],
which essentially moves empty phase between the particles from inner to outer regions of the
bunch by exploiting deviations from a uniform continuous beam distribution. On the other
hand, Liouville’s theorem is only valid for non-dissipative systems. Energy exchange between
two beams of different particle species can introduce such a dissipation mechanism, which is
applied in electron cooling [55, 56], where the individual particles of a high energy proton or
ion beam dissipate fractions of their individual transverse and momentum deviations to a cold
electron beam.

2.5.3 Filamentation and emittance dilution

Emittance preservation on the basis of Liouville’s theorem has been proven in the preceding
paragraph. However, the boundary of the occupied phase space area can become arbitrary
complex. In fact, filamentation can become so complex that it practically becomes impossible
to distinguish between small theoretically unoccupied regions and occupied phase space areas.
Literally, an infinite number of tiny regions of empty phase space is mixed with the bunch, and
the macroscopic emittance grows while its microscopic counterpart remains unchanged.

An example of such an emittance dilution caused by a longitudinal mismatch between bunch
and bucket is illustrated in Fig. 2.14. The development of RMS as well as elliptic encircling
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Fig. 2.14: Normalized longitudinal phase space plots of an unmatched bunch in a stationary RF bucket. The
initial elliptic particle distribution is shown in the left picture. The distribution is strongly filamented after
particle tracking for 10 (center) and 20 periods of the synchrotron frequency 2π/ωs. Only every 10th particle of
the distribution is plotted.

emittance (100% of the particles inside) is given in Fig. 2.15. Clearly, the relative emittance
growth in terms of RMS values is much smaller than what can be expected from the emittance
growth calculated by encircling emittances. In fact, the particle density in the large outer
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Fig. 2.15: Development of RMS
(left) and elliptic (right) emit-
tance of the bunch shown in
Fig. 2.14. For reference, the
emittances are also shown for
a matched distribution. The
small residual ripples on the el-
liptic emittance are caused by
an initial mismatch of the ellip-
tic bunch to the non-linear RF
bucket. Note that the vertical
scale of both plots is different.

regions of the diluted bunch is low, which has a significant effect on the elliptic emittance, as it
contains all particles, but has a rather small effect on the RMS value.

Theoretically, macroscopic phase space dilution is reversible, e.g. transition crossing reverses
the sign of motion in the longitudinal space charge, but practically this is of no use. Moreover,
non-linear contributions to the particle motion generated by the self-fields of the beam cancel
the reversibility.

2.6 Matched beam distribution

In the preceding sections only the interaction of a single particle with an external RF voltage or
beam distributions adapted to a conventional RF field have been considered. For the calculation
of all longitudinal beam parameters like mean and average current or bunching factor, it is
mandatory to fill the RF bucket with a realistic beam distribution being matched to any kind
of field configuration.

The distribution has to be chosen such that it is stationary in time, meaning that the syn-
chrotron oscillations of the individual particles have no influence on the form of the distribution.
In principle, all distributions f(φ, φ̇) in the longitudinal phase space which can be expressed as
a function of the Hamiltonian Eq. (2.24) are possible.

In proton and heavy ion accelerators it can be observed that the line density λ(φ) of a
stationary bunch kept by a single RF system is mostly parabolic:

λ(φ) =
3N
4φm

(
1− φ2

φ2
m

)
. (2.54)

As the line density is defined by the phase projection of the longitudinal distribution, it is
simply given by [57]

f(φ,φ̇) =
3N
2π

√
1− φ2

φ2
m

− φ̇2

φ̇2
m

. (2.55)

Both line density and longitudinal distribution are normalized to the number of particles N in
the bunch. The bunch is symmetric and ranges from −φm to φm and from −φ̇m to φ̇m. It will
be shown in the following section that a local elliptic φ̇ distribution can be matched to a more
general RF amplitude g(φ). These distributions are stationary, even in the presence of space
charge or an inductive wall impedance (see Sec. 2.7).
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2.6.1 Local elliptic distribution

To account for the space charge or for an inductive wall like impedance, an additional self field
term has to be added to the general Hamiltonian given in Eq. (2.24). As the additional voltage,
which is generated by the longitudinal self-field of the beam, is proportional to the derivative
∂λ(φ)/∂φ of the line density, its contribution to the Hamiltonian is linear. According to the
additional self-field term

Wsf = csf [λ(0) − λ(φ)] (2.56)

the potential function from Eq. (2.25) is replaced by

W (φ) = WRF +Wsf =
1

cos φ0

[∫
g(φ) dφ − g(φ0)φ

]
+ csf [λ(0) − λ(φ)] , (2.57)

where csf is a constant scaling factor of the self-field contribution (see Sec. 2.7).
The φ̇ projection of distribution f(φ, φ̇) must reproduce the line density given by the bunch

boundary trajectory in the longitudinal phase space. Therefore, a distribution composed of
slices in φ being elliptic with respect to φ̇ is assumed [58]. The energy width of each slice is
defined according to the value of the bunch boundary trajectory, and the general ansatz for the
longitudinal particle distribution becomes

f(φ, φ̇) ∝
√

2[H0 − ω2
sW (φ)]− φ̇2 , (2.58)

where H0 is the Hamiltonian of the boundary trajectory. The projection of this distribution
becomes

λ(φ) = 2λ0ω
2
s [W (φm)−W (φ)]

= 2λ0ω
2
s [WRF(φm)−WRF(φ) + csfλ(φ)] , (2.59)

where λ(φ) is generally still present on both sides of the equation.
Solving Eq. (2.59) for λ and subsequent normalization cancels the self-field contribution to

the line density which can be reduced to

λ(φ) =
N

um
[WRF(φm)−WRF(φ)] with um =

∫ φn

φm

WRF(φm)−WRF(φ) dφ . (2.60)

The absence of the self-field terms in the line density indicates that a bunch of the given
distribution generates an additional RF amplitude Usf(φ) of exactly the same φ dependence
as the external RF voltage. The remaining effect is an additional longitudinal focusing or
defocusing [59]. A schematic illustration of a stationary distribution in a double harmonic RF
system is shown in Fig. 2.16. In the region of the bunch, the calculated bucket including space
charge (Fig. 2.16, solid lines) is slightly smaller than that without any self fields (dashed lines).
However, the form of the trajectories remains the same. As expected for a linear RF amplitude
g(φ) ∝ φ, the line density Eq. (2.60) as well as the longitudinal distribution function Eq. (2.58)
reduce to Eqs. (2.54) and (2.55).

2.6.2 Single harmonic matching conditions

For a single harmonic RF system in an accelerator at fixed energy and negligible energy loss
per turn due to effects like synchrotron radiation, the matching conditions can be calculated
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Fig. 2.16: Stationary longitudinal distribution of
a bunch in an accelerating double harmonic RF
system. Each vertical slice of the bunch repre-
sents an elliptic distribution. The dashed lines
represent separatrix and bunch boundary trajec-
tory neglecting linear space charge. It is taken
into account for the calculation of the continuous
lines.

analytically. According to the RF potential function WRF(φ) = 1 − cos φ the matched line
density from Eq. (2.60) is written as

λ(φ) =
N

um
(cosφ− cos φm) with um = 2(sin φm − φm cos φm) (2.61)

where it was assumed that the bunch is symmetric around φ = 0 and extends to ±φm. It is
worth noting that replacement of the sin and cos functions in Eq. (2.61) by their third and
second order Taylor series approximation again results in the line density Eq. (2.54).

By inserting the line density into Eq. (2.57), one obtains the Hamiltonian

H(φ, φ̇) =
1
2
φ̇2 + ω2

s

(
1 + csf

N

2[sinφm − φm cos φm]

)
(1− cos φ)

' 1
2
φ̇2 + ω2

s

(
1 + csf

3N
2φ3

m

)
1
2
φ2 (2.62)

for the stationary bucket, including the effects of space charge and inductive wall impedance.
In fact, the particles follow elliptic trajectories

φ̇2

ω2
s [1 + 3csfN/(2φ3

m)]φ2
m

+
φ2

φ2
m

= 1

whose axes ratio is defined by φ̇/φ = ωs[1 + 3csfN/(2φ3
m)]1/2.

By expressing the bunch length in terms of the emittance εl = π∆φ∆E one obtains

φ2
m =

1√
1 + 3csfN/(2φ3

m)
h2ω2

0|η|
Eβ2

εl
πωs

, (2.63)

where φm still appears on both sides of the equation. However, Eq. (2.63) is of the cubic type
and can be solved analytically. As the solution is rather lengthy, it shall not be given here.

Neglecting the self field term csf = 0, bunch length and energy spread simply become

φ4
m =

2π|η|h3ω2
0

Eβ2 eπ2U0
ε2l and (∆Em)4 =

hU0Eβ
2eω2

0

2π3|η| ε2l . (2.64)

The bunch length in units of RF phase shrinks only inversely proportional to the fourth root of
the RF voltage. Bunch length control by variation of the RF voltage is thus not very efficient.
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2.7 Space charge and inductive wall impedance

Only the dynamics of single particles have been covered so far, and no interaction of the particles
has been considered. However, all particles of the beam have the same charge, resulting in a
repulsive force between the particles. In the ultra-relativistic case, space charge does not harm
the particle bunches as the electric field around each particle is Lorentz boosted to a disk so that
the influence on other particles is strongly suppressed. In low and medium energy accelerators,
space charge is an important issue. As will be shown, the influence of the beam pipe walls can
also influence the beam behaviour similarly to space charge effects, but its influence does not
vanish at high energies.

2.7.1 Longitudinal space charge voltage

For the derivation of the longitudinal self-field caused by the space charge, a particle beam
with a radius a is assumed to circulate in a beam pipe of the radius b. The line density of the
particle beam is defined as λ(z) = ω0/(βc)λ(φ). The definitions of variables and the choice of
the coordinate system are sketched in Fig. 2.17.

Fig. 2.17: Definition of variables and integration path for the derivation of space charge field Ez as well as the
influence of finite conductivity of the beam pipe wall represented by Ew 6= 0.

The radial electric field of the beam can be written as

Er(r, z) =
eλ(z)
2πε0

r

a2
at r ≤ a and Er(r, z) =

eλ(z)
2πε0

1
r

at r > a (2.65)

and the azimuthal magnetic induction as

Bϕ(r, z) =
µ0eλ(z)βc

2π
r

a2
at r ≤ a and Bϕ(r, z) =

µ0eλ(z)βc
2π

1
r

at r > a .

(2.66)
As long as the variation of λ(z) is small compared to the transverse dimensions of the beam
pipe, the other field components can be neglected. For low and medium energy accelerators
this is certainly the case, as typical bunch lengths are of the order of several meters, while the
beam pipe radius is only a few centimeters.

Using the fields from Eqs. (2.65) and (2.66), application of the curl-E Maxwell equation∮
~E d~l = − ∂

∂t

∫
~B d~% (2.67)

along the integration path illustrated in Fig. 2.17 reduces Eq. (2.67) to

(Ez −Ew)∆z +
e

4πε0

(
1 + 2 ln

b

a

)
[λ(z + ∆z)− λ(z)] = −µ0eβc

4π
∂λ(z)
∂t

(
1 + 2 ln

b

a

)
∆z ,
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where the difference quotient [λ(z+∆z)−λ(z)]/∆z can be replaced by ∂λ(z)/∂z and ∂λ(z)/∂t =
−βc∂λ(z)/∂z. Resolving for the space longitudinal electric acting on the beam due to space
charge (see Fig. 2.17), one obtains

Ez = − e

4πε0
g0
(
1− β2

) ∂λ(z)
∂z

+ Ew with g0 = 1 + 2 ln
b

a
. (2.68)

It is worth noting that g0 is a geometry factor [60] given for a circular beam pipe, but that it
can be modified by form factors so that the space charge field derivation remains approximately
valid also for ellipsoidal or rectangular beam pipes [61]. The voltage contribution per turn is
calculated by integration over one revolution according to

Us = −eβcR∂λ(z)
∂z

g0Z0

2βγ2
+ 2πREw , (2.69)

where Z0 =
√
µ0/ε0 is the free space impedance. As the integration has to be done in a

reference frame which is rotating with the beam resulting in a constant λ(z), it simplifies to a
multiplication with the circumference of the accelerator. For perfectly conducting beam pipes,
the field Ew along the wall vanishes.

Below the transition energy, space charge acts against an external RF voltage and thus has a
defocusing effect. Above transition, the space charge impedance generates additional focusing.
The influence is however small because of the energy scaling proportional to 1/(βγ2).

2.7.2 Wall coupling impedance

To calculate the contribution of the beam pipe wall in terms of a frequency dependent
impedance, Eq. (2.69) must be analyzed for a single Fourier component of the beam current.
In general, the beam current can be written as

I(z, t) = I0 +
∑
n

Ine
i(n z/R−ωt) (2.70)

a Fourier sum where I0 is the average DC current. Inserting a single component Iω into the
space charge induced voltage from Eq. (2.69) it reduces to

Uω = ZIω = Ine
i(n z/R−ωt)

[
−i g0Z0

2βγ2
+ Zw

]
, (2.71)

where the line density was replaced by the beam current according to In = βceλn. The mode
number n is defined with respect to the bunch frequency hω0. In the case of a circular accelerator
symmetrically filled with h identical bunches [44], the normalized impedance can be written as

Z

nh
= −i g0Z0

2βγ2
+
Zw
nh

. (2.72)

Clearly, the space charge impedance acts capacitively on the beam, and the longitudinal space
charge effect can be partly compensated or even completely canceled by introducing a special,
inductive wall impedance. Dedicated devices may consist of special coil configurations [62] or
ferrite loaded structures around the beam pipe [63].

Finally, the total voltage contribution induced by space charge and wall coupling impedance
can be written as

Us = −eh2βc

R

(
Zw − g0Z0

2βγ2

)
∂λ(φ)
dφ

(2.73)
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and the contribution of the self-field as introduced in Sec. 2.6.1 is consequently defined by

csf =
1

U0 cos φ0
eh2βc

R

(
Zw − g0Z0

2βγ2

)
. (2.74)

Eq. (2.73) is also employed to include space charge and wall coupling effects into numerical
tracking calculation as it delivers the voltage Usf (see Sec. 2.4.1) for the projection λ(φ) of an
arbitrary bunch shape [64].

2.8 Synchrotron radiation

Accelerated charged particles emit radiation in the form of electromagnetic waves. In circular
accelerators, each bending magnet causes transverse acceleration and thus initiates the emis-
sion of so-called synchrotron radiation. As will be briefly shown, synchrotron radiation is an
important issue in electron accelerators, but is strongly suppressed in hadron machines because
of their larger particle mass. Even though the effect of synchrotron radiation below the TeV
energy region is negligible in proton accelerators, it has already been observed [65].

The emitted energy per revolution can be calculated by integrating the instantaneous power
radiated by transverse acceleration over the path of the particle through the bending mag-
nets [66]:

∆Erad =
e2

3ε0(m0c2)4
E4

Rmag
, (2.75)

where Rmag is the average bending radius as used in Sec. 2.1.2. Clearly, the energy loss depends
on the fourth power of the rest mass of the particle species, and a proton emits only 8.8 · 10−14

times the energy of an electron at the same energy.
The total average radiated power

Prad = 88.5 kW·(E/GeV)4

Rmag/m
·Ib/A for electrons and Prad = 7.79 kW·(E/TeV)4

Rmag/m
·Ib/A for protons

(2.76)
in units of [P ] = kW can be obtained by summing over the total charge of the beam and taking
into account that the average beam current is defined as Ib = Neω0/(2π). Note that the energy
unit in both equations between quantities is different.

In the LHC at an energy of 7TeV, the average energy loss per turn is about 6.71 keV.
Depending on the focusing RF voltage acting on the beam, the synchrotron radiation loss may
be neglected. This is certainly the case for the nominal RF system, which will deliver some
16MV to the beam.



Chapter 3

Longitudinal Beam Gymnastics

In the preceding chapter, the interaction between a particle beam and an RF systems with
constant parameters has been analyzed. However, parameters need to be changed during the
acceleration cycle, and it is mandatory to modify the RF settings in the presence of the beam.
The most obvious example is the RF capture, where the RF amplitude is slowly increased to
form a bunch structure after beam injection from a linear accelerator. Furthermore, it may be
necessary to prepare a special longitudinal beam configuration with respect to the number of
bunches, the bunch current or the bunch length for an experiment or a downstream accelerator.
Changing the longitudinal beam parameters can also be required to maintain beam stability
during an acceleration cycle. These so-called longitudinal beam gymnastics are addressed in
the following sections.

An introduction to the concept of adiabaticity for beam manipulations is given, followed by
the fundamentals of the different types of longitudinal beam manipulations relevant for the dif-
ferent options of the beam preparation in the LHC and its injectors. Finally, the longitudinally
matched beam transfer between two circular accelerators is discussed.

3.1 Adiabaticity

The reference time scale for motion in the longitudinal phase space is the period of the syn-
chrotron motion 2π/ωs. As long as an external variation of the RF parameters is slow compared
to this period, the particles can follow the slowly changing trajectories without perturbation. If
the parameter variation is too fast, a mismatch between bunch and bucket occurs which results
in filamentation and macroscopic emittance blow-up.

Therefore two different types of RF manipulations can be distinguished: adiabatic and non-
adiabatic RF gymnastics. The first group is based on slow variations of the RF parameters. In
the limit of perfect adiabaticity, meaning infinite duration, these manipulations virtually gen-
erate no dilution in the phase space. Additionally, adiabatic beam manipulations are generally
reversible.

On the contrary, their non-adiabatic counterparts are based on a well defined mismatch
between bunch and bucket to excite an oscillation or a fast motion of the bunch. Precise timing
is mandatory for non-adiabatic RF manipulations.

A dimensionless parameter to specify whether an RF manipulation is adiabatic or not is
called adiabaticity coefficient α [67]. In general, it is defined as the relative variation of the
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characteristic oscillation frequency within a single oscillation period1:

α = 2π
1
ω2

dω

dt
. (3.1)

It should be mentioned that there is no strict limit between adiabatic and non-adiabatic motion
with is respect to the adiabaticity coefficient. However, if α stays well below unity, the bunch
motion is assumed to be mostly adiabatic. In fact, adiabaticity is a trade-off between the time
duration available for a certain RF manipulation and the dilution of the particle distribution.
Additionally, dilution caused by intensity dependent effects may also influence the optimum
duration of beam manipulations.

3.2 Adiabatic RF gymnastics

Ideally, adiabatic RF gymnastics preserve the equilibrium bunch distribution at all times dur-
ing the procedure, and the longitudinal emittance remains constant. It should be noted that
adiabaticity in longitudinal beam dynamics is conventionally not defined exactly the same way
as in thermodynamics, where adiabaticity means the preservation of the intrinsic energy. Con-
sequently, adiabaticity in accelerator physics should be referred to as reversibility.

3.2.1 Bunching and debunching

The longitudinal structure of a particle beam coming from a linear accelerator used as pre-
accelerator is different from the required RF structure in a synchrotron. Generally the injected
beam is held at constant energy without any RF voltage to let the longitudinal beam distribution
debunch.

The resulting coasting beam is then bunched by a slowly increasing RF amplitude at an
integer harmonic of the revolution frequency. This amplitude variation can be optimized with
respect to adiabaticity: the synchrotron frequency ωs (see Eq. 2.19) is proportional to the
square root of the RF amplitude so that amplitude variation has to be slower in the region
of small amplitudes to preserve the longitudinal emittance. Optimized RF amplitude ramps
with a constant adiabaticity parameter can be obtained by inserting ωs(U) into the definition
Eq. (2.19), which leads to the adiabaticity parameter

α =
2π
ω0

√
2πEβ2

h|η|e ·
1

2U(t)3/2
d

dt
U(t) (3.2)

with respect to an arbitrary RF voltage function U(t). By solving this differential equation for
U(t) the iso-adiabatic voltage curves can be written as

U(t) =
U1(

1− t

tbunch

√
U2 −

√
U1√

U2

)2 , (3.3)

where U1 and U2 are the RF voltages before and after the bunching procedure. The bunching
time is given by

tbunch =
2π
ω0

√
2πEβ2

h|η|e
√
U2 −

√
U1√

U1U2

1
α
. (3.4)

1The adiabaticity parameter is sometimes given in a convention exclusive of 2π, see [68].
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Clearly, the choice of the bunching time is a compromise according to its inverse proportionality
to the adiabaticity parameter [69]. The non-zero initial voltage arises no practical problem as
the smallest RF voltage technically achievable is limited anyway and blow-up caused by a finite
voltage during injection is small [70].

The emittance blow-up during RF capture can be calculated by particle tracking. The
typical development of the RMS emittance as well as the RF amplitude ramp is sketched in
Fig. 3.1. After the bunching procedure, the particle tracking was continued for ten periods of
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Fig. 3.1: RMS emittance development during bunch-
ing with an iso-adiabatic RF amplitude ramp with
α = 3 (continuous, right scale). The dashed curve
represents the normalized RF amplitude (left scale).
The voltage ratio between initial and final amplitude
is 0.01. The tracking calculation was continued for ten
periods of the synchrotron frequency to include the
macroscopic emittance growth due to filamentation.
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Fig. 3.2: Macroscopic emittance blow-up ver-
sus adiabaticity coefficient. For the same con-
ditions as the example in Fig. 3.1. For an adi-
abaticity parameter below unity, the capture
can be theoretically performed with negligible
dilution in the longitudinal phase space.

the revolution frequency to allow further filamentation to a quasi equilibrium distribution. It is
worth noting that especially the bunching procedure to capture the injected beam is influenced
by longitudinal space charge forces [71], as it is performed at low particle energy.

Of equal importance for the dilution of the bunches in the longitudinal phase space is
the capture frequency. For the simulations above it is an integer harmonic of the revolution
frequency. However, the revolution frequency is not known exactly, since the output energy of
a linear accelerator as pre-accelerator may jitter from pulse to pulse.

Furthermore, the RF amplitude is often not raised to its maximum value at fixed beam
energy. The acceleration is started as soon as the beam is sufficiently bunched, and a further
increase of the RF amplitude compensates the shrinkage of the bucket area due to the increasing
synchronous phase angle (see Sec. 2.2.5). In such a way, the transition between injection at
constant energy and acceleration can be performed smoothly.

3.2.2 Bunch merging and splitting

In order to increase the intensity per bunch, two or even more bunches can be joined together
by the use of a double harmonic RF system. This manipulation is called bunch merging [72, 73],
which belongs to the group of adiabatic RF manipulations. The reverse process, bunch splitting
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[74], increases the number of bunches in the accelerator. During bunch merging, the potential
well between two neighboring RF buckets is removed by slowly switching to a lower harmonic
RF system. The splitting manipulation is more delicate because an initial bunch has to be
divided in two equal parts, requiring an RF potential of well defined symmetry.

The RF potential generated by a double RF system with the two harmonics h1 = 2h0 and
h2 = h0 and the amplitudes U1 and U2 can be written as

W (φ) =
1
h0

[U1(cos h0φ− 1) +
U2

2
(cos 2h0 − 1)] . (3.5)

The merging or splitting process is then controlled by the variation of the two voltages U1 and
U2. A straightforward choice for the voltages are linearly time dependent functions:

U1(ξ) = U1,0ξ and U2(ξ) = U2,0(1− ξ) , (3.6)

where the parameter ξ describes the normalized fraction of the procedure. For such a simple
case, the evolution of amplitudes, separatrix function and bucket center is illustrated in Fig. 3.3.
One bunch has to be slightly accelerated while the other one is decelerated at the same rate
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Fig. 3.3: Evolution of RF amplitudes
(left, dashed and dotted), separatrix
function and bucket center position
(continuous) with time during bunch
pair merging (time goes from bottom
to top) or bunch pair splitting (time
goes from top to bottom). The gray
level is proportional to the height of
the separatrix function φ̇(φ).

so that they meet in the center. For linear amplitude ramps the motion of the bucket centroid
starts slowly but ends abruptly after two thirds of the process. This sudden variation may cause
emittance dilution. Potential improvements of this scheme are discussed in Sec. 5.2.5.
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As the particle intensity is doubled during bunch merging, the longitudinal emittance of the
final bunch cannot be smaller than the sum of both initial bunches. The final bunch length and
energy spread are simply defined by placing a bunch with the given emittance into a matched
bucket as calculated in Eq. (2.64). For a constant ratio between bunch length and energy
spread before and after a bunch merging or bunch splitting, the higher harmonic RF amplitude
U2,0 has to be half of the RF amplitude at the half of the frequency U1,0 = U2,0/2. Both bunch
length and energy spread grow by a factor of

√
2 in the perfect case [72].

Bunch merging and splitting turn out to be experimentally clean procedures, and the macro-
scopic emittance dilution can be kept in the range of some 10-20% [75]. Bunch pair merging
as well as splitting and also splitting of a single bunch into three equal parts has been proven
to work reliably in synchrotrons [76]. More sophisticated merging or splitting procedures are
theoretically possible [77], at the expense of a large number of RF systems acting simultaneously
on the beam.

So far it was assumed that only the amplitudes of the RF systems are varied while their
phase angle remain constant with respect to each other. This implies a symmetry between the
two bunches being merged. By an additional variation of the phase, the clean merging of two
bunches with different longitudinal emittances and different bunch population can be achieved
[78]. Even the extreme case, where a populated bunch is asymmetrically merged with a bunch of
zero emittance, is very useful: it redistributes the longitudinal particle density so that the bunch
is turned inside out [79, 80], resulting in a hollow bunch distribution. The appropriate phase
and amplitude ramps can be calculated from the derivation of the ratio of both sub-buckets
during the bunch merging.

3.2.3 Batch compression

Bunch merging or splitting affects the number of bunches, but their distribution around the
ring remains unchanged. However, it is also possible to modify the length of a whole bunch
train, called batch, by means of RF manipulation [81, 82].

A bunched beam held by an RF system working at the harmonic h1 can be transferred to the
buckets of a second RF system operating on harmonic h2 provided that the two harmonics are
not too different, e.g. h2 = h1 + 1. These bunches can be handed over adiabatically by slowly
decreasing the amplitude of the lower harmonic while simultaneously increasing the amplitude
of the higher harmonic. As the batch length is given by the RF wavelength multiplied by the
number of bunches in the batch, the whole batch is thus compressed by a factor of h2/h1.
Repetitive application of this harmonic hand-over allows batch compression from any harmonic
number to another harmonic number as long as the required frequencies are covered by the RF
system. Additionally, a limitation of the RF amplitude may lead to insufficient bucket area at
the end of the compression manipulation. According to Eq. (2.38), the bucket area shrinks at
constant RF amplitude proportionally to 1/h3/2, while the bunch emittance stays constant or
increases during the process.

Furthermore, the presence of two RF harmonics at the same time leads to amplitude modu-
lation, which effectively modulates the RF focusing and the bucket area along the bunch train.
According to

U1 sin(h1ω0t) + U2 sin(h2ω0t) = (U1 − U2) sin(h1ω0t)

+ U2

[
2 sin

(
h1 + h2

2
ω0t

)
cos
(
h1 − h2

2
ω0t

)]
, (3.7)
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the beat frequency occurs at half the revolution frequency (h2 − h1)/2ω0 = ω0/2 if the two
harmonics differ by unity. The modulation is strongest when both RF amplitudes are equal.

An example of the evolution of the buckets during batch compression is given in Fig. 3.4.
Starting from four bunches held by an RF system at the fourth harmonic, the bunch train is
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Fig. 3.4: Evolution of RF amplitudes
(left, dashed, dotted, dashed-dotted) for
three different RF harmonics from h = 4
to h = 6, separatrix function and bucket
center positions (continuous) with time
during batch compression. The direction
of the time axis is from bottom to top. The
gray level is proportional to the height of
the separatrix function φ̇(φ).

gradually transferred to h = 6 and this compressed by a factor of 1.5. For simplicity, all voltage
variations are assumed to be linear. As expected, the four buckets are always identical when
only one RF system is present, while quadrupole-like oscillations of the bucket shape can be
observed during the hand-over process. These oscillations, caused by the amplitude modulation
mentioned above, are much stronger for the two buckets at the end of the batch.

It should be mentioned that even though the trajectories in the longitudinal phase space
calculated with the Hamilton technique are symmetric around the reference energy axis and the
center of the batch compression, this does not apply to the real bunch motion. As the outer
bunches have to be accelerated or decelerated with respect to the center bunches, their centers
of gravity ascend or descend during each batch compression harmonic hand-over. However, the
motion is symmetric around the center point (∆φ = 0,∆E = 0) of the batch compression. A
detailed optimization with respect to this effect is given in Sec. 5.2.4.

The same behaviour can be clearly observed in the evolution of the bucket areas during the
process (Fig. 3.5). In the middle of the hand-over process, the bucket areas become minimal.
The buckets at the ends (dashed) suffer more from this area reduction than the center buckets
(continuous).

When the bunch trains get longer, the bucket area modulation gets worse, and the bucket
area at the end of the batch shrinks enormously. Complete buckets are in the region of low
RF focusing, which is not the case for short batches where the effective RF voltage is small
only for a fraction of the end buckets. This effect can be suppressed by additional amplitude
modulation to increase the RF focusing at the end bunches (see Sec. 5.2.4).
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Fig. 3.5: Bucket area versus time for the same batch
compression parameters as in Fig. 3.4. The two center
buckets (continuous) have a significantly larger bucket
area than the two bunches at the ends of the batch
(dashed line).

Furthermore, the minimum bucket areas can be increased by a factor of
√

2 by changing the
voltage program of each harmonic hand-over. If the higher harmonic RF amplitude is increased
to its maximum value before the amplitude at the lower harmonic is decreased, both amplitudes
are at their maximum value when the amplitude modulation is strongest [81].

3.3 Non-adiabatic RF gymnastics

A different class of longitudinal beam manipulations is represented by non-adiabatic RF gymnas-
tics, where the RF parameters change much faster that the period of the synchrotron frequency,
i.e. α� 1.

Two examples for non-adiabatic manipulations that are important for the long bunch scheme
for LHC are described in the subsequent sections: bunch rotation and bunch lengthening by
fast stretching at the unstable fixed point. By use of these schemes, bunch length and energy
spread can be controlled. Two methods for the production of high intensity bunches are briefly
presented at the end of this section.

3.3.1 Bunch rotation

According to the analysis in Sec. 2.6.2, Eq. (2.64), bunch length and energy spread of a matched
bunch can be controlled by varying the RF amplitude U0. This method is however not very
efficient because both parameter only scale with its fourth root. On the one hand, the available
RF voltage may not be sufficient for an adiabatic bunch compression to a desired length. On
the other hand, it may be impossible to lengthen a bunch by lowering the RF voltage, as the
bucket area becomes too small or the beam induced voltage hampers the precise amplitude
control in the low voltage regime. Bunch shortening or lengthening is mostly needed to prepare
the bunches for extraction to a downstream accelerator [83, 84] or a target [85]. In such cases
a dedicated excitation of a coherent quadrupole mode by sudden change of the RF amplitude
called bunch rotation, combined with a fast ejection of the bunch at the right instant, allows
to generate bunch parameters which would be conventionally inaccessible within the limits of
the RF system [86].

Neglecting effects originating from the self field of the beam, the compression factor is
derived from the simple synchrotron Hamiltonian [87]. The combination of both Eqs. (2.64)
defines the RF voltage for a matched bunch of given length to energy spread ratio:

U

h
=

2π|η|
Eβ2e

·
(

∆Em
∆φm

)2

. (3.8)
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Assuming that the RF system is switched to an amplitude Uf , a particle starting at (∆φ =
∆φi,∆E = 0) moves to (∆φ = 0,∆E = ∆Ef ) within one quarter period of the synchrotron fre-
quency. A particle starting at maximum energy deviation of the initial bunch is simultaneously
converted into a particle with largest energy deviation ∆φf . Application of Eq. (3.8) according
to

Ui
hi
∝
(

∆Ei
∆φi

)2

,
Uf
hf
∝
(

∆Ef
∆φi

)2

gives χ =
∆φf
∆φi

=
∆Ei
∆Ef

=

√
Uihf
Ufhi

(3.9)

for the compression ratio between initial and final bunch length. Clearly, for an unchanged
harmonic number hi = hf the bunch length now depends on the square root of the RF voltage,
and a bunch rotation is thus much more efficient than an adiabatic bunch compression. A
recapture of the rotating bunch requires a voltage Ur as calculated from Eq. (2.64). The
relation between the three RF amplitudes concerned can be written as U2

f = UiUr.
Due to the non-linearity of the synchrotron frequency as discussed in Sec. 2.2.6, this the-

oretical compression factor is only achieved in the center of the bucket. The distortion of the
bunch caused the synchrotron frequency distribution is illustrated in Fig. 3.6. The bunch core

-Π 0 Π
Φ

-1

-2

0

1

2

Φ  �Ω s

-Π 0 Π
Φ

-1

-2

0

1

2

Φ  �Ω s

-Π 0 Π
Φ

-1

-2

0

1

2

Φ  �Ω s

Fig. 3.6: Longitudinal phase space during bunch rotation of a bunch covering about two thirds of the bucket,
with a compression factor of χ ' 3.4. If the rotation was perfectly linear, the final bunch (right) would match
the emittance ellipse (dashed). The RMS emittance is diluted by some 10 %. Only every 10th particle of the
tracked distribution is plotted.

is rotated linearly by π/2, whereas the outer regions of the distribution suffer from a reduced
synchrotron frequency resulting in tails. This can be observed in the line density projection
plot (Fig. 3.6, right).

The non-linearity of the synchrotron frequency can be suppressed by adding a higher har-
monic RF amplitude in order to obtain a triangular-like waveform in the range of the bucket
(see App. C). The RF voltage demanded for bunch compression is reduced by another factor
of almost two if the RF focusing is increased during bunch rotation such that each particle is
affected by a locally constant amplitude [88]. This is achieved by the use of a double harmonic
RF system which linearizes the RF amplitude during the first part of the bunch rotation when
the bunch still covers a large fraction of the bunch. Thereafter, the higher harmonic amplitude
is reduced to zero and finally increased with the opposite phase, to improve the RF focusing
around the bunch, which then covers only a small fraction of the bucket length.

It is worth noting that the performance of the bunch rotation may be restricted by the
longitudinal space charge effect as it counteracts the external RF focusing [89, 90, 91].
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3.3.2 Bunch stretching at the unstable fixed point

In principle, the easiest way to stretch bunches in a circular particle accelerator is to switch
off all RF systems and let the bunches decay due to dispersion. The initial bunch is sheared,
and for a distribution with an elliptic boundary trajectory the bunch length ∆φm(t) increases
according to

∆φm(t) = ∆φm(0)

√
1 +

t2

t2d
with td =

E

2|η|hω0β2
· ∆φm(0)

∆Em
=

τ(0)
2|η|∆p/p , (3.10)

where td is the so-called debunching time and τ(t) the bunch length in time units [92]. Its
inverse proportionality to the energy spread leads to slow lengthening of bunches with a small
energy spread.

For a faster bunch stretching, the bunch can be moved to the unstable fixed point by an RF
phase jump of π. Switching back the RF phase brings the bunch centroid back to the stable
fixed point again, but now it is mismatched to the RF amplitude and starts to rotate in the
longitudinal phase space [93] as described above.

An example of bunch stretching at the unstable fixed point is shown in Fig. 3.7. The RMS
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Fig. 3.7: Development of a bunch with an elliptic boundary trajectory matched to the bucket (left) at the
unstable fixed point. After one eighth of the period of the synchrotron frequency the bunch is stretched with
virtually no dilution (center). Finally, after a quarter of the period 2π/ωs it is already distorted (right).

emittance stays nearly constant for about an eighth rotation and starts to grow exponentially
afterwards.

Neglecting the non-linearity of the RF bucket, the equation of motion of a particle around
the stable fixed point is simply a harmonic oscillation as the potential function W (∆φ) is
proportional to the ∆φ2 (see Sec. 2.2.3). At the unstable fixed point the sign of the RF
amplitude as well as the sign of the potential changes by π and W (∆φ) ∝ −(∆φ)2. The
equation of motion for a particle starting on the boundary trajectory becomes

d

dt
∆φm(t)− ω2

s∆φm(t) = 0

with the solution

∆φm(t) = ∆φm(0)eωst and ∆Em(t) = ∆Em(0)e−ωst (3.11)
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for the exponential growth of the bunch length. The longitudinal emittance, which is propor-
tional to ∆Em∆φm for a bunch with an elliptic boundary, needs to stay conserved during the
stretching. As a result the energy spread of the bunch is simultaneously compressed.

Such a bunch stretching is a common technique for the generation of a mismatch between
bunch and bucket to initiate a rotation for bunch compression. Only the RF phase must be
manipulated, which is a major advantage of this technique.

3.3.3 Bunch coalescing

Bunch rotation cannot only be applied to a single bunch, but also to a complete batch of
bunches. This procedure, called bunch coalescing2, is used for the production of high intensity
bunches in storage rings [95, 96, 97]. The three steps of bunch coalescing for a batch of three
bunches are illustrated in Fig. 3.8. The two bunches shaded in gray show that the gaps at
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Fig. 3.8: Bunch coalescing of three bunches to a single high intensity bunch. The initially matched batch (left)
is rotated in a lower harmonic bucket, whose bunch length covers more than the batch length. When the bunches
are stacked vertically, the whole batch is short enough to be recaptured in one of the initial buckets, but at much
higher voltage (right). After several periods of the synchrotron frequency, the subsequent filamentation enforces
a matched bunch. Two additional bunches (shaded) have been tracked to show that the bucket during rotation
needs to be significantly longer than the batch. As these bunches are not mapped to a bucket, they must not be
populated to prevent them from unintentionally being distributed over several buckets.

both ends of the batch are mandatory.
Starting from a batch of n matched bunches (Fig 3.8, left) held by an RF system at the

harmonic h1, the RF amplitude at h1 is rapidly switched off while a second RF at significantly
lower harmonic h2 is switched on (center). The lower harmonic h2 is chosen so that the bucket
length covers more than the whole length of the initial batch, namely h2 . 2/3h1/n. Similar
to the bunch rotation the whole ensemble of bunches starts to rotate in the longitudinal phase
space and the bunch configuration is literally modified from a horizontal bunch train to a stack
of bunches placed vertically in the longitudinal phase space. The approximate RF voltage for
the batch rotation can be determined according to Eqs. (2.64) assuming that the center bunch
remains matched. The voltage therefore given by Urot ' h1/h2Ui. It can be optimized more
accurately by numerical tracking calculations so that the bunches are closely piled up on top of
each other and the longitudinal emittance blow-up is minimized.

2In the literature a different procedure to combine electron bunches by bunch interchange between two circular
accelerators is also known as bunch coalescing [94].
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Finally, after a quarter period of the synchrotron frequency π/ωs the whole vertical bunch
stack is recaptured into a single bucket of the original harmonic number h1 (Fig. 2.64, right),
but at much larger voltage. The final bucket needs to provide a bucket height as large as the
RF bucket during rotation and becomes Uf ' h1/h2Urot = (h1/h2)2Ui. Even if the bunches are
perfectly stacked on top of each other, the final RF amplitude Uf ' n2Ui must be significantly
larger than the initial amplitude.

The subsequent filamentation removes the structure of the initial bunches, and a single
matched and dense bunch with n times the initial bunch intensity remains. It is worth noting
that the main disadvantages of bunch coalescing are its inherent longitudinal emittance blow-up
and the large dynamic range required for the amplitude of the RF system.

3.3.4 Slip stacking

A significant increase of the bunch intensity can also be achieved by a similar vertical stacking
method called slip stacking [98]. It is based on the fact that two particles with different energy
slip in phase with respect to each other. The phase difference per turn is calculated according
to Eq. (2.14). This is also true for complete bunches with an energy offset, but as mentioned
in Sec. 3.3.2, without RF focusing the bunches themselves also decay under the influence of
the energy dependent revolution frequency of the individual particle. However, as the energy
separation of both bunches is large enough, RF focusing can be provided for each bunch individ-
ually, because the trajectories of stationary buckets with an energy deviation much larger than
the bucket height approach straight lines. The bucket for the first bunch has thus negligible
influence on particles of the second bunch that are sufficiently far away from the center energy
of the bucket and vice versa.

For slip stacking, two bunches or even batches of bunches are either injected off-energy
[99, 100] or separated in energy by accelerating the first while decelerating the second batch
[101, 102]. The energy separation of both batches during the relative drift should be as large
as possible, but it is limited by the energy acceptance of the accelerator (Fig. 3.9, top).

The energy separation is defined by a dimensionless parameter in terms of frequency sep-
aration normalized to the synchrotron frequency α = ∆f/fs. According to the height of the
stationary bucket as given in Eq. (2.37) it can be easily shown that α = 4 for an energy sep-
aration of two bucket heights so that the separatrices just touch. The choice of α depends on
the available energy acceptance as well as on the length of the time interval during which the
batches are drifting. The parameter α usually ranges from five to ten [101].

When both bunches or batches have the same phase position so that they are on top of
each other, a separation in the range of α & 3 is however too large for a recapture of pairs of
bunches into common buckets. Consequently, the energy separation is reduced by decelerating
and accelerating both beam fractions closer to the reference energy (Fig. 3.9, bottom left).
The emittance dilution caused by the insufficient energy separation is not severe since the
rapprochement can be fast with respect to the synchrotron frequency. Finally, the two bunches
or batches have the same phase position and a small energy deviation with respect to the
reference energy. The off-energy RF systems acting on one half of the particles each with
slightly different frequencies can then be switched off and the full beam is handed over to a
third RF system generating buckets large enough to enclose pairs of original bunches at reference
energy. After recapture, the bunch intensity is doubled (Fig. 3.9, bottom left). The final RF
amplitude must be at least four times larger than each of the initial voltages, because the double
bucket height is needed to capture the two bunches. As in the case of bunch coalescing, the
two bunches are merged and diluted into a bunch being matched to a bucket of the final RF
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Fig. 3.9: Schematic sketch of the longitudinal phase space during slip stacking of two three bunch batches.
Initially, the batches are positioned at an energy offset causing a phase slip with respect to each other (top). To
prevent the dispersive decay of the bunches, each batch is held by its own RF system creating off-energy buckets.
The separation parameter is α ' 7. To approach both batches for recapture with a single RF system, the two
batches are accelerated and decelerated closely to the reference energy (bottom left). When both batches have
the same phase and their energy difference has been minimized, the bunches are recaptured in pairs so that the
bunch intensity is doubled.

amplitude whose center energy coincides with the reference energy of the accelerator.
Slip-stacking has the same disadvantage as bunch coalescing: a non-negligible blow-up of the

longitudinal emittance cannot be avoided as the last step of the manipulation is not adiabatic.
The RF voltage has to be lowered towards the recapture and therefore its control is not trivial
at high beam currents [103] because of the beam induced voltage (beam loading).

3.4 Barrier bucket RF gymnastics

Barrier buckets enable many RF manipulations which are not accessible with conventional
RF gymnastics. These manipulations are mostly based on the possibility of arbitrary phase
variations of the RF barriers. Various schemes for acceleration [104], bunch compression [105,
106], longitudinal beam stacking [36, 107, 108], bunch core separation [109, 110] and beam
cooling [111] have been suggested or already put into operation.
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3.4.1 Adiabatic moving barrier compression

In contrast to a conventional bucket created by one or more sinusoidal RF amplitudes, barrier
buckets offer a further degree of freedom which enables an additional class of adiabatic longi-
tudinal beam manipulations: the RF phase between the two ends of the buckets, the potential
barriers, is not fixed anymore. By moving the phase of the barrier at one side of a barrier bucket,
the bucket in between can be stretched or compressed. According to Liouville’s theorem, the
occupied longitudinal phase space stays constant and the energy spread increases or decreases
simultaneously with decreasing or increasing bunch length.

When the phase variation of the barrier pulse is fast compared to the particle motion, the
moving barrier can cause a dilution of the macroscopic emittance. The condition for adiabaticity
according to Eq. (3.1) cannot be applied directly to barrier buckets because of their large
synchrotron frequency spread (see Sec. 2.3.2) which grows almost proportionally to the energy
spread.

The fundamental blow-up mechanism of an RF barrier moving in phase with respect to the
revolution frequency is illustrated in Fig. 3.10. A particle being reflected at the barrier has

Fig. 3.10: Sketch of one par-
ticle being reflected at a mov-
ing barrier. The phase move-
ment of the barrier gives the
an additional energy kick to
the particle such that it energy
deviation ∆E increases during
the reflection.

an increased energy deviation induced by the movement of the barrier. The RF barrier can
be treated as two open halves of a conventional stationary bucket. If the particle is reflected
within the linear region, the increase in energy deviation can be written as

φ̇f = φ̇i +
1
2

ˆ̇φ
dφ

dt

∣∣∣∣
barrier

π

ωs
, (3.12)

where ˆ̇φ is the bucket height of the stationary bucket and ωs its synchrotron frequency as
calculated in Sec. 2.2. The phase velocity of the RF barrier is described by dφ/dt|barrier. The
particle on a trajectory on the bunch boundary has an initial energy deviation of φ̇i, which
changes to φ̇f after the reflection.

In the case of perfect adiabaticity, the energy spread of the bunch boundary also grows as
the barrier bucket is slowly compressed during the barrier movement, and the bunch emittance
remains constant. For a long barrier bucket where the phase space area inside the RF barriers
is negligible compared to the area of the homogeneous section, the bunch emittance is approx-
imately twice the product of bunch length and energy deviation at the boundary trajectory of
the bunch.

Equating the bunch emittance before and after half a period of the synchrotron frequency
during barrier movement, the growth of energy deviation becomes

φ̇f |adiab. =
φl

φl − π/ωs · dφ/dt|barrier
φ̇i , (3.13)

where φl is the initial phase length of the long bunch. A dimensionless parameter for the
adiabaticity is obtained by comparing the ideal increase in energy spread φ̇f |adiab. with the



44 CHAPTER 3. LONGITUDINAL BEAM GYMNASTICS

energy spread according to Eq. (3.12):

β =
(
φ̇i +

1
2

ˆ̇
φ
dφ

dt

∣∣∣∣
barrier

π

ωs

)(
φl − π

ωs
· dφ
dt

∣∣∣∣
barrier

)
/φlφ̇i . (3.14)

The adiabaticity parameter should be chosen as close to unity as possible. It is worth noting
that the phase velocity of the moving barrier can be increased during the bunch compression
because, as on can see from Eq. (3.14), the adiabaticity parameter β shrinks with increasing φ̇i.

Adiabatic bunch compression by moving barriers takes a rather long time compared to
the timescale of conventional RF gymnastics: therefore, compression schemes with improved
performance have already been proposed [106].

3.4.2 Non-adiabatic barrier RF stacking

An important example for non-adiabatic manipulations with barrier buckets is the so-called
barrier RF stacking [112, 113, 114]. For this manipulation, a moving RF barrier is used to
convert an injected coasting beam which occupies a rectangular shape in the longitudinal phase
space to a right triangular distribution. Reflecting the pointed edge of the triangle with a second
RF barrier again delivers a rectangular distribution in the longitudinal phase space. However,
the final distribution is shorter than the initial one, allowing to accumulate more batches from
an injector synchrotron than by simple longitudinal stringing of the batches.

It is not mandatory for the generation of a barrier bucket to generate symmetric RF pulses.
The only constraint is that the average RF amplitude integrated over one turn vanishes. Con-
sequently, a barrier bucket can be set-up between a negative and a positive RF pulse. Such a
reduced configuration is shown in Fig. 3.11. The potential, which is shown as a continuous

Fig. 3.11: RF amplitude (dashed),
potential (both top) and longitudi-
nal phase space of a barrier bucket
(bottom) generated by two sepa-
rated asymmetric pulses with oppo-
site sign. Clearly, the potential has
a bathtub-like form so that there are
no neighboring buckets.

line in the upper plot, has the shape of a bath tube. As there are no adjacent buckets, it is also
called isolated barrier bucket.

The shaping of the batch outline in the longitudinal phase space for the beam stacking
procedure is mainly performed by a single moving barrier pulse. The main steps of the stacking
manipulation are illustrated in Fig. 3.12, where the outlines of a rectangular bunch have been
tracked. The example shown in the figure is based on beam parameters similar to those of the
beam in the Main Injector at Fermilab [115, 116], which is operated below transition energy.
Firstly, a coasting beam with a rectangular outline is injected with a negative energy offset
directly next to a positive RF pulse (Fig. 3.12, top left). The phase length of the injected batch
is given by the length the upstream accelerator reduced by the length of a short kicker gap.
While the longitudinal dispersion causes the batch to move towards the RF pulse, the pulse
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Fig. 3.12: Development of injected beam batches under the influence of a moving RF barrier. The upper left
plot shows the initial configuration of the first batch being injected next to the barrier (shaded area). The batch
is accelerated by the moving barrier (top center) until the position next to the barrier is empty again and ready
for the subsequent injection. Repetition of this procedure builds up an intensive stack (bottom row).

itself is simultaneously shifted to the batch. Particles in the region of non-zero RF voltage are
accelerated, while the rest of batch decays asymmetrically under the influence of the dispersion
and non-zero momentum compaction factor (top center). For square wave barriers the energy
gain per turn is constant and simply defined by ∆E = eU0, where U0 is the voltage of the
pulse. If the phase velocity of the moving barrier is the opposite value of the drift velocity of
an upper energy particle in the batch, one comes up with a situation shown in Fig. 3.12, top
right: the last particle touches the barrier pulse at the initial center position of the batch. The
initial shape of the batch is obviously already distorted to an almost triangular distribution. It
is worth noting that the phase velocity of the RF pulse is non-adiabatic, and part of the batch
has already passed across.

So far, no assumption on the initial energy offset of the injected batch, which is limited
by the energy acceptance, has been made. For a fast and continuous stacking process, the
subsequent batch has to be injected as soon as the longitudinal phase space for the next moving
barrier is not occupied anymore by parts of the preceding batch. This means that the time a
particle with maximum energy ∆Emax needs to drift along half of the batch length.

According to Eq. (2.14), the relation defining the length of the drift time τ with respect to
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the maximum energy can be written as
φb
2

=
ηω0

Eβ2
∆Emaxτ . (3.15)

Assuming that the batch has a symmetric energy distribution around its average energy ∆Eb,
defined as an offset from the center energy E0 of the receiving accelerator, the required injection
energy becomes E0−∆Eb = E0−∆Emax−∆Espread. The drift time τ corresponds to the total
cycle time of the injector, which is needed to prepare a new batch. Under these conditions,
the second batch is finally injected as shown in Fig. 3.12, top right. Note that the phase offset
between two subsequent injections is half of the batch length in phase units. The diagrams
of bottom row of Fig. 3.12 sketch the development after three (left), four (center) and twelve
(right) injections. As each batch is injected next to the RF barrier, the procedure is repetitive.

However, without counter measure the stacked beam, whose net distribution has an outline
similar to a right triangle, decays due to the longitudinal dispersion as can be seen in Fig. 3.12,
bottom right. Placing additional RF barriers to reflect the low energy part of the stacked beam
results in an almost rectangular stack (Fig. 3.13) that is symmetric around the center energy
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Fig. 3.13: Illustration of a complete stacking procedure for uniform density batches. Batches injected with an
energy offset are accelerated and reflected by a moving barrier (left, center). After several injections a dense
rectangular stack is build up which is centered around the reference energy of the accelerator (right). Shaded
areas in the upper half of the plots represent a positive RF pulse and areas below their negative counterparts.

of the accelerator.
As the batches are placed half a batch length apart from each other, the intensity is theo-

retically doubled compared to simply stringing the batches longitudinally in a barrier bucket.
The drawbacks of this type of manipulation are that a small fraction of the particles gets lost to
high energies and that there is an inherent dilution of the emittance which lowers the effective
longitudinal density.

Even though barrier RF stacking is a special RF gymnastics which can only be applied
in two circular accelerators with particular parameters referring cycle time, transverse energy
acceptance and beam energy spread, it shows that the barrier bucket technique offers a wide
range of sophisticated longitudinal bunch manipulations.

3.5 Beam transfer between circular accelerators

Albeit the beam transfer between two accelerators is not directly a longitudinal beam manipu-
lation, it can have severe consequences on the motion of the bunch or batch in the longitudinal
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phase space after the injection. Therefore this section discusses the longitudinal matching
between two circular accelerators.

Extraction of an ensemble of bunches and injection into a downstream accelerator are tran-
sient processes where the different circumferences and phase slip factors between injecting and
receiving machines must be taken into account. Depending on the bunch pattern in the send-
ing accelerator, the RF frequency of the receiving machine has to be a rational multiple of
the RF frequency of the upstream synchrotron in such a way that each bunch will be placed
at a bucket center. The dispersive effect of the transfer line itself can be neglected, because
the relative energy spread of the beams under consideration is small, typically in the range of
10−4 . . . 10−3 (e.g. [117]). Therefore it can be assumed that the bunches arrive in the receiving
accelerator with the same length as during ejection. Application of Eq. (3.8) to both machines
and assuming constant bunch parameters simplifies to

U1

U2
=
(
R1

R2

)2 ∣∣∣∣η1

η2

∣∣∣∣ h2

h1
(3.16)

for matching of small bunches during the transfer. Additionally, RF phase and energy errors
during injection contribute to blowing-up the macroscopic beam emittance, because they induce
a coherent dipole oscillation of the bunch centroid which smears out after several synchrotron
oscillation periods [118]. If this dipole oscillation is not actively damped, the resulting macro-
scopic emittance growth can be calculated from Eqs. (2.64) according to

εl(∆φerr)
ε0

=
(φm + ∆φerr)2

φ2
m

and
εl(∆Eerr)

ε0
=

(∆Em + ∆Eerr)2

∆E2
m

, (3.17)

where ∆φerr and ∆Eerr are phase and energy deviation between bunch centroid and bucket
center.

Similar conditions can be given for an RF amplitude mismatch where an undamped bunch
rotation is excited leading to dilution of the longitudinal emittance. In the case of a voltage
being either too small or too large in the receiving accelerator (see Eq. 3.8), the relative
emittance growth can be written as

εl(∆U)
ε0

=
U0

U0 −∆Uerr
, ∆Uerr < 0 and

εl(∆U)
ε0

=
U0 + ∆Uerr

U0
, ∆Uerr > 0 , (3.18)

assuming that the bunch remains in the linear region of the bucket.
Though strongly transient, the matched transfer between two circular accelerators can be

regarded as a reversible process. The beam bunches may be re-injected into the sending machine
under the same conditions as vice versa.
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Chapter 4

Luminosity Optimization with Long
Bunches

A large variety of options to maximize the luminosity of the LHC by decreasing or increasing the
bunch length is under discussion [119, 120]. This chapter covers the analysis of three different
longitudinal bunch configurations.

Firstly, bunches having a length similar to nominal bunches are referred to as short bunches
throughout this report, namely well below one meter. In this case it is worth noting that
the bunch length is in the order of the length of the interaction region during a collision of two
short bunches. Secondly, long bunches which have at least a few times the length of the nominal
bunch so that their length is in the range of several meters. The third group of possible bunch
configurations is referred to as superbunches where the total number of particles in each ring is
merged to one coasting beam-like bunch per ring, with a bunch length of some 300m.

Consistent derivations of luminosity and beam-beam tune shift for Gaussian as well as
longitudinal rectangular bunches of arbitrary bunch length are presented at the beginning of
this chapter. Thereafter, the considerations for perfectly rectangular bunches are extended to
non-perfect flat bunches held by RF systems with multiple harmonics, and their benefit for the
luminosity is analyzed. In the second part, after a short introduction to the relevant nominal and
ultimate LHC parameters, various upgrade schemes according to the three categories mentioned
above are studied. The chapter concludes with a summarizing table for the various longitudinal
upgrade options of the LHC.

4.1 Luminosity

The luminosity L is the main figure of merit for colliders serving for particle physics. In fact,
the luminosity represents the crossing rate dN/dt per unit of cross section during the collision
of projectile particles on target particles. Thus, the event rate can be written as

dN

dt
= ς · L , (4.1)

where ς represents the cross section of the interaction concerned. The luminosity is mostly given
in units of [L] = cm−2s−1. The definition contains no assumption on the type or velocity of
the colliding particles, and the target may also be a particle beam which is brought to collision
with the counter projectile particles as in the case of the LHC. For an efficient operation of
large accelerator facilities like the LHC, optimization of the luminosity is the primary goal.

49
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Therefore, general expressions for the luminosity for the collision of Gaussian as well as
rectangular bunches starting from basic principles will be derived in the following sections.

4.1.1 Luminosity of ultra-relativistic bunch crossings

Considering the collision of two volumes containing the particle densities n1 and n2, the deriva-
tive of the event rate in any arbitrary frame of the reference can be expressed by [121]:

d2N

dt dV
= ςn1n2

√
(~v1 − ~v2)2 − (~v1 × ~v2)2

c2
, (4.2)

where ~v1 and ~v2 are the velocities of the two volumes and ς is the cross section of the interaction
concerned. The first term ~v1−~v2 is predominant for two volumes colliding at small angles, as in
the case of most colliding beam facilities. It is worth noting that the interaction rate is invariant
under Lorentz transformations.

For two ultra-relativistic beams with |~v1|, |~v2| ' c and ~v1, ~v2 enclosing the angle ϕ, the
two terms in Eq. (4.2) can be expressed as (~v1 − ~v2)2 ' 4c2 sin2(ϕ/2) and (~v1 × ~v2)2/c2 '
4c2 sin2(ϕ/2) cos2(ϕ/2). In this case the interaction rate per volume reduces to

d2N

dt dV
= ςn1n22c sin2 ϕ

2
. (4.3)

For two colliding bunches or beams, the crossing angle is chosen such that the velocity vectors
v1 and v2 are in parallel but are in opposite directions for zero crossing angle (see Fig. 4.1).
The interaction rate is finally written as

Fig. 4.1: Sketch of the choice of the angles be-
tween of two crossing beams. The total crossing
angle is θ.

N2

dt dV
= ςn1n22c cos2(θ/2) . (4.4)

According to Eq. (4.1) the general luminosity of a single bunch crossing becomes

L = 2cf0 cos2(θ/2)
∫
n1n2 dV dt , (4.5)

where f0 is the revolution frequency. In case of more than one bunch crossing per revolution,
the luminosity has to be multiplied by the number of bunch crossings. The particle densities are
generally time and space dependent. For the subsequent luminosity derivations two coordinate
systems (x1, y1, z1) and (x2, y2, z2) are chosen both of which are in opposite direction and tilted
in x-z-plane by an angle of θ/2 with respect to the arbitrary laboratory frame [122]:

x1 = x cos(θ/2)− z sin(θ/2)
y1 = y
z1 = x sin(θ/2) + z cos(θ/2)

and
x2 = −x cos(θ/2)− z sin(θ/2)
y2 = y
z2 = x sin(θ/2)− z cos(θ/2)

. (4.6)

It should be mentioned that calculations taking the coordinate system of one beam as reference
frame [123] reproduce the same final results.
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4.1.2 Collisions of Gaussian bunches

The particle density distribution of a bunch with a Gaussian distribution in the longitudinal as
well as in both transverse directions is given by

n(x, y, z, t) =
N

(2π)3/2σxσyσz
exp

[
−1

2

(
x2

σ2
x

+
y2

σ2
y

+
(z − ct)2

σ2
z

)]
. (4.7)

The bunch dimensions are defined by σx, σy, σz and the total number of particles is N . Accord-
ing to Eq. (4.5) the luminosity of a single crossing between two such bunches can be written
as

L = 2cf0 cos2(θ/2)
N1N2

(2π)3
1

σz1σz2

∫
1

σx1σy1

1
σx2σy2

× exp
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σ2
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+
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1
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+
1
σ2
y2

)
y2 +
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σ2
z1

+
(z2 − ct)2

σ2
z2

]}
dV dt , (4.8)

where the transverse beam dimensions σx and σy can vary along the bunch. Using the relations∫ ∞

−∞
e−ax

2
dx =

√
π

a
and

∫ ∞

−∞
e−ax

2+bx dx =
√
π

a
eb

2/(4a)

the integration over y and t in Eq. (4.8) can be performed in a straightforward way combined
with Eqs. (4.6) it leads to

L = 2f0 cos2(θ/2)
N1N2

(2π)2
1√

σ2
z1 + σ2

z2

∫
1

σx1σx2

1√
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+
1
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z1 + σ2

z2

]

+2xz sin(θ/2) cos(θ/2)
(

1
σ2
x2

− 1
σ2
x1

)})
dx dz , (4.9)

which is identical to the intermediate result given in [124, 122]. Assuming that the bunch
parameters σ = σ(z) are functions depending only on the longitudinal distance z from the
interaction point in the laboratory frame, the x-integration is evaluated according to

L = 2f0 cos(θ/2)
N1N2

(2π)3/2
1√

σ2
z1 + σ2

z2

∫
1

σx1σx2

1√
σ2
y1 + σ2
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/√
1
σ2
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+
1
σ2
x2

exp
{
−2z2

[
sin2(θ/2)
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σ2
x2

/(
1
σ2
x1

+
1
σ2
x2

)
+

cos2(θ/2)
σ2
z1 + σ2

z2

]}
dz . (4.10)

If the transverse beam dimensions are nearly constant along the interaction region as in the
case of a constant β-function along a short bunch, the remaining two integrations are carried
out analytically, and Eq. (4.9) reduces to

L = f0N1N2
cos(θ/2)

2π
1√

σ2
y1 + σ2

y2

1√(
σ2
x1

+ σ2
x2

)
cos2(θ/2) +

(
σ2
z1 + σ2

z2

)
sin2(θ/2)

. (4.11)
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For two identical bunches with N1 = N2, σx1 = σx2 = σx, σy1 = σy2 = σy and σz1 = σz2 = σz
this result further simplifies to

L = f0N
2 1
4π

1
σy
√
σ2
x + σ2

z tan2(θ/2)
(4.12)

For small crossing angle θ as well as round bunches σx = σy = σ∗ the luminosity can be finally
written as

L =
f0N

2

4πσ∗2

/√
1 +

(
σzθ

2σ∗

)2

, (4.13)

where σ∗ is the RMS beam radius at the interaction point. For the nominal LHC beam, the
simplifying assumptions that were made above are well fulfilled, and consequently the result of
Eq. (4.13) multiplied by the number of bunch crossings per turn agrees with the luminosity
given in [15].

Besides the fact that the luminosity increases linearly with the number of bunches, it is also
proportional to the square of the bunch intensity. Furthermore, the reduction of the transverse
beam size is an effective possibility to improve the luminosity. The luminosity reduction by
the finite crossing angle can hardly be avoided as each beam is bent from its own beampipe
towards the interaction point. Additionally, it can be shown that large crossing angles are even
favorable for a large luminosity (see Sec. 4.2.5).

4.1.3 Collisions of rectangular bunches

The luminosity calculation of a single crossing between two longitudinally rectangular bunches
is similar to the derivation given above. However, the distribution function for each bunch is
now given by

n(x, y, z, t) =
N

lb

1
2πσxσy

exp
[
−1

2

(
x2

σ2
x

+
y2

σ2
y

)]
ζ(z − ct) , (4.14)

with the longitudinal distribution function being defined by a combination of two unit step
functions

ζ(z) =

{
1 −lb/2 ≤ z ≤ lb/2
0 elsewhere

. (4.15)

The luminosity integral becomes

L = 2cf0 cos2(θ/2)
1

(2π)2
N1N2

lb1 lb2

∫
1

σx1σy1

1
σx2σy2

× exp
{
−1

2

[
x2

1

σ2
x1

+
x2

2

σ2
x2

+
(

1
σ2
y1

+
1
σ2
y2

)
y2

]}
ζ(z1 − ct)ζ(z2 − ct) dV dt . (4.16)

It should be noted that any contribution outside −lb1 ≤ z1−ct ≤ lb1/2 and −lb2 ≤ z1−ct ≤ lb2/2
to the overlap integral vanishes. Again, the integration over y can be easily performed, and
Eq. (4.16) reduces to

L = 2f0 cos2(θ/2)
1

(2π)3/2
N1N2

lb1 lb2

∫
1

σx1σx2

1√
σ2
y1 + σ2

y2

× exp
[
−1

2

(
x2

1

σ2
x1

+
x2

2

σ2
x2

)]
ζ(z1 − ct)ζ(z2 − ct) dx dz dt . (4.17)
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If both superbunches are of equal length, the time integration can be calculated analytically
according to

∫
ζ(z1 − ct)ζ(z2 − ct) dt =




lb
c

(
1− |z1 − z2|

lb

)
, |z1 − z2| ≤ lb

0 , elsewhere
(4.18)

so that the luminosity becomes

L = 2f0 cos2(θ/2)
1

(2π)3/2
N1N2

lbc

∫
1

σx1σx2

1√
σ2
y1 + σ2

y2

× exp
[
−1

2

(
x2

1

σ2
x1

+
x2

2

σ2
x2

)](
1− 2|z| cos(θ/2)

lb

)
dx dz (4.19)

for 2|z| cos(θ/2) ≤ lb. The integrand vanishes elsewhere.
In the case of round beams the x-integration can also be calculated analytically. How-

ever, the variation of the beam size along the interaction region has to be taken into account.
According to σx1 = σx2 = σy1 = σy2 = σ(z) the luminosity can be written as

L =
f0N

2

2π lb
cos(θ/2)

∫ ldet/2

−ldet/2

1
σ(z)2

exp
(
−z

2 sin2(θ/2)
σ(z)2

)(
1− 2|z| cos(θ/2)

lb

)
dz , (4.20)

where ldet defines the length of the detector. Again, the integrand is zero outside 2|z| cos(θ/2) ≤
lb so that the integration has to be performed only from −lb/(2 cos θ) to lb/(2 cos θ) if
ldet > lb/ cos θ. In the case of rectangular bunches which are much longer than the interac-
tion length, 2|z| cos(θ/2)/lb is small everywhere where the rest of the integrand in Eq. (4.20)
gives a significant contribution so that long rectangular bunches deliver the same luminosity as
a coasting beam:

L =
f0N

2

2π lb
cos(θ/2)

∫ ldet/2

−ldet/2

1
σ(z)2

exp
(
−z

2 sin2(θ/2)
σ(z)2

)
dz . (4.21)

In a focusing magnet system where the beam sizes at the interaction point are minimized
to an RMS radius σ∗, the beam size grows proportionally to the square root of the so-called
beta function. The beta function itself behaves like β(z) = β∗(1 + z2/β∗2) with the interaction
point at z = 0, and the RMS beam radius becomes

σ(z) = σ∗
√

1 +
z2

β∗2 . (4.22)

By inserting Eq. (4.22) into Eq. (4.20) and transforming to the new integration variable
u = z/β∗, the luminosity for one rectangular bunch crossing at small crossing angle can be
written as

L =
f0N

2

2π lb

[
β∗

σ∗2

∫ ldet/(2β
∗)

−ldet/(2β∗)

1
1 + u2

exp
(
−β

∗2θ2

4σ∗2

u2

1 + u2

)
du

− 4β∗2

lbσ∗2

∫ ldet/(2β
∗)

0

u

1 + u2
exp

(
−β

∗2θ2

4σ∗2

u2

1 + u2

)
du

]
, (4.23)
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where the first term is consistent with the result for the crossing of a two coasting beams
calculated in [123]. The integral can be evaluated numerically or approximated for the case of
large crossing angles β∗θ & 10σ∗. The series expansion of the exponential terms in Eq. (4.23)
shows that

1
1 + u2

exp

[
−
(
β∗θ
2σ∗

)2 u2

1 + u2

]
' exp

[
−
(
β∗θ
2σ∗

)2

u2

]
.

and the luminosity expression for large crossing angles is approximated to

L =
f0N

2

2π lb

{
β∗

σ∗2

∫ ldet/(2β
∗)

−ldet/(2β∗)
exp

(
−β

∗2θ2

4σ∗2 u
2

)
du− 8

lbθ2

[
1− exp

(
− θ

2l2det

16σ∗2

)]}
, (4.24)

where ldet has to be exchanged by lb for ldet > lb. This gives

L =
f0N

2

πlbθ

[√
π

σ∗
Erf
(
θlb
4σ∗

)
− 4
lbθ

{
1− exp

[
−
(
θlb
4σ∗

)2
]}]

. (4.25)

For short bunches colliding at small crossing angles so that θlb/σ∗ . 1, the luminosity can be
approximated by the Taylor series of both terms in Eq. (4.25). Considering leading and next
to leading order contributions in θlb/(4σ∗), the luminosity formula can be approximated by

L =
f0N

2

4πσ∗2

[
1− 2

3

(
θlb
4σ∗

)2
]
. (4.26)

In contrary, the first leading order contribution of the second term in Eq. (4.25) can be
estimated for bunches with an intermediate length so that the replacement of the integration
limits in Eq. (4.24) to infinity is justified on the one hand. On the other hand, such bunches
still have a finite bunch length so that the second term of the luminosity expression causes a
non-negligible contribution. Following these assumptions, Eq. (4.25) is reduced to

L =
f0lbλ

2

πθ

(√
π

σ∗
− 4
lbθ

)
, (4.27)

The second term vanishes completely for θ � 4σ∗/(
√
πlb), which shows that the crossing angle,

below which the non-linear influence of the bunch length has to be taken into account, scales
proportionally to the beam size σ∗ at the interaction point and inversely proportional to the
bunch length.

For bunches which are much longer than the interaction region, the luminosity can be finally
simplified to [125]

L =
f0lbλ

2

√
π

1
σ∗θ

, (4.28)

where λ = N/lb denotes the longitudinal particle density. The same result can be obtained for
coasting beams. Again, the luminosity is proportional to the square of the longitudinal particle
density. Longer bunches can also increase the luminosity, but it should be kept in mind that the
total charge also increases proportionally to this parameter. Furthermore, the reduction of the
crossing angle seems to result in larger luminosity. However, as will be shown in the following
derivation of the incoherent beam-beam tune shift, this is not true, because beams crossing at
small angles are influenced by the electromagnetic field of the counter-rotating beam along a
much longer path than two beams crossing at a larger angle.
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Comparing the luminosity in Eq. (4.13) for a Gaussian bunch crossing with the analogous
expression for rectangular bunch crossings Eq. (4.28), it becomes obvious that the luminosity
of a rectangular bunch crossing with bunches of identical peak intensity and the same bunch
population reaches

√
2 times more luminosity than the crossing of long Gaussian bunches.

4.2 Incoherent beam-beam tune shift

Albeit the crossing angle should be kept as small as possible for maximum luminosity with a fixed
number of particles, it must be considered that both beams are close and influence each other
within a long region in such a case. Additionally, individual particles are affected differently
according to their transverse position within the beam. The global effect is thus incoherent and
difficult to compensate. It can therefore be regarded as a fundamental limitation of the beam
current in hadron colliders.

The incoherent beam-beam tune shift can be calculated by deriving the electromagnetic
force of a beam with respect to a test particle in the second beam. The integral effect of these
forces is a shift of the betatron frequencies of the individual particles, which may result in a
significant tune spread.

In the following, the electric and magnetic field of one beam in the reference frame of the test
particle is analyzed. Moreover, the integral effect of these forces is expressed as a betatron tune
shift, taking into the longitudinal beam distribution account that may be either rectangular or
Gaussian. A short derivation on how to convert additional focusing or defocusing forces to a
betatron tune shift is given in App. E. It should be noted that most considerations are valid
for round beams only, which represents the most relevant case for the LHC.

4.2.1 Lorentz force of long bunches

The electromagnetic forces of a particle bunch can be easily calculated for the case that the
transverse bunch dimensions are much smaller than the longitudinal intensity variation. Even
for nominal LHC bunches this is certainly the case, as the RMS bunch length is almost five
thousand times larger than the beam radius at the interaction point. It is thus convenient to
start from a particle density given by

ρ(x, y, z) =
λ(z) e

2πσxσy
exp

[
−1

2

(
x2

σ2
x

+
y2

σ2
y

)]
resp. ρ(r, z) =

λ(z) e
2πσ2

exp
(
− r2

2σ2

)
, (4.29)

where λ(z) is the longitudinal density in units of particles per length. For constant or small
varying λ(z), the only non-vanishing field components are the radial electric field Er and the
azimuthal magnetic induction Bφ. The first one can be derived from Gauss’s law using

2πrEr =
1
ε0

∫ r

0
2πr′ρ(r′) dr′ ⇒ Er =

λ e

2πε0r

[
1− e−r2/(2σ2)

]
, (4.30)

and the latter is calculated by the application of Ampère’s law according to

2πrBφ = µ0

∫ r

0
2πβcr′ρ(r′) dr′ ⇒ Bφ =

µ0βcλ e

2πr

[
1− e−r2/(2σ2)

]
=
β

c
Er . (4.31)

The Lorentz force ~FL = e(~E+~v× ~B) consists only of its radial component which, by combination
of Eqs. (4.30) and (4.31), can be written as

|~FL| = Fr(r) =
λ e2

2πε0r
(1 + β2)

[
1− e−r2/(2σ2)

]
. (4.32)
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From Eq. (4.32) it becomes clear that the beam-beam force acts like a defocusing element. In
Cartesian coordinates, the force transforms to [126]

F ∗
x (x∗, y∗) = Fr(r)

x∗

r
= 2m0(1 + β2)c2λ rp

[
1− e−r2/(2σ2)

] x∗
r2
,

F ∗
y (x∗, y∗) = Fr(r)

y∗

r
= 2m0(1 + β2)c2λ rp

[
1− e−r2/(2σ2)

] y∗
r2
, (4.33)

where rp denotes the classical particle radius being rp = 1/(4πε0c2)e2/mp for protons. The
asterisks indicate that the forces are given in a reference frame aligned with the beam. So far,
the fields and forces have been calculated in the reference frame of the beam. A test particle
traveling with the second, opposite beam moves in a reference frame denoted without asterisks
which is tilted in the x-z plane by the crossing angle θ (see Eq. 4.6):

x∗ = x cos θ − z sin θ
y∗ = y
z∗ = x sin θ + z cos θ

and
x = x∗ cos θ + z∗ sin θ
y = y∗

z = −x∗ sin θ + z∗ cos θ
. (4.34)

It is worth noting that the calculation of beam-beam effects in a coordinate system rotated with
respect to both beams, as it was used for the derivations of the luminosity, would be rather
inconvenient because of the problem of symmetry.

According to ~F = e[ ~E + (0, 0,−c) × ~B] the Lorentz force in the reference frame of the test
particle aligned with the opposite beam, the force transforms to

Fx = e(Ex + cBy) = e(E∗
x cos θ + cB∗

y) =
1 + cos θ

2
F ∗
x ,

Fy = e(Ey − cBx) = e(E∗
y + cB∗

x cos θ) =
1 + cos θ

2
F ∗
y ,

where the opposite beam directions have been taken into account by the sign of the velocity.
Finally, the force of the beam on the test particle traveling in the opposite direction can be
expressed as

Fx(x, y, z) = 2m0β
2c2λ rp(1 + cos θ)

x cos θ − z sin θ
(x cos θ − z sin θ)2 + y2

×
{

1− exp
[
−(x cos θ − z sin θ)2 + y2

2σ(z)2

]}
(4.35)

and

Fy(x, y, z) = 2m0β
2c2λ rp(1 + cos θ)

y

(x cos θ − z sin θ)2 + y2

×
{

1− exp
[
−(x cos θ − z sin θ)2 + y2

2σ(z)2

]}
. (4.36)

For a bunch which also has a Gaussian distribution in the longitudinal direction and whose
RMS bunch length is much larger than its transverse dimensions, the force has to be comple-
mented by an exponential factor exp[(z + z∗)2/(2σ2

z )]. This factor depends on the sum of the
position z of the test particle and the center position z∗ of the counter-rotating bunch. The
Lorentz force can therefore be written in terms of Eqs. (4.35) and (4.36) as

FGaussian
x,y (x, y, z) = Fx,y(x, y, z) exp

[
−(z + z cos θ + x sin θ)2

2σ2
z

]
. (4.37)
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For a rectangular bunch the longitudinal density factor is given by ζ(z) as defined in Sec. 4.1.3,
and the beam-beam force can be written as

F rectangular
x,y (x, y, z) = Fx,y(x, y, z) ζ(z + z cos θ + x sin θ) . (4.38)

4.2.2 Incoherent beam-beam tune shift

As shown in App. E an additional focusing or defocusing force caused by a another beam can be
regarded as an extra optical element which changes the machine lattice such that the betatron
frequency is perturbed. This so-called tune shift can be derived according to

∆Qx,y =
1
4π

∫
∆kx,y(z)βx,y(z) dz , (4.39)

where ∆kx,y(z) is the perturbing quadrupole strength along the z-axis and β(z) is the beta
function. The perturbing quadrupole strength in terms of an electromagnetic force becomes

∆kx =
e

p

dBquad
y

dx
= − 1

m0γβ2c2
dFx
dx

and ∆ky = − 1
m0γβ2c2

dFy
dy

,

with Bquad
x,y being the magnetic induction of the equivalent quadrupole.

The incoherent beam-beam tune shift is now derived by inserting the expression of the
beam-beam force from Eq. (4.37) into Eq. (4.39). The most important parameter is, however,
the tune spread of the full bunch and not the tune shift of the individual particle. The spread
is simply given by the tune shift of the test particle which suffers most from the influence
of the opposing beam, namely a particle at x = y = 0. Therefore, the derivatives of the
electromagnetic force have to be evaluated at this position only, and the maximum tune shifts
can be written as

∆Qx = − 1
4π

∫ l/2

−l/2

1
m0γβ2c2

dFx
dx

∣∣∣∣
x=y=0

βx(z) dz , (4.40)

∆Qy = − 1
4π

∫ l/2

−l/2

1
m0γβ2c2

dFy
dy

∣∣∣∣
x=y=0

βy(z) dz , (4.41)

where l denotes the length along which both beams interact without a shielding between them.

4.2.3 Beam-beam tune spread of Gaussian bunches

According to Eqs. (4.40) and (4.41) the beam-beam tune spread is calculated by evaluating the
derivative of the electromagnetic force Eq. (4.37). Furthermore it is assumed as in Sec. 4.1.3
that the beta function grows quadratically around its minimum value β∗ at the interaction
point and that the RMS beam radius σ(z) behaves according to Eq. (4.22). After some
algebraic manipulations, the horizontal and vertical betatron tune spread due to the beam-
beam interaction become [126]

∆Qx =
Nrpβ

∗

(2π)3/2σzγ
(1 + cos θ)

∫ l/2

−l/2

(
1 +

z2

β∗2

)
exp

[
−z

2(1 + cos θ)2

2σ2
z

]

×
{[

cos θ
z2 sin2 θ

− 1 + cos θ
σ2
z

] [
1− exp

(
−z

2 sin2 θ

2σ(z)2

)]
− cos θ
σ(z)2

exp
(
−z

2 sin2 θ

2σ(z)2

)}
dz , (4.42)
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∆Qy =
Nrpβ

∗

(2π)3/2σzγ
(1 + cos θ)

∫ l/2

−l/2

(
1 +

z2

β∗2

)
exp

[
−z

2(1 + cos θ)2

2σ2
z

]

× 1
z2 sin2 θ

[
1− exp

(
−z

2 sin2 θ

2σ(z)2

)]
dz , (4.43)

where the line density λ has been replaced by N/(
√

2πσz). Considering a double ring collider
with two diametrically opposed interaction points where the first bunch crossing is in the hori-
zontal plane and the second in the vertical plane, so-called alternating beam crossings, the total
beam-beam tune spread is obtained as the sum of ∆Qx and ∆Qy, namely [126]

∆Qtot = − Nrpβ
∗

(2π)3/2σzγ
(1 + cos θ)

∫ l/2

−l/2

(
1 +

z2

β∗2

)
exp

[
−z

2(1 + cos θ)2

2σ2
z

]

×
{[

1− cos θ
z2 sin2 θ

+
1 + cos θ

σ2
z

] [
1− exp

(
−z

2 sin2 θ

2σ(z)2

)]
+

cos θ
σ(z)2

exp
(
−z

2 sin2 θ

2σ(z)2

)}
dz . (4.44)

This general result is simplified following some assumptions on the crossing angle and the bunch
parameters. In the region of small crossing angles Eq. (4.44) reduces to

∆Qtot = − Nrpβ
∗

√
2π3/2σzγ

∫ l/2

−l/2

(
1 +

z2

β∗2

)
exp

(
−2z2

σ2
z

)

×
{

2
σ2
z

[
1− exp

(
−z

2θ2

2σ2
z

)]
+

1
σ(s)2

exp
(
−z

2θ2

2σ2
z

)}
dz . (4.45)

For bunches which are much longer than the beam radius at the interaction point but still short
enough against the beta function σ � σz � β∗ so that the RMS beam radius are assumed to
be constant σ(s) = σ∗ along the interaction region, the z-integration can be solved analytically:

∆Qtot = −Nrpβ
∗

2πγσ2
z

{(
σ2
z

σ∗2 − 2
√
π

)/√
1 +

σ2
zθ

2

4σ∗2

+1 +
σ2
zθ

2

4σ∗2 −
( σz

2σ∗2 + 1
)
σ2
z

/[
2β∗

(
1 +

σ2
zθ

2

4σ∗2

)3/2
]}

.

Under the assumptions mentioned above, only the first term is predominant so that the total
tune spread finally simplifies to

∆Qtot = − Nrpβ
∗

2πγσ∗2

/√
1 +

(
σzθ

2σ∗

)2

. (4.46)
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4.2.4 Beam-beam tune spread of rectangular bunches

The calculation of the beam-beam tune shift for rectangular bunches is analogous to the deriva-
tion shown above, and the horizontal tune can be written as

∆Qx =
λrpβ

∗

2πγ
(1 + cos θ)

[
cos θ

∫ l/2

−l/2

(
1 +

z2

β∗2

)
ζ(z + z cos θ)

×
{

1
z2 sin2 θ

[
1− exp

(
−z

2 sin2 θ

2σ(z)2

)]
− 1
σ(z)2

exp
(
−z

2 sin2 θ

2σ(z)2

)}
dz

−




4(cos θ + 1)
lb

[
1 +

l2b
4β∗2(cos θ + 1)2

] [
1− exp

(
− l2b sin2 θ

8(cos θ + 1)2σ(z)2

)]
,

lb/(cos θ + 1) < l

0 , elsewhere


 . (4.47)

The first term is in fact consistent with the tune spread of a coasting beam except that the
integration is only performed along half of the bunch projection. The second term in Eq. (4.47)
only contributes if the ends of the bunch are within the integration range. However, as this
term only occurs due to an edge effect at the bunch ends, it is generally much smaller than the
integral expression. The vertical tune spread can be expressed accordingly as

∆Qy = −λrpβ
∗

2πγ
(1 + cos θ)

∫ l/2

−l/2

(
1 +

z2

β∗2

)
ζ(z + z cos θ)

1
z2 sin2 θ

[
1− exp

(
−z

2 sin2 θ

2σ(z)2

)]
dz ,

(4.48)
which is again identical to the tune spread of a coasting beam if lb/(1 + cos θ) > l. The total
tune spread for two alternating crossings is again given by the sum of horizontal and vertical
tune spreads and, neglecting the edge term from Eq. (4.47), becomes

∆Qtot =
λrpβ

∗

2πγ
(1 + cos θ)

∫ l/2

−l/2

(
1 +

z2

β∗2

)
ζ(z + z cos θ)

×
{

(cos θ − 1)
1

z2 sin2 θ

[
1− exp

(
−z

2 sin2 θ

2σ(z)2

)]
− cos θ
σ(z)2

exp
(
−z

2 sin2 θ

2σ(z)2

)}
dz . (4.49)

For small crossing angles θ and long bunches the general solution Eq. (4.49) can be simplified
significantly to

∆Qtot = −λrp
πγ

β∗2

σ∗2

∫ l/(2β∗)

−l/(2β∗)

1
1 + u2

exp
(
−β

∗2θ2

2σ∗2

u2

1 + u2

)
du . (4.50)

In analogy to the approximation discussed in Sec. (4.1.3) the integral can be approached for
large crossing angles and small beam radius at the interaction point β∗θ/σ∗ � 1, and finally
becomes [125]

∆Qtot = −
√

2
π

λrpβ
∗

γσ∗θ
. (4.51)

It is worth noting that this is the same result as for Gaussian bunches in the limit of
σzθ/(2σ∗)� 1 and an equivalent longitudinal density λ = N/(

√
2πσz) (see Eq. 4.46).
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4.2.5 Maximum luminosity of long bunch crossings

Regarding the total incoherent beam-beam betatron tune shift for two alternating interaction
points as an absolute limit for the maximum beam intensity and thus for the maximum lumi-
nosity, this luminosity is calculated in terms of total tune shift following the analysis presented
above. At least for the approximated luminosity and tune shift formulae analytical expressions
can be given.

In the case of Gaussian bunches, the combination of Eqs. (4.13) and (4.46) leads to a
luminosity of

L =
πf0γ

2σ∗2

r2pβ
∗2

√
1 +

(
σzθ

2σ∗

)2

∆Q2
tot (4.52)

for a bunch total bunch intensity of

N = −2πγσ∗2

rpβ∗

√
1 +

(
σzθ

2σ∗

)2

∆Qtot . (4.53)

This result can be further simplified for large crossing angles or bunch lengths so that the second
term under the square root is dominant according to

L =
π

2
f0γ

2σ∗σz
r2pβ

∗2 θ∆Q2
tot

(
for N = −πγσ

∗σzθ
rpβ∗

∆Qtot

)
. (4.54)

The formulae for rectangular bunch crossings are obtained by combining Eqs. (4.28) and (4.51)
which can be written as

L =
√
π

2
f0γ

2σ∗lb
r2pβ

∗2 θ∆Q2
tot

(
for λ = −

√
π

2
γσ∗θ
rpβ∗

∆Qtot

)
. (4.55)

It is now easy to show that the luminosity of a rectangular bunch crossing is by a factor of
√

2
larger than that of a Gaussian bunch crossing with identical intensity so that lb =

√
2πσz, which

means that the peak intensity λpeak = N/(
√

2πσz) of the Gaussian bunch corresponds the line
density λ of the rectangular long bunch. Fig. 4.2 illustrates the line density of a Gaussian and
the equivalent rectangular bunch. Both bunches have the same peak intensity and contain the

Fig. 4.2: Comparison of the line density of Gaussian
and rectangular bunches both having the same peak
and total intensity as well as the same total maximum
beam-beam tune shift. However the crossing of rect-
angular bunches results in

√
2 times more luminosity.

The hatched areas are of equal size.

same total number of particles. Therefore, their total tune spread is identical and, according to
Eqs. (4.54) and (4.55), the crossing of the rectangular bunches delivers more luminosity.

From Eqs. (4.54) and (4.55) it becomes clear that the luminosity increases linearly with the
bunch length while keeping the maximum line density constant. However, one should keep in
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mind that there is no additional luminosity gain by further increasing the bunch length with
respect to the total intensity: increasing the bunch length requires a proportional rise of the
total beam intensity to re-establish the initial peak line density and beam-beam tune shift.
If the total beam intensity is to be kept constant, the number of bunches must be decreased
proportionally to the increase in bunch length, and the luminosity gain is finally eaten up as the
luminosity is also directly proportional to the number of bunch crossings per turn. However,
longer bunches have a slightly more favorable beam-beam behaviour. Thus, the maximum total
beam intensity can be increased for longer bunches without violating the maximum incoherent
beam-beam tune shift.

The second parameter to increase the luminosity while keeping the beam-beam tune shift
constant is the crossing angle θ. This behaviour is not obvious from the luminosity formulae
only (see Eqs. 4.13 and 4.28), which suggest that a crossing angle as small as possible reaches
maximum luminosity. This is only true as long as the total number of particles is kept constant
and the beam-beam limit is neglected. Small crossing angles lead to long regions of electro-
magnetic interaction between both beams and thus to a large beam-beam tune shift. If the
incoherent beam-beam tune shift is regarded as upper limit for the beam current the luminos-
ity can be optimized by increasing the crossing angle which allows an improved total beam
intensity. However, other limiting effects for the beam current, like total synchrotron radiation
losses or beam stability, might limit the beam current.

For the calculation of an absolute luminosity, two restrictions have to be taken into account:
both the total beam current and the beam-beam tune spread must not exceed a certain limit.
As the total tune spread is proportional to the instantaneous longitudinal peak density of the
beam, the latter automatically defines the peak density.

In the case of long rectangular bunches crossings under large angles, these limits as well as
the luminosity dependence on the total beam length nblb of nb bunches with a total length of
lb each, can be presented as shown in Fig. 4.3. Clearly, the absolute maximum luminosity is
obtained when current and beam-beam limit are reached simultaneously (marked by a black
dot in Fig. 4.3).

Analytical expressions for the maximum luminosity can be derived from Eqs. (4.55) and
the absolute maximum luminosity becomes

Lmax =
1√
2
f0γ

rpβ∗
Nmax∆Qtot . (4.56)

The total beam length to achieve this luminosity can be written as

nblb = −
√

2
π

rpβ
∗

γσ∗θ
Nmax

∆Qtot
. (4.57)

It is remarkable that this luminosity does not depend on the crossing angle nor on the beam size
at the interaction point, as long as the crossing angle θ is sufficiently large so that Eq. (4.55)
remains valid. According to the set of crossing parameters used for Fig. 4.3, the maximum
luminosity for LHC operated at twice its nominal total beam intensity and at maximum total
tune spread of ∆Qtot = −0.01 the optimum luminosity is Lmax = 1035 cm−2s−1 (see Sec. 4.3.5).

The maximum tune shift that can be attained in hadron colliders without significant re-
duction of the beam lifetime is not defined as a strict limitation. Albeit the linear theory of
beam optics predicts a maximum beam-beam tune shift for an arbitrary betatron tune, this
limit could not be achieved in any existing accelerator [128]. Therefore, the maximum tolerable
beam-beam tune spread in the LHC is estimated on the basis of the experience with past and
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Fig. 4.3: Beam luminosity versus total bunch length nblb and longitudinal particle density λ. The vertical walls
show the total limit of circulating beam Nmax = λnblb and the maximum beam-beam tune spread limit. The
crossing parameters are chosen according to the superbunch option proposed in [127]: θ = 1 mrad, β∗ = 0.25 m,
σ∗ = 11.2 µm.

Machine Year Particles 2πR E0 |∆Q| Ref.
ISR (CERN) 1971-1983 p-p 0.94 km 26GeV ' 0.0004 [129, 130]
Spp̄S (CERN) 1981-1990 p-p̄ 6.9 km 315GeV 0.020 [131, 132]
Tevatron (FNAL) 1987- p-p̄ 6.3 km 980GeV 0.010 [133, 134]
LHC (CERN) 2007- p-p 26.7 km 7TeV 0.01 [135, 119, 136]

Tab. 4.1: Maximum beam-beam tune shift achieved with past and present hadron colliders.

present hadron collider facilities. A brief overview is compiled in Tab. 4.1. From this experience
∆Q = −0.01 is assumed as a reasonable maximum beam-beam tune shift1, and all maximum
beam intensities calculated below are scaled to this value. Both large hadron colliders, the Spp̄S
and the Tevatron, have been operated for luminosity production with zero crossing angle only.
However, successful beam tests in the Spp̄S with collisions at angles up to 600µrad ensure that
there are no fundamental limitations imposed by the non-vanishing crossing angle [138].

4.3 Luminosity upgrade schemes for the LHC

The equations derived above give a complete set of relations to handle luminosity and incoherent
beam-beam tune shift for Gaussian or rectangular bunches. Based on these formulae, the
luminosity for different short and long bunch options as well as for the operation with a single
superbunch per LHC ring are calculated and compared to the nominal LHC beam.

1Some authors assume 0.015 as the maximum tolerable beam-beam tune spread, see e.g. [137].
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4.3.1 Nominal and ultimate LHC bunch crossings

The nominal LHC beam consists of twice 2808 bunches accelerated and held by a 400.8MHz
superconducting RF system. The particle distribution of the bunches is assumed to be Gaussian
in all three dimensions. The relevant bunch and accelerator parameters for luminosity and beam-
beam tune shift for a nominal LHC bunch crossing are summarized in Tab. 4.2 for nominal and
ultimate beam intensity [139, 140, 15]. The LHC will initially operate with four interaction

nominal ultimate
Number of bunches, nb 2808
Intensity per bunch 1.15 · 1011 1.70 · 1011

Average beam current, I0 [A] 0.58 0.86
RMS bunch length, σz [cm] 7.55
RMS beam size at interaction points, σ∗ [µm] 16.7
Beta function at interaction points, β∗ [m] 0.55
Full crossing angle, θ [µrad] 285
Piwinski parameter, θσz/(2σ∗) [141, 142] 1.29
Horizontal beam-beam tune spread, ∆Qx −0.00287 −0.00422
Vertical beam-beam tune spread, ∆Qy −0.00339 −0.00502
Luminosity per bunch crossing, L [cm−2s−1] 3.55 · 1030 7.72 · 1030

Total luminosity, Ltot [cm−2s−1] 1.00 · 1034 2.18 · 1034

Tab. 4.2: Relevant beam and accelerator parameters for nominal and ultimate bunch crossings in the LHC.
The ultimate bunch intensity is calculated so that the total vertical incoherent beam-beam tune spread does not
exceed 0.01 for two interaction points.

points in total. Two of them, the so-called high luminosity interaction points, will deliver
the nominal luminosity of 1.00 · 1034 cm−2s−1, while the two other beam intersections have
significantly lower luminosity. However, for the calculation of the maximum beam-beam tune
spread the contributions of three interaction points have to be taken into account, which leads
to a total vertical spread of 0.01. The parameters given in the column named ultimate of
Tab. 4.2 are supposed to be reached without a major hardware upgrade of the nominal LHC,
just by increasing the intensity per bunch until a total beam-beam tune spread of 0.01 for
two high luminosity intersection points is reached. The nominal and ultimate schemes consider
two alternate high luminosity beam crossings in combination with two additional low luminosity
crossings. It is worth noting that an ultimate scheme with two alternating beam crossings could
allow 1.85 · 1011 particles per bunch and a luminosity of 2.56 · 1034 cm−2s−1 for the maximum
tune shift ∆Qtot = ∆Qx + ∆Qy = −0.01. The incoherent total tune spread of 0.01 will also be
taken as limiting reference parameter for the discussion of LHC upgrade scheme in this report.

4.3.2 Bunch length dependence of luminosity and beam-beam tune shift

The crossing of long bunches, meaning that the bunches are long compared to the interaction
length, has been analyzed in Sec. 4.2.5. Especially the behavior of the beam-beam tune shifts
changes significantly if the bunch length is comparable to the interaction length.

For short round bunches, the tune shifts in both horizontal and vertical planes are of the
same order of magnitude ∆Qx ' Qy. In a collider equipped with multiple interaction regions the
total tune shift is obtained by just summing up the individual shifts, and there is no restriction
to the different crossing planes. The longitudinal regions which contribute to luminosity and
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beam-beam tune shift are identified by analyzing the derivative of ∆Qx,y versus position z
around the interaction point as presented for a nominal LHC bunch crossing in Fig. 4.4. In
fact, this corresponds to the integrand of Eqs. (4.10) and (4.42, 4.43).
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Fig. 4.4: Derivative of the luminosity and horizon-
tal (continuous)/vertical (dashed) beam-beam tune
shift versus longitudinal position of a short Gaussian
bunch. The crossing parameters are θ = 285 µrad,
β∗ = 0.55 m, σ∗ = 16.7 µm. The bunch intensity is
N = 1.15 ·1011 particles and the bunch length is σz =
7.55 cm. The integral tune shifts are ∆Qx = −0.0029
and ∆Qy = −0.0034.
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Fig. 4.5: Same illustration as Fig. 4.4 but for a
long Gaussian bunch which is 100 times longer with
σz = 7.55 m. To obtain the same total tune shift
∆Qx + ∆Qy for two alternate interaction points, the
bunch intensity was set to 6.13 · 1012 particles. The
integral tune shifts are ∆Qx = 0.0042 and ∆Qy =
−0.0104. The total tune shift Qtot is almost equal to
−0.0061 in both cases.

Due to the crossing symmetry of bunches which are much longer than the interaction length,
the tune shift now has a partly positive sign in the horizontal plane and a negative sign in the
vertical plane. Because of this, the collider must be equipped with at least two or any other even
number of symmetric intersection points with alternating horizontal-vertical crossing angle for
any long bunch scheme [136]. The effect is illustrated in Fig. 4.5. It should be mentioned that
the tune shifts are given for an infinite length of interaction region so that both beams are not
shielded against each other. In a real accelerator the beams are shielded from each other after
a certain distance from the intersection point. Whereas the total tune shift for two alternating
intersections remains almost constant, ∆Qx decreases while ∆Qy increases.

Furthermore, the dependence of the luminosity on the bunch length differs for Gaussian
and rectangular bunches. As has been shown in Sec. 4.2.5, the formulae for long Gaussian
and rectangular bunches, which are much longer than the interaction region, suggest that the
luminosity of two alternate bunch crossings of rectangular bunches is

√
2 larger at constant total

beam-beam tune shift than Gaussian bunch crossings. In fact, the approximations for Gaussian
bunches applied to reduce luminosity and beam-beam tune shifts to Eqs. (4.13) and (4.46)
remain valid for all cases considered in the LHC: for none of the upgrade schemes the crossing
angle grows above several mrad, and the transverse beam parameters in the µm-range stay
well below the bunch length being in the order of centimeters, even when the LHC is operated
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with short bunches [119]. Additionally, the short bunch options include a reduced beta function
and thus a smaller transverse beam size σ∗ at the interaction point.

In the case of rectangular bunches with crossing parameters and bunch lengths comparable
to the nominal LHC beam, the approximations made to calculate the maximum luminosity in
Sec. 4.2.5 cannot be applied anymore as they do not include the finite bunch length of the
rectangular beam, and the more correct formulas Eqs. (4.20) or (4.24) and (4.47, 4.48) have
to be evaluated. Especially this region of bunch length is of interest, as it is relatively easy to
generate rectangular bunches held by a multi-harmonic RF system containing multiples of the
nominal RF frequency n · 400.8MHz.

Starting from the ultimate LHC scheme (see Tab. 4.2) with slightly increased bunch intensity
and alternating beam crossings, the luminosity provided by longer Gaussian bunch crossings
and crossings with equivalent rectangular bunches is illustrated in Fig. 4.6. For both bunch
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1 D Fig. 4.6: Luminosity versus bunch length for

Gaussian (continuous) and rectangular bunches
for a maximum constant total beam-beam tune
shift of ∆Qtot = −0.01 according to Eqs. (4.20,
4.44) and Eqs. (4.10, 4.49). The interaction
and bunch parameters correspond to the ultimate
LHC parameters as presented in Tab. 4.2; only
the bunch intensity at σ/σ0 = 1 has been in-
creased to 1.85 · 1011 to reach the maximum tune
shift for alternating crossings. The crossing angle
is θ = 285 µrad and the bunch length is normal-
ized to 7.55 cm.

profiles, the luminosity increases almost proportionally to the bunch length as expected from the
relations derived in Sec. 4.2.5. It is worth noting that the total beam intensity in the accelerator
has to be increased approximately proportional to the luminosity to reach the beam-beam limit.

However, the interaction between rectangular bunches, whose bunch lengths are equivalent
to the nominal Gaussian bunch length, does not even yield the luminosity of the interaction
between Gaussian bunches. Even for bunches being ten times longer than nominal, the lumi-
nosity gain of 1.3 is still significantly below the long bunch limit. The relative luminosity gain
attained by rectangular bunch crossings instead of Gaussian crossings is shown in Fig. 4.7 for
different crossing angles from 285µrad to 5mrad. Firstly, one can see from Fig. 4.7 that
rectangular bunches in the LHC are of special interest either for long bunches which have at
least 10 times the length of the nominal beam. Secondly, in the region of very large crossing
angles above 5mrad, which would be compatible with certain upgrade schemes of the LHC in-
teraction regions [143], where the luminosity can be potentially improved by short rectangular
bunch crossings.

For superbunches of at least some 10m bunch length, the luminosity degradation due to their
finite longitudinal dimensions vanishes and the theoretical luminosity gain of

√
2 is obtained for

a crossing angle of 285µrad.

4.3.3 Optimization of flat bunches held by multi-harmonic RF systems

In the derivations above it has been assumed that the longitudinal line density of the long bunch
has a perfect rectangular form. In a real accelerator such a line density cannot be obtained
easily, and a real bunch will always have some ripple along its flat region and tails of finite
length. Of special interest are long and flat bunches held by a limited number of harmonic



66 CHAPTER 4. LUMINOSITY OPTIMIZATION WITH LONG BUNCHES

2 4 6 8 10
Σ�Σ0

0.9

1

1.1

1.2

1.3

1.4

1.5

L r
ec

ta
ng

ul
ar�L Gauss

ia
n
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RF systems operating on a multiples of the fundamental bunch frequency. The subsequent
calculations will show that the imperfections due to a limited number of RF systems do not
cause significant luminosity degradation compared to a rectangular line density profile.

With a crossing angle large enough for the local bunch intensity variation to be low compared
to the interaction region length, the luminosity degradation due to a non-ideal longitudinal line
density can be estimated analytically. The normalized line density profile of both bunches is
described by a function ζ(z). To separate the luminosity effect of the bunch profile alone, the
peak value of this function should be normalized as well as the integral which is proportional
the total bunch intensity. Furthermore, ζ(z) has to be symmetric around the bunch center at
z = 0. In this case the luminosity form factor χL with respect to Eq. (4.5) can be defined by

L
L0

= χL =
∫ ∞

−∞
ζ(z)2 dz . (4.58)

The square of the integrand comes from the fact that a local longitudinal density ζ(z) from
one beam collides with the same longitudinal density from the second one (see Fig. 4.8). It

Fig. 4.8: Illustration of the local line density of a
bunch crossing. Both bunches have the save line den-
sity function ζ1(z) = ζ2(−z) = ζ(z). For large cross-
ing angles the local line density does not vary sig-
nificantly along the length of the interaction region
(thick line) and the form factor can be approximated
according to Eq. (4.58).

becomes clear why Eq. (4.58) is only an approximation for slow varying line density. If ζ(z)
varies significantly along the interaction region, the full overlap integral has to be evaluated
according to Eq. (4.5). For conventional bunches, χL = 1/

√
2 for Gaussian, 0.8 for parabolic
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and, as the maximum limit, χL = 1 for an ideal rectangular bunch. The result is consistent
with the luminosity derivations above (see Sec. 4.1.2 and 4.1.3).

For an RF installation of n different groups of RF systems, 3n degrees of freedom are
theoretically available: harmonic number, phase and amplitude. As the harmonic numbers have
to be integer multiples of each other, they remain fixed during the luminosity optimization. The
phase of the fundamental RF frequency, with the lowest harmonic number, can be arbitrarily
set to zero, as it defines the absolute position of the bunches with respect to the laboratory
frame. Furthermore, considering that the bucket should be symmetric around its center, the
phase of all higher harmonic RF systems can only be either 0 or π. It is thus justified to reduce
all phases to zero and to include higher harmonic phases as signs of their amplitudes. Finally,
a set of n degrees of freedom remains, being the RF amplitudes which have to be optimized
numerically such that χL in Eq. (4.58) becomes largest.

To be sure to find the absolute maximum of χL, the optimization is performed in two steps.
For a first approximation, the number of independent parameters is reduced to a global barrier
harmonic number hb according to Fig. 4.9 (see Sec. 2.3.1) of the barrier bucket and to a global

Fig. 4.9: Definition of the barrier har-
monic hb.

voltage scaling. The relative amplitude scaling for the individual RF systems are taken from
the Fourier coefficients of a single sinusoidal pulse, with a time length defined by the harmonic
number hb:

sin(hbφ), − π
hb
≤ φ ≤ π

hb
0, elsewhere

}
=

cos(hbπ)
hb

+
∑
h 6=hb

2h cos(hbπ) sin(hb/hπ)
π(h2 − h2

b)
. (4.59)

Examples of such an optimization for two to five different harmonic numbers are shown in
Figs. 4.10 to 4.13. In the case of the double harmonic RF system, the amplitudes of both
harmonics are plotted directly. There is no absolute maximum of the form factor χL for two
harmonics, as the situation improves for larger RF voltages (see Fig. 4.13).

Once the region of interest is found, each of the amplitudes is varied individually until
the absolute maximum is found. The numerical results of such an optimization are given in
Tab. 4.3. All parameters like the luminosity form factor or the peak current are calculated
under the assumption of a stationary distribution being parabolic in energy for all slices in z,
which is matched to the multi-harmonic RF bucket. This assumption is consistent with the
model by Hofmann and Pedersen introduced in Sec. 2.6. As can be seen from Tab. 4.3, the
optimum bunch form is typically reached for a peak current that is significantly lower than the
peak current of an LHC nominal bunch. Therefore the average bunch current can be increased
to re-establish the original peak current and thus the original beam-beam tune shift.

The equivalent rectangular bunch length stated in Tab. 4.3 refers to an ideal rectangular
bunch with the same peak and average beam intensity as the bunch kept in the multi-harmonic
RF configuration. Fig. 4.14 illustrates an example for an optimized flat bunch kept by three
RF harmonics and its rectangular equivalent.

The absolute values for the RF voltages in Tab. 4.3 are calculated for the special case of long
and flat bunches consisting of 16 almost nominal bunches each in order to fit the longitudinal
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Fig. 4.10: Form factor χL (color scale from blue to
red) versus both voltages of a double harmonic RF sys-
tem. Maximum form factor is reached for a voltage
ratio of about 0.66.
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Fig. 4.13: Luminosity form factor versus barrier har-
monic and general voltage scaling for five different RF
harmonics.

emittance (see Sec. 4.3.6). However, the luminosity degradation factor χL and the relative
bunch length normalized to the bucket depend on the number of available RF systems only.
These are the two important ingredients to scale the final luminosity.

4.3.4 Short bunch schemes

Throughout this report, short bunch upgrade options are referred to as schemes for which the
bunch length remains in the order of magnitude as the nominal LHC bunches2. This would
be advantageous because one could make use of the standard 400.8MHz so that the bunch
frequency stays the same. Theoretically, there are two different approaches for a luminosity
improvement.

2The short bunch schemes in this report are different from what is presented as short bunch options in [119]
as bunches shorter than nominal using an RF system at 1.2 GHz are considered in that reference.
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Long and flat bunch
nominal bunch (16 bunches, 16 · 1.5 eVs)

Number of RF harmonics 1 2 3 4 5
Longitudinal emittance, ε [eVs] 2.5 24.0 24.0 24.0 24.0
Fundamental harmonic, h0 35640 3564 3564 3564 3564
RF voltages [MV] 16.00 0.54 0.58 0.31 0.26

-0.34 -0.60 -0.39 -0.38
0.24 0.27 0.34

-0.09 -0.19
0.06

Total RF voltage [MV] 16.00 0.88 1.42 1.05 1.23
Normalized peak current 1 0.92 0.80 0.68 0.63
Bucket filling factor 0.33 0.46 0.39 0.48 0.47
Luminosity form factor, χL 0.71 0.89 0.93 0.95 0.96
Equivalent rectangular length, [m] 0.19 3.64 4.19 4.90 5.26
(normalized to bucket length) 0.25 0.49 0.56 0.65 0.70

Tab. 4.3: Effective luminosity form factor χL for flat bunches held by different numbers of RF harmonics.
The nominal LHC bunch is compared to a long and flat bunch consisting of 16 almost nominal LHC bunches
with a longitudinal emittance of 1.5 eVs each. The long bunch is held in a multiple harmonic RF system with
3564 · f0 = 40.08 MHz. The double harmonic RF system is given for reference.
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Fig. 4.14: Normalized line density of a bunch held
by three multiple RF harmonics h, 2h and 3h (con-
tinuous line) compared to an ideal rectangular bunch
having the same peak and total particle intensity.

On the one hand, the bunch length could be increased by a reduction of the RF amplitude
and an increase of the longitudinal beam intensity so that the original peak current is recon-
stituted. The expected luminosity starting from an ultimate bunch has already been presented
in Fig. 4.7 (continuous line). However, as the bunch length only increases proportionally to
the fourth root of the amplitude (see Sec. 2.6.2) and the bucket area shrinks according to the
square root, insufficient bucket area immediately limits this way to increase luminosity in the
LHC. This idea will therefore not be considered further.

On the other hand, the bunch length can be increased while simultaneously improving
the bunch profile to a more rectangular-like bunch by using multi-harmonic RF systems at
multiples of 400.8MHz. It is clear from the bunch length dependence of the luminosity gain
that for small crossing angles below several mrad the luminosity gain is mostly due to the
longer bunches and thus due to an increased total beam intensity. If the crossing angle could be
raised while simultaneously increasing the total beam intensity for constant beam-beam tune
shift, the luminosity profits from an additional form factor of about 1.3 (see Fig. 4.7).

An overview on the parameters of the LHC operated with short rectangular bunches at a
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very large crossing angle of θ = 5mrad and for the nominal number of bunches is given in Tab.
4.4. Due to the luminosity loss caused by the large crossing angle, the performance of a scheme

four times beam-beam
nominal intensity ultimate intensity

Number of bunches, nb 2808
RF systems [MHz] 400.8/801.6/1202.4
Intensity per bunch, Nb 4.6 · 1011 57.3 · 1011

Average beam current, I0 [A] 2.33 29.0
Total bunch length, lb [m] 0.42
RMS beam size at interact. points, σ∗ [µm] 11.2
Beta function at IP, β∗ [m] 0.25
Full crossing angle, θ [mrad] 5.0
Horiz. beam-beam tune spread, ∆Qx −0.000012 −0.00014
Vertical beam-beam tune spread, ∆Qy −0.000793 −0.0099
Total beam-beam tune spread, ∆Qtot −0.0008 −0.01
Luminosity per bunch crossing, L [cm−2s−1] 5.65 · 1030 8.79 · 1032

Total luminosity (rectangular), Ltot [cm−2s−1] 1.58 · 1034 2.47 · 1036

Degradation due to multi-harmonic approximation 0.93
Total luminosity, Ltot [cm−2s−1] 1.48 · 1034 2.29 · 1036

Tab. 4.4: Beam and crossing parameters for an operation of the LHC with short rectangular bunches at very
large crossing angles around 5mrad.

with initial bunches of even four times the nominal intensity can hardly surpass the luminosity
of the nominal LHC beam. Reaching the beam-beam limit at ∆Qtot = −0.01 with such a beam
requires a bunch intensity of about 50 times the intensity of nominal bunches, respectively an
average circulating current of nearly 30A, which is obviously not compatible with respect to
the present LHC design.

In conclusion, the collision of short bunches under large crossing angles of several mrad
pushes the beam-beam limit by more than an order of magnitude. However, the luminosity
degradation induced by the crossing angle has to be compensated by an enormous increase in
total beam intensity. This problem applies to rectangular or rectangular-like bunches as well as
to Gaussian beam packages. Therefore, short rectangular bunch schemes will not be analyzed
further.

4.3.5 Superbunch schemes

Superbunches in the LHC have already been proposed in [16, 144, 119]. A superbunch hadron
collider is operated with one or few bunches confined in a small fraction of the circumference
which contains the total beam intensity. In fact, the particles within the homogeneous section
of the bunch can be approximated as a coasting beam. To prevent the bunch structure from
dispersive decay, RF pulses have to be applied at both ends of the bunch in order to generate
potential barriers in the longitudinal phase space. In Sec. 2.3 the dynamics of the longitudinal
phase space is discussed in detail. The bunch length and longitudinal density can be controlled
by the time interval between the two RF pulses limiting the bunch, resulting in a high flexibility
with respect to the longitudinal beam parameters.

In superbunch hadron colliders the available longitudinal phase space is used more efficiently
than in conventional hadron colliders operated with bunched beam, where only small regions,



4.3. LUMINOSITY UPGRADE SCHEMES FOR THE LHC 71

namely the populated buckets are filled with a large longitudinal particle density. However, it
is worth noting that the luminosity gain from the bunch form alone compared to a bunch with
longitudinal Gaussian distribution is never above

√
2.

Relevant parameters of the superbunch option presented in [127] and of a superbunch scheme
at the beam-beam limit are summarized in Tab. 4.5. A luminosity of 9 · 1034 cm−2s−1, which

superbunch beam-beam,
see [127] ultimate density

Number of bunches, nb 1
Intensity per bunch, Nb 6.44 · 1014 λlb
Average beam current, I0 [A] 1.16 0.0049 · lb
Longitudinal density, λ [1/m] 2.47 · 1012 2.73 · 1012

Total bunch length, lb [m] 260 lb
RMS beam size at interact. points, σ∗ [µm] 11.2
Beta function at IP, β∗ [m] 0.25
Full crossing angle, θ [mrad] 1.0
Total beam-beam tune spread, ∆Qtot −0.0091 −0.01
Luminosity per bunch crossing, L [cm−2s−1] 9.05 · 1034 4.25 · 1032 · lb
(equivalent to total luminosity)

Tab. 4.5: Relevant parameters for an operation of the LHC with one long superbunch per beam (see Eqs.
4.55). The second column shows that the luminosity can be improved by increasing total beam current and
bunch length while keeping constant longitudinal density. Neglecting small beam gaps for the RF barriers and
for the RF system to compensate synchrotron radiation, the coasting beam luminosity limit at ∆Qtot = −0.01
is Lmax = 1.13 · 1037. However, the average beam current to get this luminosity would be about 130 A.

is almost one order of magnitude above the nominal luminosity of the LHC, can be reached by
doubling the total beam intensity.

The main disadvantages of long superbunches are that they require sophisticated and costly
high power wide-band RF systems for the confinement of the bunches and for the compensation
of synchrotron radiation losses. Additionally, no realistic scheme to generate such long bunches
in the LHC has been proposed so far. Apart from that, the experiments would have to be
modified extensively, since a superbunch crossing delivers a much higher event rate and does
not allow for an easy tagging of the collision times. However, the numbers stated in Tab. 4.5
serve as reference parameters for comparison with different long bunch schemes.

4.3.6 Long bunch schemes

The so-called long bunch schemes are a compromise between the two options, optimized short
bunches and superbunches, discussed above. According to Fig. 4.15, there is no fundamental
necessity that all bunches have to be kept in a single superbunch. Theoretically, equal lumi-

Fig. 4.15: Comparison of a sin-
gle superbunch to several rectangular
long and flat bunches. Cutting super-
bunches into rectangular pieces and re-
distributing them along the circumfer-
ence of a circular accelerator leaves the
total luminosity and beam-beam tune
spread unaffected.
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nosity is achieved by cutting the single superbunch into several rectangular slices which could
be distributed homogeneously around the ring. The physics detectors profit from such a scheme
as the enormous total event rate of the superbunch crossings is also subdivided into smaller
units with a certain time for event data handling between the bunch crossings. Practically,
the RF gymnastics does not start from one superbunch, as illustrated, being subdivided into
shorter buckets, but from a bunched beam with properties close to the nominal LHC beam. An
RF procedure to combine a batch of a bunched beam to the long and flat bunches is analyzed
in detail in Chapter 5. This RF gymnastics is capable of compressing and merging 2n nearly
nominal LHC bunches with the nominal inter-bunch time of 25 ns to one dense long and flat
bunch kept by an RF system operating at multiples of 40.08MHz.

Tab. 4.6 gives a comprehensive overview of different long and flat bunch options limited
either by the average beam current or by the maximum beam-beam tune shift. The four columns
on the left hand side present schemes where 16 nearly nominal LHC bunches are compressed
and merged to long and flat bunches, while the right columns analyze the combination of 32
bunches. The main difference between these two options is the effective beam length which is
twice as long for the 16-bunch schemes as for 32 bunches, because twice the number of final
bunches is generated. This means that the beam-beam limit is reached at half the luminosity
and half the average beam current as for 32-bunch options compared the confinement of 16
bunches. From this analysis it becomes obvious why other schemes, e.g. the compression and
merging of 8 or 64 nominal bunches, are not attractive in the LHC:

Confining 8 initial bunches would push the beam-beam limit to an average current being
twice 3.21A, which can neither be obtained nor handled in the LHC under realistic conditions.

Starting from 64 bunches would, in contrast, reduce the maximum luminosity to about half
the value given in the last column of Tab. 4.6. Furthermore it requires enormous RF voltages at
40.08MHz and harmonics, because doubling the emittance compared to the 32-bunch options
demands four times more RF voltage.

By comparing the luminosity figures for the different schemes to the ultimate LHC luminosity
Ltot = 2.2·1034 (see Tab. 4.2) it becomes clear that crossing of long bunches under small crossing
angles is not an attractive option for the LHC. Because of the contribution of the square root
factor in the total beam-beam tune shift expression for Gaussian bunches (see Eq. 4.46), the
beam-beam limit is reached at a lower average beam current for rectangular bunches than
for Gaussian bunches. Colliding long and flat rectangular bunches at nominal beam crossing
parameters (Tab. 4.2, left two columns) is only interesting if the total beam intensity is limited
by other effects and if as much luminosity as possible has to be produced with the available
beam current. However, as the beam-beam tune spread limits the intensity to 1.2 times the
nominal one, the luminosity attained never exceeds the regular LHC ultimate scheme.

This situation is improved significantly by an increase of the crossing angle to 1mrad which
has already been proposed for the superbunch option. In the case of long bunches consisting
of 16 initial bunches (two center columns of Tab. 4.2) the beam-beam limit is pushed so far
that a maximum average beam current of more than 3A could be reached if there were no
other current limitations in the LHC. Operating the LHC with a reduced total tune spread of
∆Qtot = −0.003 still delivers a luminosity of Ltot slightly above the luminosity of the ultimate
scheme.

A remarkable luminosity improvement is achieved by confining batches of 32 nearly nominal
LHC bunches each to a long and flat one. For twice the nominal beam current, 55% of the
luminosity of superbunch crossing, for which a similar beam intensity is assumed, and about
twice the luminosity of the LHC ultimate scheme are within reach. Again, this is well below the
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Long bunch consists of 16 near nominal LHC bunches 32 LHC bunches
nominal crossing superbunch crossing superbunch crossing

beam-beam twice beam-beam twice beam-beam
nominal ultimate nominal ultimate nominal ultimate

Number of bunches, nb 156 156 78
Intensity per bunch, Nb 1.84 · 1012 2.17 · 1012 3.68 · 1012 1.14 · 1013 7.36 · 1012 1.14 · 1013

Average beam current, I0 [A] 0.52 0.61 1.03 3.21 1.03 1.60
Longitudinal density, λ [1/m] 4.39 · 1011 5.18 · 1011 8.79 · 1011 2.72 · 1012 1.75 · 1012 2.72 · 1012

Total bunch length, lb [m] 4.19 4.19 4.19
Total beam length, nblb [m] 327 327 653
RMS beam size at interact. points, σ∗ [µm] 16.7 11.2 11.2
Beta function at IP, β∗ [m] 0.55 0.25 0.25
Full crossing angle, θ [mrad] 0.285 1.0 1.0
Horiz. beam-beam tune spread, ∆Qx 0.00068 0.00081 0.00043 0.00135 0.00087 0.00135
Vertical beam-beam tune spread, ∆Qy −0.00916 −0.01081 −0.00781 −0.01136 −0.00732 −0.01136
Total beam-beam tune spread, ∆Qtot −0.00848 −0.01 −0.00323 −0.01 −0.00645 −0.01
Luminosity per bunch crossing, L [cm−2s−1] 1.05 · 1032 1.47 · 1032 1.82 · 1032 1.75 · 1033 7.30 · 1032 1.75 · 1033

Total luminosity, Ltot [cm−2s−1] 1.64 · 1034 2.29 · 1034 2.85 · 1034 2.73 · 1035 5.69 · 1034 1.37 · 1035

Degradation due to multi-harmonic approximation 0.93 0.93 0.93
Total luminosity, Ltot [cm−2s−1] 1.53 · 1034 2.13 · 1034 2.64 · 1034 2.54 · 1035 4.92 · 1034 1.27 · 1035

Tab. 4.6: Relevant parameters for an operation of the LHC with long and flat bunches held by multi-harmonic RF systems. The first two columns show
luminosity and beam-beam tune spread for collisions with nominal crossing parameters at nominal intensity and ultimate intensity for ∆Qtot = −0.01. It is
assumed that 16 bunches are combined to one long and flat bunch. The center two columns present two similar schemes at superbunch collision parameters. The
beam-beam limit is pushed to a total average beam current of 3.2 A, which is not compatible with the present LHC design but shows its theoretical potential,
assuming that all other beam current limitations can be cured. The last two columns illustrate options where 32 initial LHC bunches have to be confined to
one long bunch. For an average beam current comparable to the superbunch option (Tab. 4.5), already 55% of the luminosity of the superbunch LHC is within
reach. When increasing the beam current to the beam-beam limit, the luminosity increases even above the classical superbunch option. It is worth noting
that the number of bunches is calculated assuming the same fraction of gaps as for the nominal LHC beam, i.e. nb = 2808/3564 · 198 = 156, respectively
2808/3564 · 99 = 78.
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beam-beam limit. Pushing the average beam current to 1.6A, at which the beam-beam
limit is reached for such long bunches, the maximum luminosity increases up to Ltot =
1.27 · 1035 cm−2s−1. This increase even above the luminosity of the superbunch scheme is
due to the improved effective beam length so that the beam-beam limit is violated at a larger
average beam current.

It should be mentioned that the analysis above assumes an RF system with three different
RF harmonics. However, according to the relative rectangular bunch to bucket length ratio
given in Tab. 4.3 in combination with Eqs. (4.56) and (4.57) it is easy to rescale the luminosity
values for a different number of RF harmonics.

4.4 Summary

A summary of the three different options discussed above, short rectangular bunches, long
rectangular bunches and very long superbunches as well as its estimated impact on the upgrade
of the LHC and its physics detectors is given in Tab. 4.7.

short and flat long and flat
bunch bunch superbunch

Total bunch length, lb 40 . . . 50 cm 4 . . . 5m 200 . . . 400m

Total beam intensity enormous high high
for Ltot = 1035 cm−2s−1

Additional RF systems reasonable: reasonable: extensive:
800/1200MHz 40/80/120MHz Barrier bucket RF

at ' 10MHz

Consequences for limited significant extensive
physics experiments modifications modifications

Consequences limited significant/difficult extensive/impossible
the accelerator hardware modifications modifications

RF gymnastics to easy sophisticated presently no
generate long bunches realistic scheme

Synchrotron radiation unnecessary unnecessary necessary and
compensation difficult

Details see Tab. 4.4 see Tab. 4.5 see Tab. 4.6

Tab. 4.7: Comparison of the different flat bunch luminosity upgrade options in the LHC sorted by ascending
bunch length.

The short rectangular bunch option seems to be attractive because of its simplicity. Most
of the beam parameters like bunch spacing or bunch pattern, which have an impact on other
accelerator subsystems like beam diagnostics and timing, remain unchanged with respect to the
nominal LHC beam. However, as shown in Sec. 4.3.4, the crossing angle and the total beam
intensity has to be increased enormously to profit from these advantages.

The superbunch option offers the best flexibility concerning the total length of the beam and
luminosity. The modifications necessary at the physics experiments to prepare them for a huge
event rate during a superbunch crossing has not been explored yet, but these surely require a
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very challenging redesign of large parts of detectors and read-out electronics. Furthermore, so far
no consistent, realistic RF gymnastics scheme has been found that could generate superbunches
of a few hundred meters bunch length in the LHC.

The most favorable option is represented by the class of long and flat bunch schemes where
a batch of 16 or 32 almost nominal LHC bunches is compressed and merged to a single dense
bunch held by RF systems operated at multiple harmonics of 40.08MHz. Although significant
modifications of the accelerator and the physics detectors will be necessary to operate the LHC
in such a long bunch mode, the scheme is a quite realistic means to aim at twice the luminosity
of the ultimate scheme.
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Chapter 5

Generation of Long Bunches in the
LHC

Whereas the benefits of different kinds of long and flat bunches have been discussed with
respect to the strong incoherent beam-beam limit, this chapter is devoted to the creation of
these bunches by means of longitudinal RF manipulations as introduced in Chapter 3.

The generation of the beam for the nominal LHC scheme and especially its bunch pattern
defines the initial conditions for the long bunch creation. It is therefore described in the first
part of this chapter. Secondly, schemes to combine several, nearly nominal LHC bunches to
long and flat bunches are examined. It is shown that the straightforward approach to confine
the long bunches between barrier buckets has inherent disadvantages.

An RF manipulation scheme based on well-proven RF gymnastics, namely batch compres-
sion and bunch pair merging, is proposed and worked out in detail in the last part of this
chapter. The discussion of high intensity effects will be addressed in a separate chapter.

5.1 Generation of the nominal and ultimate LHC beam

The parameters of the proton beam and its final parameters during injection into the LHC at
an energy of 450GeV strongly depend on the parameters of the upstream accelerators in the
injector chain. Before entering the LHC, the protons have to pass through a linear accelerator
and three synchrotrons of different size and properties. Albeit extensive upgrades have been
carried out [145, 146, 147, 148], these accelerators have intrinsic limitations like direct space
charge in the low energy regime, which cannot be circumvented. Basic parameters like injection
and ejection energy or the circumference require unreasonable effort or are even impossible
to be implemented at existing accelerators. Furthermore, the beam structure delivered by an
accelerator depends on the parameters of the various subsystems with which it is equipped,
e.g. the frequency of the RF system that defines the possible bunch spacings which can be
accelerated.

A brief overview on the different accelerators in the LHC injector chain is given in the
subsequent sections. Their fundamental limitations will also be introduced to sketch their basic
capabilities of delivering modified beam parameters so that the bunches at the SPS ejection
could be used as an starting point for the generation of long and flat bunches in the LHC.

77
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5.1.1 Proton injectors for the LHC

Before injection into one of the two LHC rings, the particles coming from a linear accelerator
(Linac2) are accelerated in three circular accelerators, namely the Proton Synchrotron Booster
(PSB), the Proton Synchrotron (PS) and the Super Proton Synchrotron (SPS). The proton
injector chain is sketched in Fig. 5.1. A non-exhaustive list of the relevant parameters of the

Fig. 5.1: Sketch of the proton injector chain of the LHC: the protons are pre-accelerated in Linac2 up to a kinetic
energy of 50MeV. The PSB boosts their kinetic energy to 1.4 GeV for injection into the PS. After extensive
RF manipulations and acceleration to a total energy of 26 GeV, they are transferred to the SPS which finally
accelerates the beam to the LHC injection energy of 450 GeV. Note that PSB and PS are sketched four times
too large compared to SPS and LHC. The PSB is made up of four rings which are not shown in the sketch. Note
that the LHC consists of two storage rings for the counter-rotating proton beams.

circular accelerators relevant for proton injection into the LHC is compiled in Tab. 5.1.

Linear Accelerator (Linac2)

The linear accelerator Linac2 mainly consists of three cavity sections with Alvarez structures
working at 202.5MHz. It accelerates the beam from a kinetic energy of 750 keV to 50MeV
[149]. Linac2 is fed by radio frequency quadrupole (RFQ), a special cavity type which can
perform bunching, acceleration and transverse focusing of low energy beams simultaneously.
The maximum output current has been optimized to 190mA to fulfill the intensity requirements
of the LHC beam and to deliver at least 180mA to the PSB.

Proton Synchrotron Booster (PSB)

The PSB is a synchrotron which actually consists of four identical rings stacked on top of each
other [150, 151]. It was originally installed to overcome the space charge limitation imposed by
direct injection from the linac to the PS. Since then its ejection energy has been upgraded twice
from to 800MeV via 1GeV to finally 1.4GeV, in order to push the space charge limitation
during transfer from the PSB to the PS. The second upgrade to 1.4GeV was implemented
especially for the production of the ultimate beam for the LHC which would have an excessive
space charge induced betatron tune shift ∆Q at 1GeV. With its four rings, the PSB accelerates
four times the intensity per ring in one cycle. In the case of the nominal and ultimate LHC
beams, the PSB provides one bunch per ring using RF operating on the first harmonic of
the revolution frequency [152, 153, 154]. To optimize the ratio of peak to average intensity,
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Machine: PSB PS SPS
(four rings)

Circumference, 2πR [m] 157.1 628.3 6911.5
(normalized to PS) 1/4 1 11
Injection energy, Einj [GeV] 0.05 + E0 1.4 + E0 26.0
Ejection energy, Eej [GeV] 1.4 + E0 26.0 450
Filling scheme 1bunch 2PSB batches 2/3/4PS bats.
Number of bunches, nb 1 4 + 2 −→ 72 144/216/288
Bunch spacing, tb [ns] 327 −→ 25 25
RF harmonics, h 1+2 7→ 21→ 84 4620
Fund. RF frequencies, fRF [MHz] 0.6–1.7 3.1/9.3–10/40 200.4
Long. emittance at inj. [eVs] 0.35
Long. emittance at ej. [eVs] 1 0.35 0.70
Nominal scheme:
Beam int. at inj., Ntot 1.87 · 1012 /rg. 9.66 · 1012 1.66/2.48/3.31 · 1013

IL = 180mA
Beam int. at ejection, Ntot 1.63 · 1012 /rg. 8.28 · 1012 1.66/2.48/3.31 · 1013

Ultimate scheme:
Beam int. at inj., Ntot 2.76 · 1012 /rg. 1.43 · 1012 2.45/3.67/4.90 · 1013

IL = 180mA
Beam int. at ejection, Ntot 2.41 · 1012 /rg. 1.22 · 1013 2.45/3.67/4.90 · 1013

Tab. 5.1: Relevant parameters of the circular accelerators in the LHC injector chain.

a second harmonic RF system is used to flatten the bunches and thus to decrease the peak
intensity [155, 156]. For the LHC beam each PSB bunch has an intensity of some 1.6 · 1012

protons, slightly more than twelve times the intensity of an LHC bunch because of losses during
transfer and capture in the PS. The transfer between the four rings of the PSB and the PS is
sketched in Fig. 5.2. During the first transfer, bunches from all four booster rings are stringed

Fig. 5.2: Double batch transfer
scheme from PSB to PS. For the in-
jection into the PS all four booster
rings are used, each delivering one
bunch. The second injection is per-
formed with two booster bunches
only.

up in the PS. One PSB machine cycle later (corresponding to 1.2 s), half of the rings are used
to deliver two more bunches. Finally, six of seven PS buckets are populated. The empty bucket
is needed for the transfer from the PS to the SPS to preserve a gap for the beam ejection.

Proton Synchrotron (PS)

The PS is a combined function alternating gradient synchrotron which accelerates the proton
beam to a total energy of up to 26GeV [157, 158, 159]. However, acceleration is not the only
function of the PS in the LHC injector chain [160]. It also has to prepare the bunch structure for
the LHC: bunches with an intensity of slightly more than 1.15·1011 protons with a bunch spacing
of 25 ns. Successive longitudinal splitting procedures are performed to meet these requirements.
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The longitudinal emittance at ejection from the PS must be around 0.35 eVs, much below the
final nominal emittance of 2.5 eVs in the LHC, to fit the bunches into the rather small buckets
of the 200MHz RF system in the SPS.

As the six bunches coming from the PSB are injected at h = 7, the bunch spacing at
final energy would be some 300 ns, and the longitudinal emittance would be much too large
to capture these bunches in the SPS. Therefore each bunch is split into twelve equal fractions,
which reduces the longitudinal emittance per bunch to a value that is acceptable for the SPS.
The bunch spacing is also divided by twelve to the nominal LHC parameter of 25 ns. The
splitting factor can be decomposed to 12 = 3 · 2 · 2, so that one triple-splitting and two bunch
pair splittings are performed (see Sec. 3.2.2). To keep the RF frequencies during acceleration
within the capabilities of the main RF system in the PS (2.8 to 10MHz) [161, 162], the triple
splitting is initiated during the injection flat-bottom at 1.4GeV [163]. Thereafter the beam is
accelerated on h = 21 and subsequently the bunches are split twice to h = 42 and finally to
h = 84. The RF gymnastics for the preparation of the LHC beam in the PS is illustrated in
Fig. 5.3. Finally one ends with a batch of 72 bunches and, as the empty bucket splits exactly

Fig. 5.3: Acceleration and bunch splitting scheme of the nominal LHC beam in the PS. Starting from 4 + 2
bunches from the PSB each of them is split twelve times in total so that on ends up with a batch of 72 bunches
at h = 84 with 25 ns. The empty bucket is also multiplied, and the gap is therefore 12 bunch positions long.

like the bunches, a gap of 12 non-populated buckets. This gap is sufficiently long to allow the
extraction kicker magnet to be switched on without perturbing the beam.

However, the bunches after the last double bunch splitting are held with some 100 kV at
40MHz, where their bunch length of 12 ns is still too long to fit into the SPS 200MHz buckets.
Since the voltage required in the PS to shorten them adiabatically would be unreasonably large,
a non-adiabatic rotation (see Sec. 3.3.1) of the bunches in the longitudinal phase space is used
for bunch compression before extraction [164, 165]. By rapidly switching the RF amplitude at
40MHz (h = 84) to 300 kV and additionally applying some 600 kV at 80MHz (h = 168), the
bunch length is reduced to 4 ns [166] after some 600 turns in the PS, well below the bucket
length of 5 ns in the SPS. Fast extraction delivers the batch of 72 bunches to matched 200MHz
buckets in the SPS.
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Super Proton Synchrotron (SPS)

The batches coming from the PS are accumulated and accelerated in the SPS up to the injection
energy of the LHC at 450GeV. As mentioned in App. A, the SPS is a separated function
alternating gradient synchrotron [167] equipped with a special traveling wave RF system for
acceleration. Its circumference of 6.9 km is exactly eleven times as long as the circumference of
the PS. However, eleven PS batches consisting of 72 bunches cannot be accelerated in the SPS
because the total beam intensity is presently limited to some 5 · 1013 by the maximum power
that can be transferred to the proton beam during its passage through the RF cavities.

Two, three or four PS batches are therefore accumulated at flat-bottom in the SPS, corre-
sponding to an intensity of 1.7, 2.5 or 3.3·1013 protons (see Tab. 5.1). No special RF gymnastics
during the injection procedure is necessary, as the beam is prepared by the PS to fit in matched
200MHz buckets. It is worth noting that the whole intensity is confined within 2/11, 3/11 or
4/11 of the circumference, and that the RF power must be delivered to the beam within this
fraction of the revolution period during each turn.

After an injection flat-bottom of some 3.6/7.2/10.8 s, the beam is accelerated to 450GeV
within some 8.3 s and ejected to the LHC. During acceleration the bunch emittance is inten-
tionally blown-up to twice its initial value to avoid longitudinal instabilities. This blow-up in
effective longitudinal emittance is achieved by either introducing noise to the RF amplitude at
200MHz or by an additional RF amplitude at 800MHz, the fourth harmonic of the fundamen-
tal RF system [168]. The bunches with nominal intensity have a longitudinal emittance below
0.6 eVs at extraction from the SPS [169].

Large Hadron Collider (LHC)

Each of the LHC rings will be filled by 12 injections at 450GeV. The two rings will be equipped
with a superconducting RF system consisting of eight cavities per ring that are capable to deliver
up to 16MV to the beam [170]. As the 400.8MHz buckets in the LHC cannot be exactly matched
to the bunch length to energy spread ratio of the injected bunches, a longitudinal emittance
blow-up of some 25% to 0.8 eVs hast to be accepted. On the one hand, the maximum voltage
of the 200.4MHz RF system is not enough to match the beam to the LHC buckets, and on the
other hand, the RF voltage in the LHC cannot be lowered because of insufficient bucket area.
A detailed analysis of the injection procedure can be found in [118].

After injection, the two beams are accelerated to the collision energy of 7TeV. As longitu-
dinal instabilities are expected during acceleration for low-emittance bunches, the longitudinal
emittance is again intentionally blown up to 1 . . . 1.5 eVs. Due to the long ramping time of
20min that is limited by the ramp rate of the superconducting magnets, acceleration takes
place at a moderate rate of 485 keV/turn.

The expected final bunch parameters at 7TeV, which are the basis for the RF gymnastics
for long and flat bunches, are presented in Fig. 5.4 and Tab. 5.2. The longitudinal emittance
of the bunches will be deliberately blown up to 2.5 eVs during acceleration to prevent from
unwanted emittance dilution due to intra-beam scattering at collision energy. However, 1 eVs
at the end of the acceleration cycle should be within reach.

It should be mentioned that synchrotron radiation can be neglected for the calculation of the
nominal bunch parameters. Although it is important for the heat load on the superconducting
magnets, the average energy loss as calculated in Sec. 2.8 is with 6.71 keV per turn negligible
compared to the external RF voltage of 16MV. The resulting synchronous phase angle becomes
φ0 = (180 − 0.024)0.
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Fig. 5.4: LHC bunch at 7TeV
energy with εl = 1.5 eVs.

Small emittance Nominal
Bucket area, A 7.62 eVs
Bucket length 0.748m (2.5 ns)
Bucket height 2.4GeV
Long. emittance, εl 1.0 eVs 2.5 eVs
Bunch length 0.20m (0.66 ns) 0.32m (1.08 ns)
Energy spread 0.97GeV 1.51GeV
(relative) (0.13 · 10−3) (0.22 · 10−3)
Peak current (par.) 42.3A 26.5A

Tab. 5.2: Relevant parameters of a nominal LHC bucket and bunch
with a longitudinal emittance of 1.0 or 2.5 eVs.

Nominal bunch pattern in the LHC

For the filling of one LHC ring, twelve SPS cycles containing three or four PS batches each will
be required. At a bunch spacing of 25 ns the LHC has 3564 possible bunch positions, but not all
of these bunch positions can be populated by a bunch, as there are several restriction imposed
by the injector chain as presented above and by the LHC itself [171, 172]:

Firstly, the transfer of multiple batches from PS to SPS demands for a gap of at least 8
bunch positions as the SPS injection kicker magnet needs to be switched on between subsequent
batches. It should be mentioned that the gap between two batches in the SPS is shorter than
the extraction kicker gap in PS. Secondly, a gap of 38 or 39 empty bunch positions, depending
on the number of PS batches delivered from the PS, must be provided for the injection kicker
magnet in the LHC. The largest gap in the LHC bunch pattern assigns the time for the so-called
beam dump kicker. As this kicker magnet must be activated at the collision energy of 7TeV,
its rise time is significantly longer than those of the kicker magnets considered above. At least
119 bunch positions (3µs) must be kept free from particles to allow save abort of beam at full
energy to the dump.

Various bunch patterns for the different operation modes, i.e. different bunch spacing or
ions instead of proton beams, have been analyzed. As an example for a standard bunch pattern,
the nominal filling scheme for high luminosity operation with 25 ns bunch spacing is described
below. The filling procedure is sketched in Fig. 5.5. Following the bunch pattern notation

Fig. 5.5: Nominal filling scheme from PS to LHC for luminosity production with 25 ns bunch spacing. The
bunch patterns in SPS and LHC are drawn to scale whereas the PS bunch pattern is magnified.
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in [173, 174] where b denotes a populated bucket and e an empty bunch position, the filling
scheme in the PS can be simply written as

fsPS ⊕ 4⊗ e = (72 ⊗ b⊕ 8⊗ e)⊕ 4⊗ e ,

so that fsPS denotes the PS bunch pattern that reappears in SPS and LHC (see Fig. 5.5, top
left). The operators marked by a circle can be regarded as non-commutative additions and
multiplications. The pattern in the SPS can be composed of a string of PS patterns and of
padding with empty buckets to end up with 924 possible bunch positions.

The full bunch pattern in the LHC can be described by the a sequence of digits defining the
number of PS batches per SPS cycle, namely

{234} {334} {334} {334} .

Resolving this pattern according to the notation introduced above, the full nominal filling
scheme for the LHC becomes

fsLHC = {2⊗ fsPS ⊕ 30 ⊗ e⊕ 3⊗ fsPS ⊕ 30⊗ e⊕ 4⊗ fsPS ⊕ 31⊗ e}
⊕ 3⊗ {2⊗ [fsPS ⊕ 30⊗ e]⊕ 4⊗ fsPS ⊕ 31⊗ e} ⊕ 80⊗ e ,

where the curly brackets are set corresponding to the bunch pattern above. The complete filling
scheme can thus be written as

fsLHC = {2⊗ (72 ⊗ b⊕ 8⊗ e)⊕ 30⊗ e
⊕ 3⊗ (72 ⊗ b⊕ 8⊗ e)⊕ 30⊗ e⊕ 4⊗ (72 ⊗ b⊕ 8⊗ e)⊕ 31⊗ e}

⊕ 3⊗ {2⊗ [3⊗ (72⊗ b⊕ 8⊗ e)⊕ 30⊗ e]⊕ 4⊗ (72⊗ b⊕ 8⊗ e)⊕ 31⊗ e} ⊕ 80⊗ e . (5.1)

By setting b and e to unity it can easily been shown that the total number of bunch positions
is 3564. Furthermore, setting b = 1, e = 0 shows that the number of bunches per LHC ring is
2808.

The bunch pattern can by modified as long as the bunch train structure fsPS remains un-
changed. However, the generation of long bunches in the LHC as described below already
requires modifications of the bunch pattern in the PS.

5.1.2 Limitations of the LHC injector chain

Several limitations of the existing accelerator complex may restrict the performance of an up-
graded LHC, as the injector chain will already have a hard time providing the protons required
for the ultimate scheme.

At low energy, the total beam intensity is limited by the tune shift induced by the transverse
self-field of the beam. The space charge force acts incoherently on the individual particles
depending on their position inside the beam. A short derivation of the space charge tune shift
is given in App. F. Similar to beam-beam tune spread in high energy colliders, the so-called
space charge limit is extremely difficult to compensate and, in analogy to the beam-beam limit,
it is regarded as the fundamental current limitation for circular hadron accelerators in the low
energy regime.

Furthermore, extremely high beam intensities may result in a significant radioactive irradi-
ation of the accelerators if beam losses are not well under control. As most of the uncontrolled
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beam losses take place at low energies where lost particles deposit their energy almost com-
pletely within the accelerator components, this is of special concern for the injector chain of the
LHC.

Various options for increasing the beam intensity as well as reducing the uncontrolled beam
losses in the LHC injector chain are under discussion [175] to remove its limitations at low beam
energy. Although the maximum bunch intensity within the beam quality requirements for the
LHC is presently limited to 1.5 · 1011 protons per bunch (about 20% above the bunch intensity
needed for the nominal LHC scheme) in the PS, especially the installation of a new high energy
injector linear accelerator, the so-called Superconducting Proton Linac (SPL), would increase
the available bunch intensity to some 4 · 1011 protons [175]. This improvement comes from the
fact that such a linear accelerator would allow injection into the PS at an energy of 2.2GeV
where the direct space charge limitation is suppressed by a factor of βγ2|2.2GeV/βγ

2|1.4 GeV ' 1.9
compared to the present transfer energy between PSB and PS.

For the further analysis in this report it is assumed that the injector chain does not impose
a strict intensity limitation for the LHC, and that it is capable of delivering a beam similar to
the nominal LHC beam but with intensities up to three to four times its bunch population at
ejection from the SPS.

5.2 Generation of long and flat bunches

Starting from an almost standard LHC beam configuration with 25 ns bunch spacing, differ-
ent schemes to confine batches of nominal bunches to long and flat bunches or even single
superbunches per beam have been discussed in Chapter 4.

5.2.1 Direct approach

A straightforward approach to form long and flat bunches at flat-top energy in the LHC would
be the merging of each PS batch with its length of 72 bunches at a time distance of 25 ns
each into one long bunch held by barrier buckets [176]. According to the total number of PS
batches in the LHC, 39 long and flat bunches would finally remain. It should be mentioned
that synchrotron radiation is assumed to be properly compensated at 7TeV by a dedicated RF
installation during the manipulations described below.

Fig. 5.6 illustrates the longitudinal phase space during the subsequent steps of the scheme.
Before the generation of long and flat bunches, the beam is injected and accelerated according to
the scheme for the nominal LHC beam. At the injection flat-top, barrier buckets are positioned
in the 9 · 25 ns = 225ns long gaps between two adjacent PS batches in a first step. In a second
step the amplitude of the harmonic RF system holding the beam is decreased adiabatically
so that the bunch trains are debunched to the barrier bucket placed around the batch. This
debunching procedure can be performed either directly starting from the 400.8MHz RF system,
or the bunches could be handed over to an RF system at 40.08MHz. An RF system at 40.08MHz
would be compatible with the nominal bunch spacing of 25 ns and could serve as a mediator
between the 400.8MHz RF buckets and the RF barriers pulses whose pulse length corresponds
to a frequency of some 10MHz.

After debunching, coasting beam-like flat bunches with a length of approximately 1.8µs are
confined by the barrier pulses (Fig. 5.6, center). It is worth mentioning that debunching with
400.8MHz would lead to a much reduced longitudinal density because only every tenth bucket
at an RF frequency is occupied in the nominal scheme so that less than 10% of the batch length
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Fig. 5.6: Overview of the simple scheme which combines a batch of 72 initial bunches to a single long and flat
bunch. The batch is debunched to a barrier bucket and the long bunch is finally compressed by moving barriers.

is populated with particles. The collision of such long and low density bunches cannot deliver
reasonable luminosity.

To preserve the longitudinal particle density, debunching should rather be done with
40.08MHz. Bunch compression is performed in a third step. As has been introduced in
Sec. 3.4.1, the length of a barrier bucket can be manipulated by adiabatically moving the
barriers in phase with respect to each other. This phase motion compresses the bunch in be-
tween, while the longitudinal particle density and momentum spread increase simultaneously.
The barrier bucket compression is applied in the LHC until the original momentum spread of
the initial bunches is re-established, which also corresponds to the restoration of the original
longitudinal density.

Although the scheme described above seems to promise a simple creation of long and flat
bunches, it has several inherent drawbacks which nearly exclude its application to a high inten-
sity beam in the LHC [176]:

Firstly, the adiabatic bunch compression by moving RF barriers would take a time in the
order of several ten minutes to keep the longitudinal emittance dilution within reasonable limits.
Following the adiabaticity criterion introduced in Sec. 3.4.1 the compression would diminish
the integral of the luminosity over time by lengthening the filling and beam preparation time
so that the luminosity gain due to the long and flat bunches would be reduced significantly.

Secondly, assuming barrier pulses at frequencies around 7.5 . . . 10MHz, which represents
the upper technical limit of inductively loaded broad band RF cavities, the final bunches would
have a considerable fraction of their particles within the tails, and the luminosity gain obtained
by crossing such bunches is below the theoretical limit of

√
2 (see Chapter 4).

Thirdly, the beam is accelerated to the collision energy of 7TeV by the superconducting RF
system at 400.8MHz and this RF system will be also present and influence the beam during the
generation of the long and flat bunches. However, especially the very long coasting beam-like
bunches are prone to perturbing RF voltages after debunching into the barrier buckets. Even
though the superconducting RF system will be equipped with an efficient vector feedback to
suppress transient beam loading [177], it will not be capable to reduce the RF voltage reliably
enough as required for the generation of long and flat bunches.
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Fourthly, the effect of the average energy loss of the particles at collision energy caused by
synchrotron radiation must be compensated. This requires an RF system generating a constant
voltage of some 6.7 kV along the full PS batch length of 1.8µs. As the RF systems have to be
free from of DC components, the long positive pulse must be followed by a short negative pulse
of large amplitude which is generated within the gap of two PS batches. Such a compensation,
which is necessary in addition to the barrier bucket system to confine the long bunches, presents
a challenging and expensive task.

Finally, the momentum spread after debunching to the barrier bucket is small compared
to the spread of the nominal LHC bunches. The thresholds for the microwave instability (see
Chapter 6) are therefore much below the estimated longitudinal impedance in the LHC. As a
result, the beam is unstable during the creation of the long and flat bunches.

These major disadvantages of the straightforward scheme of long bunch generation in the
LHC demand new approaches to perform the necessary RF manipulations. A more promising
scheme is therefore presented below.

5.2.2 Overview of the long bunch generation scheme

The RF gymnastics to generate long and flat bunches, about one order of magnitude longer than
the nominal LHC bunches, mainly consists of three ingredients. Two of them, batch compression
and bunch pair merging, have been briefly introduced in Chapter 3. The third ingredient, the
final formation of the long and flat bunch, is very similar to a bunch pair merging with three
or more harmonics which is just stopped in the middle of the process.

Batch compression serves to increase the harmonic number in a circular accelerator from
h1 to h2. The difference of the two harmonics is chosen small enough so that the bunches
can follow the buckets during the harmonic hand-over (see Sec. 3.2.3). The bunch spacing
decreases and it is therefore used to push the batches of bunches together more closely. In the
nominal LHC scheme, only every tenth bucket is a possible bunch position. Starting the batch
compression at the nominal RF harmonic of h = 35640 would be inconvenient, because the
number of empty buckets between two bunches remains the same. Therefore, the generation
of long and flat bunches starts from an RF system at ten times lower RF harmonic h = 3564
(40.08MHz), where every bucket serves as a bunch position. Stepwise increase of the harmonic
number up to h = 7128 (80.16MHz) causes the bunch spacing to shrink by a factor of two to
12.5 ns, whereas the number of bunches stays constant throughout the procedure.

To re-establish the original bunch spacing and to reduce the number of bunches, the com-
plementary procedure, bunch pair merging, is applied where the RF amplitude at h = 7128 is
adiabatically decreased while simultaneously increasing the amplitude at h = 3564. The bunch
spacing increases again to 25 ns but the number of bunches is halved with respect to the initial
state.

Repetitive application of this sequence of batch compression and bunch pair merging allows
to progressively confine dense bunches as illustrated in Fig. 5.7. It is obvious that the
number of initial bunches must be a power of two so that the confinement is restricted to
4, 8, 16, 32, 64 . . . 2n bunch batches. A reasonable choice of this batch length is explained in
what follows.

Choice of batch length

Two main arguments determine the number of initial bunches to be combined to one long and
flat bunch in the LHC:
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Fig. 5.7: Subsequent application of batch compression and bunch pair merging gradually reduces the number
of bunches and increases the intensity per bunch.

Firstly, assuming a constant emittance per bunch, the required RF voltage for the creation
and the storage of the long and flat bunches is proportional to the square of the number
of combined bunches. The absolute voltages necessary to store the final bunches after the
combination of batches of 16 bunches can be found in Tab. 4.3. A reasonable RF voltage
providing sufficient bucket area during the creation of these bunches is somewhat larger, namely
about 1.5MV.

Secondly, the number of remaining bunches, multiplied by their bunch length, can be con-
sidered as an effective beam length. Following the derivations in Sec. 4.2.5, this effective beam
length nblb should be chosen so that the maximum beam-beam tune shift is reached with the
maximum available average beam current (see Fig. 4.3).

The relevant beam parameters for different numbers of bunches confined to one long bunch
are given in Tab. 5.3.

Number of initial bunches 1 4 8 16 32 64
per long and flat bunch
Total number of bunches, nb 2808 624 312 156 78 39
Effective beam length, nblb [m] 531 2613 1306 653 327 163
(rectangular equivalent, 3 harmonics)
Average current for ∆Q = −0.01, I0 [A] 0.94 12.8 6.4 3.2 1.6 0.8
(alternate beam crossings)
RF voltage for the generation [MV] 0.1 0.4 1.5 6 24
of long bunches, URF

Tab. 5.3: Parameters for the choice of the number of initial bunches to generate a long and flat bunch. The
longitudinal emittance per initial bunch is taken to be 1 eVs at the LHC injection flat-bottom. The total number
of long and flat bunches per beam is based on the empty to occupied bucket factor 2808/3564 of the nominal
LHC beam.

As already pointed out in Sec. 4.3.6, a very high luminosity could be achieved with options
confining less than 16 initial bunches, but at the expense of excessively high and unpractical
total beam currents.

On the other hand, compressing more than 32 LHC bunches requires a considerable RF
voltage to generate the long bunches, and the beam-beam limit restricts the beam intensity in
the range of the intensity of the ultimate LHC scheme (see Tab. 4.2). However, it will be very
difficult for the experiments to cope with the event rate associated with this very small number
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of superbunches in the LHC.
Therefore, the only remaining two options of combining either 16 or 32 almost nominal LHC

bunches to one long bunch are considered realistic and worth being discussed in more detail.

Total batch length in the LHC

Direct batch compression of batches of 16 or 32 bunches close to each other without any gap
in between is excluded for two reasons: firstly, because the harmonic number 3564 is neither
divisible by 16 nor 32, and secondly because, during batch compression, the effective RF ampli-
tude is modulated along the batch so that at least the edge buckets cannot be populated with
particles.

As the harmonic number h = 3564 decomposes to 22 · 34 · 11, the favorable batch lengths
leaving at least one empty bucket at each end are nbatch = 2 · 32 = 18 for 16 respectively
nbatch = 22 · 32 = 36 for 32 bunches. The fundamental harmonic of the batch confinement
RF gymnastics is thus 198 or 99 which corresponds to the number of available bunch positions
for the final long and flat bunches. Furthermore, the step width in harmonic number of the
hand-overs during batch compression is also defined by this step of ∆h = 198 or ∆h = 99.

The complete schedule for the harmonic number changes during batch compression as well
as the increase of the number of buckets per batch is illustrated in Figs. 5.8 and 5.9. The bunch
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Fig. 5.8: Schedule of harmonic numbers and bunch
patterns during long bunch combination of 16 initial
bunches.
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Fig. 5.9: Same harmonic schedule as in Fig. 5.8 but
for a batch of 32 initial bunches. The bunch pattern
notation is introduced at the end of Sec. 5.1.1.

patterns are given for the first batch compression. For subsequent compressions the number of
bunches is less while the number of empty bucket positions is larger.

It can be seen from the harmonic schedule that the RF systems for the batch compression
have to cover the frequency range from 40.08 (h = 3564) to 80.16MHz (h = 7128), no matter
whether 16 or 32 bunches are combined. However, no more than two RF harmonics are acting
on the beam simultaneously so that the complete RF gymnastics can be covered by two tunable
groups of RF systems. It should be mentioned that the final formation of the long and flat
bunches may require additional fixed frequency RF systems if more than two harmonics are
applied to flatten the bunch shape.



5.2. GENERATION OF LONG AND FLAT BUNCHES 89

The new LHC cycle

At the collision energy of 7TeV, each beam with nominal intensity contains some 362MJ
(2808 · 1.15 · 1011 protons), which makes the machine extremely sensitive to any kind of beam
losses. At injection energy, the acceptable losses are 15 times larger. As complicated RF
gymnastics can cause small beam losses, it is clearly preferable to perform most of the beam
gymnastics at the injection flat-bottom of the LHC.

Neglecting the effects of bucket area reduction during batch compression, a change of the
harmonic number at constant RF voltage causes the bucket area to shrink according to 1/h3/2

so that the smallest bucket area occurs at the end of the batch compressions. The bucket area
for relevant harmonic numbers together with the bunch emittances are shown in Fig. 5.10. It
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Fig. 5.10: Bucket area versus harmonic
number for relevant RF frequencies be-
tween 40.08 and 80.16 MHz at constant
voltage of 1.5 and 6MV at the injec-
tion flat-bottom in the LHC. The dashed
lines show the total emittance of 2n initial
bunches.

becomes clear that in the 16 bunch scheme as well as in the 32 bunch scheme the initial batch
can be combined to two remaining buckets held at h = 3564 at injection energy.

While the bunch emittance stays virtually constant during acceleration, the bucket area
grows proportionally to

√
E/|η| ' γtr

√
E ∝ √E so that it is 3.9 times larger at collision energy.

Therefore the last batch compression and the final formation of the long and flat bunches must
be carried out at the LHC flat-top.

Batches of two bunches according to the bunch pattern of 2⊗b⊕16⊗e (16 initial bunches) or
2⊗b⊕34⊗e (32 initial bunches) are accelerated with the 40.08MHz RF system. The moderate
average energy gain of 485 keV/turn results in a synchronous phase of φ0 = (180 − 18.8)0

respectively (180 − 4.6)0, and the bucket area reduction as sketched in Fig. 2.5 due to the
synchronous phase is not critical during acceleration.

It is important to point out that an additional benefit of shifting as much of the RF manip-
ulations to the injection flat-top is offered by the scaling of the synchrotron frequency propor-
tional to

√|η|/E ' 1/(γtr

√
E) ∝ 1/

√
E. To keep the same adiabaticity during the process, the

manipulation can be executed four times faster at 450GeV.
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5.2.3 Beam transfer from SPS to LHC

As the batch confinement RF gymnastics is based on RF systems at harmonic numbers between
3564 and 7128, the beam from the SPS is injected into large 40.08MHz buckets at the LHC
flat-bottom. Furthermore, the estimation of the beam loading voltage induced to the supercon-
ducting 400.8MHz cavities (see Sec. 6.5) shows that they even have to be removed for operation
with long bunches. Parallel operation of both the standard superconducting RF system and a
40.08MHz RF installation is impossible with reasonable power capabilities.

The condition for a longitudinally matched bunch to bucket transfer between two circular
accelerators has been derived in Sec. 3.5 so that the voltage ratio optimum between SPS and
LHC is given by

VSPS

VLHC
=
(
RSPS

RLHC

)2 ∣∣∣∣ ηSPS

ηLHC

∣∣∣∣ hLHC

hSPS
= 0.38 · hLHC

hSPS
. (5.2)

For matched injection into 40.08MHz buckets the voltage ratio becomes 0.29. However, as an
additional constraint, the bucket area must be sufficient in both accelerators.

The bucket area of the 200MHz SPS buckets at extraction flat-top is plotted in Fig. 5.11
versus the available RF voltage. Assuming a bunch emittance of 0.6 to 0.7 eVs at 450GeV, the
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Fig. 5.11: Bucket area of the 200 MHz RF sys-
tem in the SPS versus its RF amplitude.

bucket area should be at least three times as large as the bunch emittance to keep the bunch
within the linear region of the bucket. Therefore, the minimum RF voltage limitation in the
SPS for extraction into a 40.08MHz RF system in the LHC is about 3MV. The upper voltage
limit is simply given by the available RF power, which limits the maximum RF voltage to some
8MV.

Beam transfer by bunch rotation

Depending on whether 16 or 32 initial bunches should be combined to one long and flat bunch,
the available RF voltage at 40.08MHz in the LHC will be either 2 · 1.5MV or 2 · 6MV.

In the case of 3MV, the corresponding RF voltage in the SPS according to Eq. (5.2) is only
0.87MV so that the bucket area would be insufficient. Therefore, a virtual reduction of the
RF voltage by bunch rotation is foreseen, to obtain a ratio of bunch length to energy spread of
about 0.87MV at extraction. The bunches are rotated in the longitudinal phase space in the
SPS, and the extraction to the LHC takes place when the bunch length is largest, respectively
after a rotation by a quarter of a turn.

Following the analysis in Sec. 3.3.1, the maximum bunch lengthening factor reachable by
an instantaneous voltage step down from 8 to 3MV is 1.63. After rotation in the longitudinal
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phase plane, when the bunch is longest, it has similar parameters as a bunch kept in a stationary
bucket with 1.1MV, except that such a bunch would be significantly stretched out in the non-
linear regions of the bucket as its emittance is close to the bucket area (see Fig. 5.11).

Tracking calculations of the beam transfer scheme by bunch rotation show that a small but
non-negligible emittance blow-up occurs. Starting from a matched bunch of 0.65 eVs longitudi-
nal emittance in the SPS, the RF amplitude is raised adiabatically from 3MV to 8MV and then
suddenly switched back to 3MV. After one quarter of a period at the synchrotron frequency,
the bunch is transferred to the LHC and tracked for further 0.2 s to observe residual mismatch.
The longitudinal emittance blow-up caused by such a transfer between SPS and LHC with opti-
mized parameters is illustrated in Fig. 5.12. As expected, the longitudinal emittance remains

0 0.1 0.2 0.3 0.4
Time @sD

0.2

0.4

0.6

0.8

1

¶ l
@eVsD

SPS

200 MHz, 3 to 8 MV
200 MHz, 2.48 MV

LHC

40 MHz, 3 MV
40 MHz, 12 MV

Fig. 5.12: Longitudinal emittance during a
bunch transfer from SPS to LHC including
bunch lengthening by bunch rotation in the
SPS (continuous line). The dashed line rep-
resents the transfer to 12 MV at 40.08 MHz
in the LHC. The longitudinal emittance is
defined as the area of the encircling ellipse
containing 99 % of the bunch particles nor-
malized to 0.65 eVs at the beginning of the
process.

constant during the adiabatic voltage increase within the first 200ms. The bunch rotation itself
is by far too fast to be visible on the timescale of Fig. 5.12; the bunch is extracted some 2.5ms
after the instantaneous voltage reduction. After injection into the LHC, an oscillation of the
effective longitudinal emittance with the synchrotron frequency can be observed. It is caused by
the residual longitudinal mismatch of the injected bunch. After filamentation, the final bunch
has an emittance of some 0.8 eVs and the transfer blow-up is about 23%. It should be pointed
out that the residual longitudinal mismatch comes from a non-ideal bunch rotation: a signif-
icant fraction of particles suffers from the reduced synchrotron frequency at large oscillation
amplitudes. Therefore, the optimum rotation time must be 1.25 · π/(2ωs) to obtain minimum
transfer blow-up, slightly longer than a quarter period of the linear synchrotron frequency.

Direct transfer

In the case of 32 initial bunches combined to one long and flat bunch, the available RF voltage
has to be about 2 · 6MV at 40.08MHz and, according to Eq. (5.2), the corresponding RF
voltage in the SPS is about 3.5MV. It is expected that the matched transfer causes virtually
no longitudinal emittance blow-up (see Fig. 5.12, dashed line).

However, the bucket area of a 40.08MHz RF system in the LHC is much larger than the
emittance of the injected bunches resulting in low synchrotron frequency spread and virtually
no Landau damping. This might restrict the maximum RF amplitude during injection, and the
bunch rotation scheme might be favorable even if more RF voltage would be available.

Albeit the ideal longitudinal emittance after beam transfer to the LHC is estimated to be
below 0.8 eVs, an additional blow-up caused by a higher harmonic RF system to re-establish
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Landau damping (see Sec. 6.3.6) must be taken into account. Therefore the subsequent analysis
of the RF gymnastics assumes a longitudinal emittance of 1 eVs.

It is important to point out that the transfer of nominal bunches from the SPS (8MV)
to the 400.8MHz RF system (8MV) also causes a longitudinal emittance blow-up. Instead of
stretching the bunches as suggested above, a bunch rotation might be an option to shorten the
bunches and to suppress the mismatch [178].

5.2.4 Batch compression

After beam injection, the RF manipulation to generate the long and flat bunches commences.
The harmonic number is raised in steps of 198, respectively 99, which corresponds to a step
of unity with respect to the local harmonic number of the batch (see Figs. 5.8 and 5.9). The
lower harmonic RF amplitude at h1 is adiabatically decreased while the higher harmonic RF
at h1 + 198 or h1 + 99 is increased simultaneously.

When both harmonics are of equal RF voltage, the beat frequency at h2 − h1 has the same
amplitude as the two main carriers so that the effective RF focusing is large at the center of
the batch but decreases to nearly zero at the very ends of the batch. This problem is most
critical at the beginning of the first harmonic hand-over as only the last (16 initial bunches) or
the last two (32 initial bunches) buckets are kept empty at both ends of the batch. An example
of the separatrices and bucket areas for the worst case during the first harmonic hand-over of
the combination of 32 bunches is shown in Fig. 5.13. In the case of 16 initial bunches, the

0 Π�4 Π�2 3Π�4 Π
Φ @radD

-1

0

1

D
E

@GeVD 36.8 36.5 36.1 35.6 34.9 34.1 33.1 32.0 30.7 29.3 27.7 25.9 23.8 21.5 18.8 15.7 11.8 6.0

Fig. 5.13: Separatrices in the middle of the first harmonic hand-over from h = 3564 to 37/36 · 3564 = 3663
when both RF voltages are equal and at half of their maximum amplitude, namely 3MV each. The separatrices
of empty buckets are plotted with dashed lines. As the stationary trajectories are symmetric around φ = 0 only
one half is shown. The buckets areas (in the center of the separatrices) are given in units of eVs.

situation is similar. The bucket area of the populated buckets varies from 8.1 to 17.9 eVs in
this case, and the empty bucket at the end of batch has an area of 4.1 eVs.

The analysis above seems to suggest that the gaps in between the batches are not mandatory.
However, despite of their function to make the bunch pattern compatible with the LHC with
its global harmonic of 3564, it is important to point out that the bucket area dynamically
oscillates from the stationary value as shown in Fig. 5.10 to the minimum value (Fig. 5.13)
within each single harmonic hand-over. In the adiabatic limit, the bunch inside the bucket must
be able to follow this quadrupole excitation caused be the bucket motion without dilution in
the longitudinal phase space. The development of the bucket areas of center (dashed line) and
tail buckets is presented in Figs. 5.14 and 5.15. While the area of the center bucket shrinks
smoothly, the outer buckets, especially the last one, are strongly modulated. This behaviour
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Fig. 5.14: Development of the bucket area during
batch compression from h = 3564 to 7128 in steps of
∆h = 99. While the center bunch mainly shrinks pro-
portional 1/h3/2 (dashed line), the last bunch shows
a strong modulation of the bucket area with each har-
monic hand-over (continuous).
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Fig. 5.15: Comparison of the bucket area de-
velopment of center (dashed line) and last popu-
lated bucket (continuous). The bucket area is still
strongly modulated, but the variation is already sig-
nificantly reduced compared to the last, empty bucket
(Fig. 5.14).

can cause emittance dilution if the bucket area is modulated so fast that the bunch is not able
to follow the rapid changes of the bucket.

For the calculation of Figs. 5.14 and 5.15 the time for each harmonic hand-over was assumed
to be constant. Since the degree of modulation is largest for the first sub-steps of the batch
compression, they should be lengthened so that the time derivative of the effective RF focusing
does not surpass a certain limitation during the batch compression manipulation.

Time optimization

From the analytical calculation of RF potential or separatrices during batch compression, one
could get the impression that the RF manipulation is symmetric in the sense that both ends of
the batch move to the center simultaneously. However, it should be kept in mind that, above
transition, the bunch at the front of the batch must be slightly accelerated while the bunch at
the back must be decelerated to initiate their relative phase motion with respect to the batch
center.

Therefore a batch compression can also be regarded as sketched in Fig. 5.16. Each

Fig. 5.16: During batch compression, each bunch of the batch has to be slightly accelerated or decelerated to
move them towards the center. The offset energy of this acceleration or deceleration increases with the distance
of the bunch from the center of the batch.

bunch is slightly displaced in energy where it drifts in phase to reach its new position after the
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batch compression. It becomes clear that the bunch motion of the front and the back half are
reflections in a point around the batch compression center.

It is worth noting that this view of the batch compression manipulation is not taken into
account in the calculations of buckets via the Hamiltonian theory. A simple harmonic hand-
over between two harmonics, where the lower harmonic is decreased linearly while the higher
harmonic is also increased linearly, the motion of the bucket center switches non-adiabatically
from dφ0/dt = 0 to dφ0/dt 6= 0. This effect excites a dipole oscillation of the bunch, which
causes emittance dilution and thus a blow-up of the effective longitudinal emittance. Especially
the bunches at the tails of the batch suffer from this effect.

Therefore, a simple equilibration of the voltage ramps is presented in what follows. This
equilibration ensures that the bunches are slowly accelerated and decelerated at the beginning
and at the end of the batch compression.

For the optimization, the following parameters are assumed at the beginning and at the end
of the batch compression:

before after
Harmonic, h h0 −→ 2h0

Total batch length, l l0 −→ l0/2
Time, t 0 −→ τbc .

For simplicity it is assumed that the harmonics number does not change stepwise, but that
the effective harmonic number varies smoothly with time, namely

h(t) = h0

(
t

τbc
+ 1
)
, (5.3)

so that the length of the batch develops according to

l(t) = l0

/(
t

τbc
+ 1
)
. (5.4)

This function has a gradient at t = 0 and t = τbc so that the buckets switch from stationary
to moving instantaneously, which is strongly non-adiabatic. Especially at the beginning of the
process a large energy offset of the tail bunches is required.

An optimized function of the time dependent bunch length l(t) should be smooth and have
vanishing derivatives at t = 0 and t = τbc. Trigonometric functions can fulfill these requirements,
and a reasonable choice can be written as

lopt(t) =
[
3
4

+
1
4

cos
(
π
t

τbc

)]
l0 . (5.5)

The improved batch length function is plotted in Fig. 5.17. One can observe that the batch
length starts to shrink smoothly.

The time scaling function to achieve the improved batch length shrinkage can be found
easily by demanding that lopt(t) = l(t1), where t1 is the new time function which itself depends
on the original time t. Finally, this function becomes

t1(t) =
[

1
3/4 + 1/4 · cos(πt/τbc)

− 1
]
τbc . (5.6)

The time function can be used to convert the linear amplitude ramp functions of the batch
compression to such amplitude where the end of the batch moves according to Eq. (5.5).
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Fig. 5.17: Improved batch length function versus
time (continuous line). As a reference, the batch
length function of a non-equilibrated batch compres-
sion is also shown.
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Fig. 5.18: Movement of the bucket centers during the first batch compression for a simple scheme. The thick
lines mark the center positions of the buckets while the shaded areas enclosed by thin lines represent the total
longitudinal extent of the buckets. Only one half of the batch is shown.
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Fig. 5.19: Same representation of bucket centers and bucket lengths as in Fig. 5.18 but for an improved scheme
with a batch length variation according to Eq. (5.5).

The resulting movement of the buckets in the case of non-equilibrated voltage ramps during
batch compression of 16 bunches is sketched in Fig. 5.18, while the optimized case is presented
in Fig. 5.19. Clearly, especially the edge bunches are accelerated respectively decelerated
smoothly at the beginning and at the end of the batch compression.

The harmonic program and the RF amplitude ramps for an equilibrated batch compression of
a batch of 16 bunches with 2 empty buckets in between are illustrated in Fig. 5.20. Essentially
the first and the last harmonic hand-over from h = 3564 to 3564+198 and from h = 7128−198
to 7128 have to be performed with non-linear amplitude ramps because the acceleration and



96 CHAPTER 5. GENERATION OF LONG BUNCHES IN THE LHC

0 2 4 6 8 10
Time @sD

3564

4158

4752

5346

5940

6534

7128

0

0.2

0.4

0.6

0.8

1

A
m

pl
itu

de
@a.u.D

H
ar

m
on

ic

40.1

46.8

53.4

60.1

66.8

73.5

80.2

R
F

fr
eq

ue
nc

y
@MHzD

1 2 3 4 5 6 7 8 9

10 11 12 13 14 15 16 17 18

Hand-over:

Fig. 5.20: Harmonic and voltage ramps for an optimized batch compression of the bunch pattern 16⊗ b⊕ 2⊗ e
from h = 3564 to 7128 by 18 stepwise harmonic hand-overs. The lower harmonic and the related amplitude are
plotted as continuous lines while the higher harmonic and amplitude are represented as a dashed line.

deceleration of the tail bunches needs to be initiated. The intermediate harmonic hand-overs
still have almost linear variation of the RF amplitudes; they are just shifted together in time.

Tracking studies demonstrate the effect of the equilibration during batch compression on
the longitudinal emittance: Figs. 5.21 and 5.22 show the development of the longitudinal RMS
emittance during the first batch compression of a batch of 16 bunches with a gap of two empty
buckets between adjacent batches. The initial bunches have a parabolic distribution with a
total emittance of 1 eVs. Each of them consists of some 2000 macro particles. Collective effects
are not taken into account. In the case of a constant time for each harmonic hand-over, the
emittance of the tail bunch is diluted significantly due to the non-adiabatic modulation of the
RF focusing. It is worth noting that the subsequent bunch mergings become asymmetric even
if only the last bunch suffers from this excitation. This leads to additional emittance dilution.
However, in the case of the equilibrated batch compression with amplitude ramps according to
Fig. 5.20, virtually no longitudinal emittance dilution is visible although the batch compression
has the same total duration as assumed in the non-optimized case.

Amplitude modulation

It is shown in Fig. 5.13 that the effective RF focusing is strongly modulated along the batch
when the two RF system acting on the beam have the same amplitude. This modulation,
from which especially the tail buckets may suffer, has a negative effect on the bunches at the
ends of the batch because, as mentioned above, the fast variation in RF focusing can excite a
quadrupole oscillations if the RF manipulation is not perfectly adiabatic. The possible benefit
of an additional amplitude modulation to counteract the bucket area variation along the batch
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Fig. 5.21: Emittance development of center and
tail bunches during batch compression of a 16 bunch
batch in the LHC from h = 3564 to 7128. Each har-
monic hand-over has the same duration. The track-
ing calculation was performed starting with 1 eVs
bunches at an energy of 450 GeV (emittance conver-
sion from total to RMS see Tab. 2.3).
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Fig. 5.22: Same representation as in Fig. 5.21 but
for the equilibrated batch compression. There is vir-
tually no longitudinal emittance dilution visible any-
more although the manipulation takes the same time
as in the bare case. The alternating white and gray
striped regions indicate the harmonic hand-overs.

is therefore analyzed in this paragraph.
Assuming that the bunches are handed over from the harmonic h1 to h2, both RF amplitudes

are modulated with the batch frequency given by (h2 − h1)ω0. In the frequency domain, an
amplitude modulated signal consists of a main carrier at e.g. h1ω0 with the batch frequency ω0

and of two carriers which are just (h2 − h1)ω0 apart. RF cavities with a high quality factor do
not have sufficient bandwidth to follow the fast amplitude modulation at the batch frequency
with reasonable drive power, and additional RF systems would have to be installed to generate
the modulation side bands. The technical implementation would thus be an approach in the
frequency domain, too.

Adding the side band amplitudes Us1 and Us2 to the unmodulated combination of two RF
carriers at h1 and h2 as stated in Eq. (3.7) results in a total RF amplitude which can be written
as

U(t) = −Us1 sin [(2h1 − h2)ω0t]︸ ︷︷ ︸
lower side band of h1

+ (U1 − Us2) sin(h1ω0t)︸ ︷︷ ︸
main carrier h1 and lower side band of h2

+ (U2 − Us1) sin(h2ω0t)︸ ︷︷ ︸
main carrier h2 and upper side band of h1

− Us2 sin [(2h2 − h1)ω0t]︸ ︷︷ ︸
upper side band of h2

, (5.7)

where the terms are given in the order of ascending frequency. The upper side band of the
carrier at h1 coincides with the carrier at h2. The lower side band of the main carrier at
the harmonic h2 has the same frequency as the carrier at h1. Finally, only two additional
RF systems operating on the harmonics 2h1 − h2 and 2h2 − h1 are required to generate the
amplitude modulation of both carriers at the batch frequency.

The modulation amplitude of the side bands Us = Us1 = Us2 is calculated numerically from
the condition that the center and the last occupied bucket have identical areas. In analogy to
the bucket area distribution along the batch as sketched in Fig. 5.13 for the first harmonic
hand-over, Fig. 5.23 illustrates the same situation, but with additional side bands according to
Eq. (5.7). The areas of center and tail bucket are equal by definition. However, center and
tail buckets now have the smallest areas while the largest buckets are situated in the center of
each half of the batch.
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Fig. 5.23: Separatrices and bucket areas as in Fig. 5.13, but with amplitude modulation of both RF amplitudes
so that the bucket area of the center and the tail bunches is identical. Again only one half of the 32 buckets of
the batch is shown. The optimum voltage ratio is Us1/U1 = Us2/U2 = 0.348.

The maximum modulation amplitude is only needed at the instant when both RF amplitudes
are equal during a harmonic hand-over. It must be zero in between, when the beam is held
by one RF frequency only. The modulation side bands are therefore increased during each
harmonic hand-over until both main RF amplitudes are equal. Then the modulation amplitude
reaches its maximum to equilibrate the bucket areas as shown in Fig. 5.23. The side band
amplitudes are decreased again towards the end of the harmonic hand-over so that they vanish
when a higher harmonic main RF carrier holds the beam.

Analyzing the development of the longitudinal emittance with numerical tracking calcula-
tions shows that the additional amplitude modulation has a positive effect on the longitudinal
dilution of the tail bunches (see Fig. 5.24). Even though the additional amplitude modulation
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Bunch 1 HcenterLBunch 8 HtailL Fig. 5.24: Emittance development of center and
tail bunches during batch compression as shown in
Fig. 5.21 but with additional amplitude modulation
during the harmonic hand-over. The center bunches
are not affected significantly by the quadrupole oscil-
lations of their buckets.

causes a variation of the effective RF focusing of the center buckets during each harmonic hand-
over, no significant dilution of the bunches in those buckets can be observed. However, when
the batch has a total length of four bunches and the remaining bunches have large emittances,
all bucket areas are equal with amplitude modulation but slightly smaller than the bucket areas
without modulation. The tracking calculations show that this results in a bucket area limita-
tion so that particles get lost during the last batch compression with four remaining buckets at
450GeV.

Keeping in mind that two additional RF systems with non-negligible voltage demands of
some 40% of the two main RF system would have to be installed, amplitude modulation might
be an option when the batch compression is limited by insufficient area of the tail buckets.
As this is not the case for analyzed batch compressions which are performed during the long
and flat bunch combination scheme in the LHC (see Fig. 5.13), amplitude modulation is not
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necessary. The reduced blow-up of the tail bunches as illustrated in Fig. 5.24 is not significant
as it is compensated by the time optimization scheme anyway.

Modified amplitude functions

For all schemes considered so far (see also Sec. 3.2.3) it was assumed that the higher harmonic
amplitude would be increased while decreasing the lower harmonic amplitude simultaneously.
In this case, both amplitudes are equal and have half of their maximum value at the middle of
each harmonic hand-over.

An increase of the minimum bucket area during the harmonic hand-overs of
√

2 is achieved
by the voltage ramps as sketched in Fig. 5.25 [81]. It should be mentioned that it is not
mandatory that the amplitude ramps are linear. Time equilibration of the procedure for smooth
acceleration and deceleration of the tail bunches can be reached as in the case of bare batch
compression. Firstly, the RF amplitude at the larger harmonic h2 is increased while the
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Fig. 5.25: Amplitude ramps (continuous and dashed)
for harmonic hand-overs with increased bucket area
during the process. The linear voltage functions (dot-
ted) are shown for comparison only.

0.0 0.2 0.4 0.6 0.8 1.0
Time @a.u.D0

10

20

30

40

50

A
@eVsD

LHC, 450 GeV, bunch #1 and #16

Fig. 5.26: Comparison of the bucket area develop-
ment of center (dashed) and last populated bucket
(continuous). Each of the 36 harmonic hand-overs is
performed by voltage curves as shown in Fig. 5.25.
Compared to Fig. 5.15 both buckets have a strongly
modulated effective RF focusing.

amplitude at h1 stays constant. In the middle of the process, both voltages are equal and at
their maximum values. Secondly, the amplitude at the lower harmonic is decreased to zero so
that the bunches are held by the RF system at h2 alone.

Fig. 5.26 presents the modulation of center (dashed) and tail (continuous) bucket for a
complete compression of 32 bunches with four empty buckets between the batches. In direct
comparison to Fig. 5.15 one can clearly see that the bucket area modulation of the tail buckets
is reduced by a factor of

√
2. However, the area of the center buckets is now also modulated

significantly. Even if only at reduced strength, all other buckets are additionally modulated by
the special amplitude ramps as shown in Fig. 5.25.

Batch compression with the amplitude ramping scheme discussed above has been in op-
eration for the preparation of the primary proton beam in PS for antiproton production at
CERN [73, 82]. As the bunch emittance becomes close to the bucket area limitation, one can
profit from the increased effective RF focusing. For the batch combination scheme proposed
for the LHC, the buckets are sufficiently large compared to the small bunch emittance at the
beginning of the procedure so that the application of these modified amplitude functions during
harmonic hand-over is not necessary. The bunches would even suffer from increased longitudinal
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emittance dilution.

Summary of batch compression options

Several possible options to improve the batch compression manipulation are analyzed in the
preceding sections. Tab. 5.4 gives an overview of these options with the bare batch compression
as reference. While the standard batch compression with harmonic hand-overs having linear

Bucket area Long. Emittance Add. Hardware

Bare scheme reference reference none

Time optimization unchanged reduced blow-up of none
tail bunches

Amplitude modulation first and last reduced blow- two additional
bucket equilibrated up of tail bunches RF systems

Modified amplitude bucket area slight blow-up of none
functions increased center bunches

Tab. 5.4: Benefits of different optimization options of the long and flat bunch combination RF gymnastics.

RF amplitude ramps results in reasonable performance with respect to the dilution of the longi-
tudinal emittance, the effect can be reduced significantly by time optimization. It is important
to point out that this optimization requires no additional hardware installations.

Adding amplitude modulation during each sub-step of the harmonic increment also reduces
the longitudinal dilution of the tail bunches. However, a supplementary RF system capable of
generating some 40% of the amplitude of the RF systems for the main carriers must be installed
to generate the amplitude modulation side bands.

The choice of a special amplitude function during each harmonic hand-over has a negligible
effect on the longitudinal emittance of the beam. As the bucket areas generated by a 40.08MHz
long and flat bunch combination RF system in the LHC are sufficiently large compared to the
bunch emittance during the first steps of batch compression, there are no strong arguments to
apply it for the proposed scheme to gain the factor of

√
2 in bucket area. However, it might be

an option if the RF amplitude must be kept small for beam stability reasons during the first
batch compression.

5.2.5 Bunch pair merging

After each compression, the batch is held by an RF system operated at 80.16MHz (h = 7128).
To reduce the number of bunches by a factor of two and to re-establish the initial RF frequency
of 40.08MHz (h = 3564), bunch pair merging is applied (see. Figs. 5.8 and 5.9). This type
of RF manipulation has already been introduced as an example for an adiabatic procedure in
Sec. 3.2.2. An improvement option to optimize the voltage ramps with respect to adiabaticity
during the process analogous to the optimization of the batch compression is discussed in what
follows.

Time optimization of bunch pair merging

An equivalent time optimization as presented for the batch compression in the preceding section
can be performed for bunch pair merging because the initial bunches have to be accelerated
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and decelerated towards the common center of gravity. According to Eq. (3.5) and (3.6), the
RF potential during bunch pair merging is given by

W (φ) =
1
h0

[
t

τbm
sinh0φ+

1
2

(
1− t

τbm

)
(cos 2h0φ− 1)

]
, (5.8)

where τbm denotes the time duration of the bunch merging. The position of the bucket centers
is derived from the minima of the potential, namely

φ0

(
t

τbm

)
=


 ±

1
h0

arccos
t/τbm

2(t/τbm − 1)
, t/τbm < 2/3

0 , elsewhere
(5.9)

The motion of the bucket centers is illustrated in Fig. 5.27 (thick lines). After two thirds
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Fig. 5.27: Phase motion of the bucket centers
(thick line) and the region of the sub-buckets (en-
closed by the thin lines) during bunch pair merging
with linear voltage ramps (h0 = 1).

of the process, the separated sub-buckets vanish completely, and a single bucket reaching from
−π to π remains (Fig. 5.27, thin lines). The positions of the sub-bucket centers vary quickly,
resulting in a large energy offset of the particles inside. This energy offset may cause emittance
dilution when the phase velocity dφ0/dt abruptly decreases to zero at t/τbm = 2/3.

Demanding that the motion of the sub-buckets should follow a cosine function so that the
bunches are smoothly accelerated and decelerated during the first two thirds of the merging
process

φopt

(
t

τtm

)
= ± π

4h0

[
3− cos

(
3π
2

t

τtm

)]
(5.10)

the time function to get the desired bucket motion is obtained as

t1(t) =
τbm

1− 1
2

/
cos

{
π

4

[
3− cos

(
3π
2

t

τbm

)]} (5.11)

by equating Eqs. (5.10) and (5.9). The equilibrated bucket motion is shown in Fig. 5.28; in
fact, the buckets are now smoothly accelerated and decelerated toward each other. The time
dependent voltage ramps are derived inserting Eq. (5.11) into Eq. (3.6) and can be finally
written as

U1(t) = U0 ·




1

1− 1
2

/
cos

{
π

4

[
3− cos

(
3π
2

t

τbm

)]} , t/τbm < 2/3

t/τbm , elsewhere

and

U2(1) = 1− U1(t) .

(5.12)
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Fig. 5.28: Phase motion of the bucket centers
(thick line) and the region of the sub-buckets (en-
closed by the thin lines) during bunch pair merg-
ing as in Fig. 5.27 but with optimized voltage
ramps (h0 = 1).

Fig. 5.29 illustrates these amplitude ramps (continuous) together with the simple, linear

0 0.2 0.4 0.6 0.8 1
Time @a.u.D0

0.2

0.4

0.6

0.8

1

A
m

pl
itu

de
@a.u.D

U1���������
U0

U2���������
U0

Fig. 5.29: Optimized amplitude ramps during
bunch pair merging according to Eq. (5.12) for a
smooth bucket motion (continuous, see Fig. 5.28)
compared to linear amplitude functions (dashed,
see Fig. 5.27).

amplitude functions (dashed). Comparing both functions shows a lack of adiabaticity in the
middle of the process which is compensated by the time equilibration. After two thirds of the
process, the sub-buckets vanish, and linear amplitude curves can be applied as the bucket center
does not move anymore. The scheme has also been checked by numerical tracking calculations
but no beneficial effect on the longitudinal emittance is observed. As long as the bunch merging
is carried out sufficiently adiabatically, the final emittance of the merged bunch is almost the
same for linear and time optimized amplitude ramps. In case of a fast bunch merging for which
a longitudinal emittance blow-up is observed, the time optimized amplitude ramps sometimes
even have an adverse effect on the longitudinal emittance. Therefore, the linear amplitude
functions are kept for the long and flat bunch combination scheme for the LHC.

5.2.6 Final formation of long and flat bunches

The final formation of the long and flat bunch is supposed to be a rather simple RF manipulation
with which the last two remaining buckets held at the harmonic 7128 (80.16MHz) are transferred
to a single flattened bucket. In fact, this RF gymnastics is very similar to a bunch pair merging
which is halted in the middle of the process, except that more RF systems contribute. For
simplicity the optimum final amplitudes as given in Tab. 4.3 are set linearly. Neglecting
synchrotron radiation, the final longitudinal phase space of a long and flat bunch held by two
respectively three different RF harmonics is illustrated in Fig. 5.30 and 5.31. Even for three
RF harmonics, the resulting bunches approximates the rectangular shape reasonably well. It
is worth noting that the maximum longitudinal density starting from bunches with a fixed
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Fig. 5.30: Longitudinal phase space and line den-
sity of a final long and flat bunch held by a double
harmonic RF system.
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Fig. 5.31: Same representation as is Fig. 5.31 but
for three multiple RF harmonics at 40.08, 80.16 and
120.24 MHz. The peak current is lowered for fixed
intensity because of the longer bunches.

intensity decreases with increasing number of harmonics due to an increase of the bunch length
(see Tab. 4.3).

5.2.7 The complete combination scheme

Arranging the RF manipulations successively results in a complete manipulation scheme to
combine 16 or 32 bunches to one long and flat bunch. An overview of the bunch pattern
during the procedure is given in Tab. 5.5, while the development of the buckets is illustrated in
Figs. 5.32 and 5.33. From the bucket motion the time optimization of the batch compression

Manipulation 16 initial bunches 32 initial bunches Energy
Initial bunch pattern 16⊗ b⊕2⊗ e 32⊗ b⊕4⊗ e 



450GeV

Batch compression 16⊗ b⊕20⊗ e 32⊗ b⊕40⊗ e
Bunch merging 8⊗ b⊕10⊗ e 16⊗ b⊕20⊗ e
Batch compression 8⊗ b⊕28⊗ e 16⊗ b⊕56⊗ e
Bunch merging 4⊗ b⊕14⊗ e 8⊗ b⊕28⊗ e
Batch compression 4⊗ b⊕32⊗ e 8⊗ b⊕64⊗ e
Bunch merging 2⊗ b⊕16⊗ e 4⊗ b⊕32⊗ e
Batch compression 4⊗ b⊕68⊗ e
Bunch merging 2⊗ b⊕34⊗ e
Acceleration 2⊗ b⊕16⊗ e 2⊗ b⊕34⊗ e
Batch compression 2⊗ b⊕34⊗ e 2⊗ b⊕70⊗ e }

7TeV
Final formation 1⊗ b⊕35⊗ e 1⊗ b⊕71⊗ e

Tab. 5.5: Bunch pattern during the LHC combination scheme for 16 and 32 initial bunches.

manipulations becomes clearly visible as expected: the buckets are slowly accelerated and
decelerated during each process to avoid the excitation of a dipole mode at the transition from
stationary to moving bucket.

To check the performance of the RF manipulation, batches of bunches consisting of some
2000 particles each have been tracked in the longitudinal phase space through the complete
procedure in the LHC. To save calculation time, the acceleration itself was replaced by a simple
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Fig. 5.34: Longitudinal phase space during the generation of a long and flat bunch at the beginning (top), in
the middle (center) and at the end of the RF manipulation at the LHC flat-bottom. The last bunch of the batch
(dark gray), which suffers most from the RF gymnastics, is magnified in the right plots.
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Fig. 5.35: Longitudinal phase space at beginning and end of the RF manipulation at flat-top. It is worth noting
that the vertical scale is changed with respect to Fig. 5.34.

energy scaling of all particles. For the same reason, only particles within half of the batch
have been taken into account as the second half of the batch is symmetric. The complete time
optimized harmonic and RF amplitude program used for tracking is shown in Fig. 5.36. The
acceleration in the LHC (represented by the dark gray line) will last some 20 minutes, which is
more than an order of magnitude longer than the time needed for the generation of long and
flat bunches. Virtually no longitudinal emittance blow-up is expected during acceleration from
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Fig. 5.36: Harmonic and voltage program for the complete long and flat bunch generation scheme. The thick
gray line corresponds to acceleration with the 40.08 MHz RF system for about 20 minutes. For a detailed plot
of the first batch compression see Fig. 5.20.

injection to collision energy.
To simplify the handling of the multi-bunch systems and sophisticated non-linear RF am-

plitude and harmonic functions, a dedicated tracking code has been developed. Firstly, this
code is extremely flexible with respect to multi-bunch systems, e.g. it allows to logically merge
or split bunches. All analysis functions like emittance derivation or bunch position calculation
can be applied to the logical bunches individually. Secondly, as the code is implemented as
a series of functional packages in Mathematica [179], most of the parameters can be handled
as functions, and the full flexibility of Mathematica itself can be employed to construct them.
Especially calculations including isolated or barrier buckets in combination with harmonic RF
systems can be performed flexibly. Further examples of different RF manipulations which are
evaluated with this code are presented in Chapter 3.

5.3 Adiabaticity and longitudinal emittance

Although adiabaticity is not a crucial parameter during the proposed long and flat bunch
scheme, as the additional time needed is below 10% of the acceleration time in the LHC, it is
worth analyzing the expected emittance blow-up versus total duration of the RF manipulation.

The development of the longitudinal emittance during the combination of a batch of 32
initial 1 eVs bunches for different durations is shown in Figs. 5.37 to 5.40. Gray shaded areas
are periods where batch compression is applied. The regions in between refer either to a bunch
pair merging or the final formation of the long and flat bunch. As only half of the batch is
tracked in the longitudinal phase space, the total emittance sums up to some 16 eVs. The upper
curves in Figs. 5.37 to 5.40 show the encircling elliptic emittance of 99% of the particles per
bunch summed up over the 16 bunches. It has been re-scaled so that the initial emittance is
again 16 eVs. The lower curves in the diagrams represent the sum of the RMS emittance being
calculated for each bunch independently (see. Sec. 2.5.1).

The total duration has to be equal or larger than 77.5 s for the emittance blow-up to be
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Fig. 5.37: Development of the elliptic (continuous)
emittance containing 99 % of the particles and the
RMS emittance (dashed) during the combination of
batches of 32 bunches. The shaded areas indicate the
regions of batch compression.
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Fig. 5.38: Same representation as Fig. 5.37 but
twice faster. An increased blow-up of the effective
emittance becomes visible.
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Fig. 5.39: Same representation as Fig. 5.37 but
three times faster. The increased emittance growth is
significantly stronger than in the figures above. Dur-
ing the last batch compression, particles get lost from
their buckets.
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Fig. 5.40: Same representation as Fig. 5.37 but four
times faster. Already during the second batch com-
pression, particles get lost from their buckets which
virtually leads to an exponential growth of the elliptic
emittance because the particle distribution becomes
non-elliptic.

negligible and the process quasi-adiabatic. It is worth mentioning that the apparent emittance
growth at the end of the final long bunch formation comes from artifacts of the calculation
method. As only half of the batch is taken into account for the tracking, the batch is virtually
merged with empty bunches. This leads to an artificial blow-up of the RMS emittance by a
factor of two whereas the effect on the elliptic emittance is even more severe because the final
bunches have a non-elliptic longitudinal distribution.

In Fig. 5.38, where the sequence is executed in less than 39 s, first signs of emittance dilution
during the RF manipulations become visible. The situation gets clearly worse when the total
duration is reduced to 25.8 s (Fig. 5.39). During the last batch compression at 7TeV particles
start to escape and are lost. In the last case (Fig. 5.40) the result becomes even useless.
Particles lost from the buckets cause an enormous emittance dilution, where the bunches are
virtually distributed all along the circumference of the LHC and finally lost.

Therefore a total time duration of 77.5 s seems adequate. The first 52.4 s of this duration
are spent on the flat-bottom at 450GeV, while the remaining time is spent on the last batch
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compression and bunch merging at 7TeV. This additional time needed to prepare the beam
has a negligible effect on the integrated luminosity.

5.4 Summary

After the detailed analysis of the RF manipulations necessary for the combination of 16 or 32
nearly nominal bunches to a long and flat bunch, the expected performance with respect to the
longitudinal emittance is summarized for the 16 bunch scheme in Tab. 5.6.

RF parameters Emit., εl εl/ε0
SPS ejection, 450GeV 8MV at 200MHz (SPS) 0.8 eVs
Bunch rotation and LHC injection 3MV at 40MHz (LHC) 1.0 eVs 25%
Blow-up by 400.8MHz RF system 3MV at 40MHz 1.1 eVs 10%
Batch compression to two bunches 2× 1.5MV at 40 . . . 80MHz 12.3 eVs 40%
Acceleration to flat-top, 7TeV 3MV at 40MHz 12.9 eVs 5%
Final formation of the long bunch 2× 1.5MV at 40 . . . 80MHz 28.5 eVs 10%
Collision mode with long bunches 0.8/0.8/0.4MV at 40/80/120MHz 28.5 eVs

Tab. 5.6: Emittance development during the long and flat bunch generation scheme for the LHC (16⊗b⊕2⊗e).
The last column εl/ε0 presents the relative blow-up of the effective longitudinal emittance estimated for the
manipulation concerned. The necessity of an additional 400.8 MHz RF system causing about 10 % emittance
blow-up is due to preservation of Landau damping which is analyzed in Chapter 6.

In case of combining 32 bunches, the emittance growth is expected to be slightly larger as
an additional batch compression and bunch pair merging is inserted to the RF gymnastics: the
final emittance can be estimated to be around 2 · 28.5 eVs ' 57 eVs. The RF amplitudes in
Tab. 5.6 must be multiplied by a factor of four. The bunch rotation in the SPS to lengthen the
bunches before extraction is not required for the combination of 32 bunches, as the RF voltage is
sufficient to allow a matched bunch to bucket transfer. The batch combination scheme analyzed
in this chapter has several advantages compared to a superbunch scheme with barrier buckets:

Although the RF manipulations are sophisticated, RF amplitudes at no more than two
harmonics have to act on the beam simultaneously. The whole scheme can be performed with
two or preferably three tunable RF systems in the frequency range of 40.08 to 80.16MHz
delivering about 1.5MV (16 initial bunches) or 6MV (32 initial bunches). As the LHC will be
filled once or twice per day, a large tuning speed is not required, and it is thus reasonable to
propose the use of vacuum cavities with high quality factor tuned by a mechanically moving
gap for the large frequency variation. The PS is equipped with RF cavities at 40MHz [180, 181]
and 80MHz [182] which make use of a special pneumatic gap switch operated in the ultra high
vacuum of the beam pipe physically closing the accelerating gap. These cavities are operated
very reliably and could serve as a starting point for the design of the cavities needed in the LHC.
The large tuning range combined with a mechanical tuning element excludes the construction
of superconducting RF cavities.

Furthermore, the two basic ingredients for the batch combination RF manipulation, batch
compression and bunch pair merging are well-proven to work with a reasonable performance.
Finally, the proposed scheme is fast in the sense that it can be performed adiabatically within
less than a few minutes. A decrease of the integrated luminosity due to the long-winded RF
gymnastics is thus not expected.
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The scheme has been optimized neglecting collective beam effects like instabilities before,
during or after the batch combination scheme. This important issue is addressed in the subse-
quent chapter.
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Chapter 6

Collective Effects and Beam Loading

In Chapter 4 the optimum luminosity conditions are calculated under the assumption that
no other collective effects than beam-beam interactions limit the longitudinal performance of
the LHC. Also the optimization of the RF manipulations to create the long and flat bunches
is presented with main focus on single particle dynamics. Therefore, the following chapter
addresses two major longitudinal effects provoked by high intensity bunches: collective beam
instabilities and beam loading.

During storage and collision of the final long and flat bunches, the region of homogeneous line
density is considered as a coasting beam, and consequently the Keil-Schnell criterion is derived
from first principles and applied to the expected long bunch parameters in the first part of this
chapter. Secondly, criteria for bunched beams are introduced to estimate the beam stability
during the injection plateau and during acceleration of the dense bunches by the 40.08MHz
RF system. Counter-measures, like the increase of the synchrotron frequency spread, are basic
ingredients to improve longitudinal stability being discussed thereafter. Finally, the influence
of steady-state and transient beam loading is analyzed to ensure that the new RF system could
be controlled similarly as the superconducting 400.8MHz cavities.

6.1 Vlasov equation and Keil-Schnell criterion

A simple estimate for the longitudinal stability of a particle beam of given intensity and a well
defined momentum distribution is the so-called Keil-Schnell criterion. It has been originally
developed from the stability of intense coasting proton beams in the Intersecting Storage Rings
(ISR) at CERN [183, 184, 185]. However, if the growth rate of the longitudinal instability is
large compared to the synchrotron frequency, the synchrotron motion of particles in a bunched
beam can be considered as frozen on the time scale of the instability. The criterion derived in
the following section may be applied to a bunched beam as a first guess in such cases.

6.1.1 Vlasov equation and dispersion relation

The longitudinal phase space density in its most general form can be expressed by the distri-
bution function g = g(θ,∆E/ω). The two independent variables are chosen as a canonically
conjugated pair (see Sec. 2.2.2). According to Liouville’s theorem each infinitesimal longitudi-
nal density fraction described by g can move in the phase space, but the total time derivative

111
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of the distribution function stays constant:

d

dt
g

(
θ,

∆E
ω

)
= 0 .

Expanding the total derivatives leads to the general equation of motion

∂g(θ,∆E/ω)
∂θ

θ̇ +
∂g(θ,∆E/ω)
∂(∆E/ω)

˙(
∆E
ω

)
+
∂g(θ,∆E/ω)

∂t
= 0 , (6.1)

which is also called Vlasov equation. The dotted variables represent total time derivatives. As
the revolution frequencies of the individual particles ω in a high energy beam are close to the
average revolution frequency of the beam so that ω ' ω0, the Vlasov equation reduces to [186]

∂f(θ,E)
∂θ

θ̇ +
∂f(θ,E)
∂E

Ė +
∂f(θ,E)

∂t
= 0 , (6.2)

where f = f(θ,E) is the adapted longitudinal distribution function.
To drive the longitudinal instability, a perturbation voltage U1 at an arbitrary frequency ω1

is introduced according to U(t) = U1 exp(−iω1t) and an individual particle gains or looses a
certain amount of energy per turn given by (see Eqs. 2.2 and 2.6)

∆Ė =
eωU1

2π
ei(nθ−ω1t) ' eω0U1

2π
ei(nθ−ω1t) , (6.3)

wherein n denotes the mode number of the excitation with respect to the revolution frequency.
In the case of small perturbations it, can be assumed that the perturbation of the longitudinal
density shows the same form as the excitation itself so that

f(θ,E) = f0(E) + f1(E)ei(nθ−ω1t) (6.4)

is chosen as an ansatz representing the energy distribution of the unperturbed coasting beam
f0(E) with a corresponding perturbation caused by U(t).

Inserting the derivatives of Eq. (6.4) into the Vlasov equation under the assumption that
the perturbation amplitude f1 is much smaller than f0, the unperturbed distribution can be
written as

i(nω − ω1)f1(E)ei(nθ−ω1t) +
df0(E)
dE

eω0U1

2π
ei(nθ−ω1t) = 0 . (6.5)

Separation of the perturbation and energy integration of Eq. (6.5) gives∫
f1(E) dE︸ ︷︷ ︸
I1/(eω0)

ei(nθ−ω1t) = − ieω0U1

2π
ei(nθ−ω1t)

∫
df0(E)/dE
ω1 − nω dE , (6.6)

where the left side is identified by the perturbing beam current. It is worth noting that the
normalization of f(θ,E) is chosen according to∫ 2π

0

∫ ∞

−∞
f(θ,E) dE = N .

The integral on the right side of Eq. (6.6) can be written in a more convenient form by
considering that

f0(E) =
dω

dE
f∗0 (ω) = − η

β2

ω0

E
f∗0 (ω) ,
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and the Vlasov equation becomes

I1e
i(nθ−ω1t) =

ie2ω3
0η

2πEβ2
U1e

i(nθ−ω1t)

∫
df∗0 (ω)/dω
ω1 − nω dω . (6.7)

The term on the right side contains in fact the spectral component of the beam transfer function
of a coasting beam at ω1. Introducing a complex longitudinal coupling impedance between beam
current U1 = −Z‖I1 to feedback the beam current perturbation as an excitation, the dispersion
relation of the coasting beam reduces to [61, 187]

1 = − ie
2ω3

0ηZ‖
2πEβ2

∫
df∗0 (ω)/dω
ω1 − nω dω . (6.8)

This dispersion relation is used as a starting point to derive a criterion for longitudinal beam
stability.

6.1.2 Stability diagrams

For the calculation of stability diagrams and algebraic conditions for longitudinal beam stability
the transformation of the dispersion relation to normalized variables is convenient. The width
of one half of the half maximum frequency spread is defined by S = −ηω0∆p/p, where ∆p/p is
referred to as half momentum spread at half maximum height1. Furthermore, the normalized
frequency deviation of beam harmonic and excitation frequency from the average harmonic of
the revolution frequency are defined by

nω − nω0 = xnS
and ω1 − nω0 = x1nS

}
ω1 − nω = (x1 − x)nS .

The distribution in revolution frequencies f∗0 (ω) is converted according to

F0(x) =
2πS
N

f∗0 (x) ,

which is then normalized properly. For energy distributions F0(x) being symmetric around
x = 0, the normalization conditions can be written as [189]∫ ∞

−∞
F0(x) dx = 1 and F0(x = ±1) =

1
2
F0(x = 0) . (6.9)

Finally, the normalized dispersion relation Eq. (6.8) in the new variables x, x1 becomes

1 =
ieI0Z‖

2πEβ2η(∆p/p)2n

∫
dF0(x)/dx
x− x1

dx , (6.10)

where I0 denotes the average beam current. As the longitudinal impedance Z‖ is complex in
general, Eq. (6.10) can be also represented in terms of a normalized impedance:

1 = (U ′ − iV ′)
∫
dF0(x)/dx
x− x1

dx and

U ′ − iV ′ = − eI0
2πEβ2η(∆p/p)2

(
Im{Z‖/n} − iRe{Z‖/n}

)
. (6.11)

1Some authors define ∆p/p as full momentum spread at half height [188] which is e.g. more convenient for
the analysis of stacked beams.
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This relation couples the normalized impedance U ′ − iV ′ to the normalized complex frequency
shift x1 induced by the perturbation. The regions of impedances where the beam is stable or
unstable can be explored by expressing the perturbing part of the beam distribution f(θ,E) in
terms of this induced frequency shift x1. As this contribution is proportional to exp[i(nθ−ω1t)],
its frequency can be written as nθ̇ = nω − ω1 = nx1S so that

exp[i(nθ − ω1t)] = exp
(
iRe{x1}nηω0

∆p
p
t

)
· exp

(
−Im{x1}nηω0

∆p
p
t

)
.

In fact, the real part of the complex frequency shift x1 leads to a frequency displacement, while
the imaginary part of x1 defines whether the excitation is damped (Im{x1} < 0 for γ > γtr)
or exponentially excited (Im{x1} > 0 for γ > γtr). The trajectory in the complex impedance
plane, for which the imaginary part of x1 is zero, defines the limitation of longitudinal stability.
Frequency shift and growth rate are given by

∆ω1 = −ηω0
∆p
p

Re{x1} and
1
τ

= −ηω0
∆p
p

Im{x1} . (6.12)

The full stability diagram of a given distribution is generated by evaluating the parameters
U ′(x1) and V ′(x1) from Eq. (6.11) for different complex normalized frequency shifts x1; prefer-
ably the parameter x1 is chosen so that either its real or imaginary part is held constant. An
example for such a stability diagram of a quartic distribution

F (x) =
15a
16

(1− a2x2)2 for |x| < 1
a

and a =
√

1− 1/
√

2

is given in Fig. 6.1. The gray shaded area is the region of normalized impedances U ′ − iV ′,
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Fig. 6.1: Stability diagram of a coast-
ing beam with a quartic energy distri-
bution, F0(x) ∝ (1 − a2x2)2. The gray
shaded area represents the region of sta-
bility as Im{x1} is negative (γ > γtr)
and an excitation of the beam is thus
damped. The imaginary part of x1 is
kept constant along the continuous lines,
while the real part remains unchanged
along the dashed lines.

which are tolerable for a stable beam. To simplify the calculation of stability diagrams, the
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dispersion integral from Eq. (6.11) can be integrated partially for distribution functions F0(x)
which vanish at x = ± ∞ so that

U ′ − iV ′ = 1
/∫

dF0(x)/dx
x− x1

dx = 1
/∫

F0(x)
(x− x1)2

dx . (6.13)

As the integral from Eq. (6.11) contains a singularity within its integration limits are furthermore
split into real and imaginary part according to∫

dF0(x)/dx
x− x1

dx = PV
∫
dF0(x)/dx
x− x1

dx+ sign (Im{x1}) iπ ∂F0(x)
∂x

∣∣∣∣
x=x1

(6.14)

so that a numerical computation of the stability diagrams can be performed straightforward.
The principal value is defined according to

PV
∫ ∞

−∞

dF0(x)/dx
x− x1

dx = lim
ε→0

[∫ x1−ε

−∞

dF0(x)/dx
x− x1

dx+
∫ ∞

x1+ε

dF0(x)/dx
x− x1

dx

]
.

6.1.3 Keil-Schnell criterion

Although the explicit form of the region of beam stability is different for each distribution
function F0(x), it is essentially centered around the origin of the stability diagram for reasonable
distributions. The stability limitation being defined by Im{x1} = 0, as shown for a quartic
distribution in Fig. 6.1, is illustrated for different functions F0(x) in Fig. 6.2 [189, 190, 191].
A common, stable region which is shared by most of the momentum distribution functions is
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Fig. 6.2: Stability limitation for differ-
ent momentum distributions in the com-
plex impedance plane. The stable region
of a Gaussian beam (dotted) is signifi-
cantly larger than that of a beam with
quartic distribution (continuous). The
parabolic distribution shows the small-
est area of stability. The gray shaded
circle illustrates the stability assumption
for the Keil-Schnell criterion.

represented by a simple circle (gray shaded area), whose radius can be described by F · 2/π,
where F is a from factor of the order of unity and the circle in Fig. 6.2 has a radius of 2/π. It
is important to point out that the tails of the momentum distribution F0(x) have a significant
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influence on the longitudinal beam stability. The stability region shrinks for distributions
without tails like parabolic or elliptic compared to Gaussian or quartic beams.

By replacing the inverse of the dispersion integral in Eq. (6.11) by the circular approximation
leads to a stability limitation for the absolute tolerable impedance, namely [192]∣∣∣∣Z‖

n

∣∣∣∣ ≤ F 4Eβ2|η|(∆p/p)2
eI0

. (6.15)

Originally published to estimate the beam stability in the ISR [188], this criterion has been
proven to be very useful and is therefore known as Keil-Schnell criterion. In fact, the stability
limitation depends inversely on the total beam current, and it is proportional to the square of the
momentum spread. Beams with a sharp momentum spread are therefore prone to longitudinal
instabilities.

Although the Keil-Schnell criterion has been derived for coasting beams only, its range of
validity can be extended by considering the stability criterion as a local condition applied to a
local fraction of the beam. If the growth rate of the instability (see Eq. 6.12) is much faster
than the synchrotron motion, the external RF forces can be neglected and, as a first estimation,
it may even be applied to bunched beams [193, 194, 195]. Consequently, the average beam
current I0 as well as the momentum spread ∆p/p have to be exchanged by their local values.
This effect of a very fast growing bunch excitation is referred to as microwave instability as its
presence is accompanied by a bunch signal in the microwave range above several hundred MHz,
well above the bunch frequency [196]. It is worth noting that the term microwave instability is
also used for several other instabilities having a high frequency bunch signal as its characteristic
signature.

6.1.4 Stability of the LHC beam during long and flat bunch collision

By definition, the long and flat bunches or superbunches in collision mode have a region of
nearly homogeneous line density with a length of at least some 10ns. This coasting beam
section can be treated as such if the inverse instability growth rate is faster than the drift time
of the particles between the two bunch ends and if the coasting beam section is excited at
frequencies well above 100MHz.

The effective threshold impedance according to the Keil-Schnell criterion for coasting beams
from Eq. (6.15) is illustrated in Fig. 6.3 for the long and flat bunches and compared to the maxi-
mum longitudinal density of nominal and low emittance nominal bunches. The total longitudinal
impedance in an accelerator is evaluated by summing up all contributing elements installed in
the vacuum chamber, each of which is analyzed by means electromagnetic field calculations for
its specific geometry. A complete table of impedance estimations for the contributing elements
is given in [197] and the total longitudinal impedance is estimated to |Z‖/n| = 0.076Ω.

Compared to the instability thresholds in Fig. 6.3, even the case of a superbunch with a
longitudinal density at the beam-beam limit corresponding to a local current of some 131A
is stable with respect to the Keil-Schnell criterion. The limit is found to be around |Z‖/n| =
0.165Ω. It is worth noting that the local density of the nominal bunches as well as those of the
low emittance nominal bunch has more than one order of magnitude of safety margin.

6.2 Landau damping

The so-called Landau damping is an effect of apparent natural damping which occurs when
an ensemble of oscillators with slightly different resonant frequencies is excited by a coherent
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signal [198]. In fact, a particle bunch treated in the longitudinal phase space plane is such a
system: the individual particles oscillate around the center of gravity of the bunch while their
individual oscillation frequencies vary with their maximum phase deviation from the center.
This distribution of frequencies is calculated in Sec. 2.2.6 and in App. D. As becomes clear
from Fig. 6.4, the beam behaviour of the individual particles depends on the RF configuration,
even though the bunch projections might be identical. Therefore, only a small fraction of
the particles in a bunch with a large synchrotron frequency spread (Fig. 6.4) are excited by
an harmonic excitation, whereas a bunch with a small synchrotron frequency spread may be
excited easily as a whole.

Landau damping of the longitudinal dipole motion can be investigated by calculating the
average bunch motion from the subset of individual particles within the bunch [199]. The
synchrotron oscillation of a single particle driven by a harmonic excitation is described by

φ̈+ ω2
sφ = e−iωt , (6.16)

where φ denotes the phase deviation from the bucket center and ω is the frequency of the driving
term. The driving amplitude is arbitrarily normalized to unity. The single particle solution of
Eq. (6.16) proportional to the driving term can be written as

φ(t) =
φ̂

ω2
s − ω2

e−iωt .

The distribution of resonance frequencies of N particles in the bunch is represented by the
function G(ω) = 1/N dN/dωs and is normalized so that the integral over all frequencies gives
unity. It is worth mentioning that this frequency distribution is also symmetric with respect to
negative frequencies: G(ωs) = G(−ωs). In fact, G(ωs) dωs is the fraction of individual oscillators
having a resonance frequency between ωs and ωs + dωs.
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Fig. 6.4: Tracking of particles on a net to illustrate a stationary bunch during one period of the linear synchrotron
frequency. The left phase space shows the initial bunch. After one synchrotron period in a 400.8 MHz bucket
with an RF voltage of 16 MHz (center) it becomes obvious that the synchrotron frequency in the outer regions
of the bunch is reduced. The right phase space shows the same bunch in a matched 40.08 MHz bucket. The
separatrix is not visible as it is far away from the bunch. The whole bunch can be considered to be within the
linear region of the bucket so that no dispersion is visible. It is important to point out that the RF amplitude
of 160 MV has only been chosen as an example to obtain matched bunches under the same conditions as for the
400.8 MHz system.

The average dipole motion of the whole ensemble of oscillators is expressed by

<φ(ω)>=
[∫ ∞

−∞

G(ωs)
ω2
s − ω2

dωs

]
e−iωt , (6.17)

where the integration over negative frequencies is included for convenience. Part of the integrand
can be expanded according to [200, 201]

1
ω2
s − ω2

=
1
2ω

(
1

ωs − ω −
1

ωs + ω

)

so that the average bunch motion Eq. (6.17) reduces to

<φ(ω)>=
1
2ω

[∫ ∞

−∞

G(ωs)
ωs − ω dωs −

∫ ∞

−∞

G(ωs)
ωs + ω

dωs

]
e−iωt =

[
1
ω

∫ ∞

−∞

G(ωs)
ωs − ω dωs

]
e−iωt .

(6.18)
The singularity of the integrand at ω = ωs leads to a complex solution of the integral in Eq. 6.18
which can be split into real and imaginary part according to

<φ(ω)>=
1
ω

[
PV

∫ ∞

−∞

G(ωs)
ωs − ω ± iπG(ω)

]
e−iωt , (6.19)

where PV is again the principal value excluding the singularity. From the velocity variation of
the bunch center, namely

d

dt
<φ(ω)>= −iω <φ(ω)>=

[
πG(ω)− iPV

∫ ∞

−∞

G(ωs)
ωs − ω dωs

]
e−iωt , (6.20)

it becomes clear that the first term is in phase with the initially applied driving term (see
Eq. 6.17), whereas the second term always has a phase deviation of π/2. Therefore, the in
phase contribution absorbs energy from the driving force and leads to a virtual damping of
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the average dipole motion of the bunch. However, only the average motion of the ensemble
of oscillating particles is damped and individual particles may be excited enormously. It is
interesting to note that the damping term is proportional to the value of the density function
at the excitation frequency and that it vanishes once the excitation frequency is outside of
the synchrotron frequency spread so that G(ω) = 0. The preservation of Landau damping is
therefore mandatory to prevent particle beams from exciting themselves due to self-induced
perturbations. Comparing Eq. (6.20) with the dispersion integral Eq. (6.8) for coasting beams
reveals that coasting beam stability is based on Landau damping.

6.3 Longitudinal bunched beam stability in the LHC

There are two different classes of longitudinal bunched beam instabilities. On the one hand,
single bunch instabilities are based on the excitation of longitudinal oscillations of the particle
distribution within the bunch. On the other hand, multi-bunch instabilities arise because of a
coupling between different bunches within a batch so that different bunches oscillate in phase
with respect to each other. The order of the single bunch oscillation mode is identified by the
mode number m whereas the mode along the bunch train of M equal bunches in the accelerator
is denoted as n = 1 . . .M [202]. The phase advance between two bunches is described by
2π n/M . Considering that the bunch shape oscillation is in fact a rotation of the perturbed
longitudinal distribution with the synchrotron frequency and that the coupled bunches circulate
with the revolution frequency, the excitation frequency for all possible modes can be written as

ω = hω0 ±mωs ± nω0 = ωRF ±mωs ± nω0 . (6.21)

The following analysis of bunched beam stability is limited to equidistant bunches held by single
harmonic RF system and is not applicable to the bunches during RF gymnastics, where more
RF systems act on the bunches simultaneously.

6.3.1 Bunch shape oscillations

The first six single bunch modes are illustrated in Fig. 6.5. One can observe that the number of
nodes in the line density plots corresponds to the mode number. The oscillation frequencies of
the modes are directly given by ω = mωs, which becomes obvious considering that a distorted
distribution of the mode m just needs to be rotated by 2π/m to reproduce itself.

6.3.2 Coupled bunch oscillation modes

The second kind of possible oscillations of a bunch train in a circular accelerator are coupled
bunch modes. These modes are mostly excited by resonators with a high quality factor, and
therefore a narrow bandwidth, which are coupled to the beam. The long time constant of the
field decay in the resonators bridges the time distance between two or even more bunches. In
fact, the cavity is excited by a bunch passing through and the excited electromagnetic fields
act back on the subsequent bunch train. The number of possible oscillation modes is identical
to the number of bunches in the accelerator. An illustration of the four longitudinal coupled
bunch modes of a bunch train consisting of four bunches is given in Fig. 6.6. For the mode
number n the phase position of the M bunches is calculated according to [203]

∆φi(t) = ∆φ0 cos
(
ωt− 2π

n

M
i
)
, (6.22)
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m = 0 m = 1 m = 2 m = 3 m = 4 m = 5

Fig. 6.5: Illustration of the single bunch oscillation modes m = 0 . . . 5. Whereas the upper row shows the bunch
outline for two different phases of the oscillation, the center row presents the longitudinal distribution assuming
parabolic bunches. The resulting line density is sketched in the bottom row. The zeroth mode just results in a
stationary parabolic bunch.

where i is the number of the bunch and ∆φ0 its maximum phase excursion. The Landau
damping time constant of single bunch higher order oscillation modes as well as coupled bunch
modes can be larger or smaller as their inverse growth rate resulting in stable, damped or
exponentially growing oscillations.

6.3.3 Narrow band resonator impedances

The complex synchrotron tune shift for bunched beams and finally a criterion for the longitu-
dinal stability of bunched beam can be derived similarly to the calculation of the Keil-Schnell
criterion for coasting beams as shown in Sec. 6.1. However, adding the synchrotron motion in-
troduces considerable complexity to the calculation so that only the basic ideas shall be given in
this report. The full derivations and the underlying theory can be found in [204, 205, 206, 207].
The procedure to derive longitudinal bunched beam instabilities is summarized as follows [208]:

As shown for the case of a coasting beam, a reasonable unperturbed beam distribution is
chosen firstly and a small perturbation is added to it. Secondly, the local density f(τ,E, z) is
derived and inserted into the Vlasov equation, wherein the external force due to the synchrotron
motion is also taken into account. The ansatz for the perturbed local density function, namely

f(τ,∆E, z) = f0(τ,∆E) + f1(τ,∆E, z) , (6.23)

is chosen in such a way that only the perturbed part depends on the longitudinal position z.
The unperturbed part is not influenced by the excitation caused by preceding beam particles,
however is contributes to the excitation of subsequent beam. It is worth noting that the coordi-
nate system can be defined so that the unperturbed synchrotron motion of the single particles is
transformed to circles in a normalized longitudinal phase space. This allows an easy separation
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Fig. 6.6: Illustration of the possible coupled bunch modes of four bunches in a circular accelerator. Besides of
a phase difference of π, the first and the third mode are identical in this case.

of the radial modes (illustrated in Fig. 6.5), and the local density can be written as

f0(r) dτ dE = Ng0(r)r dr dφ (6.24)

where g0(r) is the radial distribution normalized according to∫ 2π

0

∫ ∞

0
g0(r)r dr dφ = 1 . (6.25)

It should be pointed out that the radius is defined in time units [r] = [time] = s. Finally
one ends up with a dispersion relation similar to the dispersion relation of coasting beams but
including a general longitudinal force. This force must be expressed in such a way that the
influence of preceding on subsequent particles passing through the accelerator is incorporated.

The dispersion relation for a perturbation excited by a narrow band cavity with the shunt
impedance Rs at the resonance frequency ωr can be written as [207]

1 = −ie
2NRsmMηω2

0

2πEβ2ωsωr
D(ατsep)

∫ ∞

0

dg0(r)
dr

J2
m(ωrr)

ω −mωs(r) dr , (6.26)

where Jm denotes the m-th Bessel function of the first kind. The parameter α represents the
inverse filling time ωr/(2Q) of the cavity and the function

D(ατsep) = −i2ατsep
∞∑
k=0

e2πikn/M−k(α−iω)τsep sin(kωrτsep)

describes the coupling between the bunches and the resonator, taking the bunch spacing field
decay within the bunch spacing into account [202]. In case of a small relative synchrotron
frequency spread [ωs(r)− ωs]/ωs � 1, the complex synchrotron frequency shift is expressed by

∆ω = ω −mωs = i
e2NMRsηω

2
0

8π2Eβ2ωsτ̂
D(ατsep)Fm(2ωr τ̂) (6.27)
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with
Fm(2ωr τ̂) = −4πmτ̂

ωr

∫ ∞

0

dg0(r)
dr

J2
m(ωrr) dr .

The form factor Fm is plotted for a parabolic (left) and quartic (right) distribution in Fig. 6.7.
The bunches have a total length of 2τ̂ . It is worth noting that Eq. (6.27) is consistent with the
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Fig. 6.7: Form factor F (2ωr τ̂ ) for parabolic (left) and quartic (right) radial distribution function g0(r).

synchrotron tune shift given in [202].
In analogy to the calculations for coasting beam stability a simple stability criterion based

on circles in the complex stability diagram can be given from the analysis of the dispersion
integral in Eq. (6.26). Landau damping is preserved as long as [202]

1
τ
<

√
m

4
∆ω , (6.28)

and the excited mode of coupled bunch oscillations remains stable. This means for dipole
oscillations that the tune spread in synchrotron frequency should be four times wider than the
tune shift due to the narrow band resonance.

For a first estimation of longitudinal stability considering the most sensitive mode, the
coupling function D(ατsep) can be replaced by its maximum value as illustrated in Fig. 6.8.
Clearly, the coupling function becomes small for driving impedances having small field decay
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Fig. 6.8: Maximum of the coupling function versus
ατsep = πωr/(QMω0). The number of equally dis-
tributed bunches is defined by M .

durations compared to the bunch frequency. Consequently, a preceding bunch has almost no
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influence on the subsequent particles. However, for resonators with a large quality factor, as
it is mostly the case for higher order mode resonances of RF cavities or parasitic resonance in
metallic objects within the accelerator like pumping slots, the coupling function D(ατsep) can
be approximated to unity.

Following the stability criterion imposed by Landau damping from Eq. (6.28), the maximum
tolerable narrow band impedance is derived considering that the growth rate is defined as the
inverse imaginary frequency shift (see Sec. 6.1.2). Landau damping is thus preserved as long
as the shunt impedance of the driving resonance fulfills the relation

Rs .
√
m
U0 cos φ0ω0

2I0
τ̂h

M

∆ωs
ωs

/[
D

(
πωr
QMω0

)
F (2ωr τ̂)

]
, (6.29)

where I = NMeω0/(2π) denotes the total beam current, and where M equidistant bunches are
assumed. The total bunch length is given by 2βcτ̂ . The azimuthal dipole mode m = 1 is most
prone to a coupled bunch instability due to a narrow band excitation as the tolerable threshold
impedance increases proportionally to

√
m, and also the maximum height of the bunch form

factor Fm(2ωr τ̂) as shown in Fig. 6.7 decreases with the mode number.

6.3.4 Broad band impedance

In the preceding section, the narrow band resistive impedance driving the coupled bunch insta-
bility is assumed to be the only impedance present in the accelerator. However, in real machines
a so-called broad band impedance, which is in fact the contribution of all components, like bel-
lows, monitors or kicker magnets seen by the beam, is modeled as broad band resonance. This
broad band resonator directly has a negligible effect on the coupled bunch instabilities, as the
fields in this virtual resonator decay much faster than the bunch spacing (see Fig. 6.8). How-
ever, it contributes to the synchrotron tune shifts, displacing them in such a way that Landau
damping can be lost for coupled bunch modes which would be well damped according to Eq.
(6.28) neglecting the broad band impedance.

Following the analysis in [205, 206], the absolute tune shift due to the longitudinal broad
band impedance can be written as

∆ω = −i π3I0
3τ̂3ω3

0U0 cos φ0

1
Mh

mωs
m+ 1

∞∑
p=−∞

Z(p)
p

hmm(p)

/ ∞∑
p=−∞

hmm(p)

︸ ︷︷ ︸
(Z‖/n)eff

, (6.30)

where the coefficients hmm(p) denote the relative spectral power of the bunches at the frequency
pω0. It is convenient to define an effective longitudinal impedance (Z‖/n)eff including the
spectral distribution [209]. Landau damping for the m-th mode is preserved as long as

1
τ

= −Im{∆ω} < 1
2

m

m+ 1
∆ωs .

It is worth noting that longitudinal coupled bunch modes are driven by the imaginary part of
the effective impedance only. The threshold impedance can be derived by inserting Eq. (6.30)
into the criterion for Landau damping, namely2(

Im{Z‖}
n

)
eff

. 3
2π2

Mh3U0 cos φ0

I0

∆ωs
ωs

τ̂3ω3
0 . (6.31)

2A different derivation of the criterion finally ends up with the same result as Eq. (6.31) for π ' 3 [210].
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It should be pointed out that the instability threshold criteria for longitudinal narrow as well
as broad band impedances are, due to the formulation of the Landau damping criterion, pro-
portional to the synchrotron frequency spread of the bunch. An artificial increase of the spread
normally results in improved bunched beam stability.

6.3.5 Stability of the LHC beam during long and flat bunch scheme

The longitudinal stability of the nominal LHC beam during injection flat-bottom, acceleration
and collision mode held by the superconducting RF system operated at 400.8MHz has been
analyzed in detail by several authors [209, 211, 212, 213, 214, 215, 216]. Basically, the stability
criteria introduced above have been applied to the relevant beam parameters. However, during
the RF manipulation at injection and collision energy, multiple RF harmonics act on the beam
simultaneously and the criteria are not strictly valid anymore. They may only give a first
estimation of stability as the bunches are held by a single harmonic RF in between the sub-
steps of the batch combination scheme.

The longitudinal stability during the long and flat bunch generation scheme presented in
Chapter 5, as well as during acceleration of partly combined bunches with a 40.08MHz RF
system, is estimated in this section.

The longitudinal beam parameters during acceleration in the LHC are derived on the basis
of the realistic magnetic cycle [217] of the LHC dipole magnets, which is assumed to remain
unchanged with respect to the nominal scheme. The magnetic dipole induction corresponding
to the particle energy and its first derivative are sketched in Fig. 6.9. The ramp rate is varied
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Fig. 6.9: Magnetic cycle of the LHC dipole
magnets during acceleration (continuous). The
first derivative is shown as a dashed line.

smoothly at the beginning as well as at the end of the acceleration. The maximum ramp rate
of 7.3mT/s is limited by the voltage capabilities of the main power converters. It is important
to point out that the average energy gain of the particles during acceleration does not exceed
485 keV/turn.

Fig. 6.10 shows the longitudinal emittance development during the cycle according to
Tab. 5.6 as well as the available bucket area. The bucket area during acceleration is pre-
sented for a constant RF amplitude of 3MV throughout the cycle. In fact, 2 · 1.5MV would be
available in a scheme where 16 bunches are combined to one long and flat bunch. At the injec-
tion flat-bottom, a linear increase from about 1 eVs to the emittance of the combined bunches
of 12.9 eVs is assumed for simplicity. During this linear increase, the time scale in Fig. 6.10
has no validity, as the combination scheme is performed within one minute, too fast to be vis-
ible in the plot. Furthermore, the longitudinal emittance does not increase linearly due to the
re-combination of bunches but rather stepwise with each bunch pair merging.
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Fig. 6.10: Bucket area (upper curve) and
bunch emittance (lower curve) during the LHC
acceleration cycle including the combination
scheme of 16 initial bunches to a long and flat
bunch. The area shaded in dark gray represents
possible bucket areas at 40.08 MHz (h = 3564)
for an RF amplitude between 1.5 and 3MV.
The light gray shaded area below shows the
bucket area for 1.5 MV RF voltage in the fre-
quency range from 40.08 to 80.16 MHz that
means during the combination RF gymnastics
(see also Fig. 5.10).

The qualitative behaviour of bucket area and beam emittance of the second long and flat
bunch option combining 32 bunches is equivalent to the graphs shown in Fig. 6.10. The quadru-
pled RF voltage of 2·6MV results in twice the bucket area, and the longitudinal beam emittance
is assumed to grow to some 26 eVs; twice the bunch emittance of the 16 bunch scheme due to
the further bunch merging at flat-bottom. At collision energy one also finally ends up with twice
the bunch emittance. It is however worth mentioning that the filling factor, the ratio between
bunch emittance and bucket area, remains constant for the 16 and the 32 bunch combination
option.

Tolerable narrow band impedance

For a worst-case estimation of the tolerable resonator impedances to preserve Landau damping
of coupled bunches bunch modes in the LHC, the form factors in Eq. (6.29) can be substituted
by their maximum values: according to Figs. 6.8 and 6.7 the coupling function D(πωr/[QMω0])
is set to unity and the form factor F (2ωr τ̂) is approximated to 1.05 for the dipole mode m = 1.

Evaluating Eq. (6.29) according to these simplifications, and with respect to the set of beam
parameters introduced above, results in the development of the impedance threshold during the
LHC cycle as plotted in Fig. 6.11. Even though the bunch intensity was assumed to be only
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Fig. 6.11: Worst case estimation of the tol-
erable narrow band impedance along the LHC
cycle for a constant RF amplitude of 3MV at
40.08 MHz (16 bunch scheme, continuous) and
4 · 3MV (32 bunch scheme, dotted). The ini-
tial bunch intensity is assumed to be nominal in
both cases: 1.15 ·1011 ppb. The stability criteria
can be only applied rigorously during accelera-
tion, as multiple harmonic RF systems act on
the beam otherwise.

1.15 · 1011 ppb, the minimum threshold impedance is more than an order of magnitude below
the threshold for operation with the 400.8MHz RF system [212]. In fact, two problematic
regions can be determined: firstly, during injection, when the bunches with a small emittance
are injected to the huge buckets at 40.08MHz. Secondly, when approaching the collision energy
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due to the energy dependence of the threshold impedance. A potential cure for the former is
proposed in Sec. 6.3.6. Analyzing the scaling of the threshold impedance indicates the main
reason for the severe stability limitations of the beam held by a 40.08MHz RF system. For
energies well above transition, so that the phase slip factor η remains constant and for ultra-
relativistic beams, it scales according to

Rs ∝
ε
3/2
l h9/4U

1/4
0

E3/4
∝ U0

(εl
A

)2
,

where εl/A denotes the bucket filling factor. Consequently the bunches are prone to become
unstable if the buckets are sparsely filled. This is the case for the tiny bunches at injection
and at the end of the acceleration, when the bucket area increases proportional to

√
E times

the area reduction factor due to the non-zero synchronous phase (see 2.2.5). Furthermore, the
threshold scales as h9/4U1/4 so that higher harmonics of the revolution frequency are preferable
to hold and accelerate low longitudinal emittance bunches.

Tolerable broad band impedance

A similar analysis can be performed to estimate the threshold of the longitudinal broad band
impedance as derived in Eq. (6.31). Fig. 6.12 shows this threshold (Im{Z‖}/n)eff along the
acceleration cycle. The graph looks qualitatively similar to the narrow band impedance
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Fig. 6.12: Worst case estimation of the tol-
erable broad band impedance along the LHC
cycle for a constant RF amplitude of 3MV at
40.08 MHz (16 bunch scheme, continuous) and
4 · 3MV (32 bunch scheme, dotted). The bunch
intensity is assumed to be nominal.

limitation as illustrated in Fig. 6.11. The problematic phases can again be identified during
injection and at the end of the injection cycle. The former region during injection would
impose a severe limitation of (Im{Z‖}/n)eff ' 0.0058Ω for the nominal bunch intensity to
the tolerable broad band impedance so that bunches would certainly become unstable without
counter measures. As soon as the longitudinal emittance increases during the combination
procedure, the threshold stays well above the estimated broad band impedance of 0.076Ω in
the LHC. The scaling of the threshold impedance can be written as(

Im{Z‖}
n

)
eff

∝ ε
5/2
l h7/4

E5/4U
1/4
0

∝ U0

h2

(εl
A

)5/2
,

wherein the strong dependence on the bucket filling factor becomes apparent. Furthermore, the
threshold decreases rapidly with growing beam energy.

The reduced threshold is partly attributed to the small synchrotron frequency spread of low
emittance bunches in large RF buckets. Applying means to increase the synchrotron frequency
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spread avoiding unreasonable blow-up, the longitudinal emittance improves the stability thresh-
old for broad band as well as for narrow band impedances directly proportionally (see Eqs. 6.29
and 6.31). This counter measure is discussed in the subsequent section.

The installation of an additional RF system to capture and hold the beam during the filling
procedure of the LHC rings could be envisaged as a second counter measure; e.g. a capture RF
system operated at 200.4MHz in the LHC has already been considered and designed [218] up
to the construction of the required normal conducting cavities, but has been finally postponed
[219, 220]. This system would be potentially available for the upgrade. Filling the two LHC
rings by injecting into 200.4MHz bucket would provide stable beams until the hand-over to
the 40.08MHz RF system. The bunch combination scheme to generate long and flat bunches
could commence immediately and the sojourn time of the small emittance bunches in the large
buckets could be reduced to the order of a few seconds. This might be sufficient if the instability
cannot grow fast enough during this period.

6.3.6 Increase of the synchrotron frequency spread

Both narrow band and broad threshold impedances for longitudinal bunched beam stability are
directly proportional to the relative spread of the synchrotron frequencies within the bunch.
In the case of bunches in stationary buckets (see Eq. 2.43), the relative synchrotron frequency
spread in the single harmonic RF system is expressed in terms of the longitudinal emittance εl
as

∆ωs
ωs

=
1
16

√
2|η|ω2

0h
3

πEβ2eU0
· εl , (6.32)

where the emittance is given in units of eV ·s. In fact, decreasing the RF harmonic by one order
of magnitude from h = 35640 to 3564, as proposed for the long and flat bunch generation scheme,
and decreasing the RF voltage by a factor of approximately another order of magnitude, reduces
the synchrotron frequency spread by a factor of ten. This results in an unstable beam during the
generation of long and flat bunches. Inserting the stationary bucket area into Eq. (6.32) reduces
it to ∆ωs/ωs = 1/

√
π · εl/AeVs so that the spread is actually proportional to the relative filling

factor of the bucket. Consequently, the synchrotron frequency spread of bunches in 40.08MHz
buckets is lowest during the injection of the small bunches from the SPS, where the bucket area
is large compared to the tiny bunch emittance in the range of 1 eVs. After the combination of
several of these bunches, the situation becomes less critical. Adding some higher harmonic RF
amplitude is a well known technique to increase the synchrotron frequency spread of a bunch
[168, 169], which shall be analyzed in what follows.

Synchrotron frequency spread including a higher harmonic RF system

For an arbitrary RF amplitude function, the synchrotron frequency of a particle oscillating
on a closed trajectory can be written in integral form according to Eq. (2.41), and analytic
approximations for a stationary as well as for an accelerating harmonic bucket are given in
Sec. 2.2.6 and App. D.

The influence of increasing the synchrotron frequency spread of the low emittance bunches
to the large RF buckets at 40.08MHz can be analyzed numerically. The following assumptions
for the higher harmonic RF system have been made: firstly, the synchrotron frequency spread
of a 1 eVs bunch should be increased by at least one order of magnitude. Secondly, the higher
harmonic RF systems should be compatible with the RF manipulations so that it can stay active
also during the first combination steps of the long and flat bunch generation procedure. This
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implies that the increase in synchrotron frequency must be sufficient for any phase relation
between main RF focusing. The longitudinal emittance dilution due to the additional RF
system should be below 25% to keep the degradation of the longitudinal beam quality within
reasonable limits.

The frequency of the higher harmonic has be chosen so that it results in a significant slope
variation of the effective RF focusing along the bunch. Considering that the initial bunch length
in the LHC is of the order of 4 ns, the use of 200.4MHz and 400.8MHz is investigated. The
relative synchrotron frequency versus single particle emittance is plotted in Figs. 6.13 and 6.14.
It is interesting to note that the influence on particles with a certain emittance is compensated

0 2 4 6 8 10 12 14
Single particle emittance @eVsD

-0.2

-0.1

0

0.1

0.2

-
D

Ω
�Ω s

LHC, 40.08 MHz, 1.5 MV
400.8 MHz, 0.15 MV

Fig. 6.13: Relative synchrotron frequency deviation
versus single particle emittance for a combination of
40.08 and 400.8 MHz RF amplitude in the LHC at
injection flat-bottom. The ensemble of continuous
curves is calculated for phase relations between the
two RF systems, varying from 0 to π in steps of
π/10. The dashed line shows the unperturbed relative
synchrotron frequency of the 40.08 MHz RF system
alone.
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Fig. 6.14: Same representation as in Fig. 6.13 but
for the combination of 40.08 and 200.4 MHz. The rel-
ative spread for bunches with an emittance smaller
than 1.5 eVs is significantly reduced compared to
the higher harmonic RF system operated at twice
200.4 MHz. The gray shaded area represents the nom-
inal bunch emittance.

so that they oscillate with the single harmonic synchrotron frequency, unaffected by the phase
of the higher harmonic RF.

As shown in Fig. 6.13, only some 150 kV at 400.8MHz would suffice to restore a relative syn-
chrotron frequency spread comparable to ∆ωs/ωs = 0.1 of the nominal LHC bunch. However,
the large frequency ratio between the main and the higher harmonic system is mandatory to
obtain large synchrotron frequency spreads within small bunches, independent from the phase
relationship of the two RF amplitudes (see Fig. 6.13). It is important to point out that the
superconducting 400.8MHz RF installations cannot be employed directly as higher harmonic
RF system. Due to their large shunt impedance, the beam induces too much voltage in the
eight cavities to control the RF amplitude down the level of 150 kV (see Sec. 6.5).

Emittance blow-up

Following the analysis in the preceding section, the synchrotron frequency spread of small
bunches in large buckets can be increased significantly by adding some higher harmonic RF
voltage to the main bucket. However, bunches with in elliptic boundary injected to such a
double harmonic RF system are not perfectly matched anymore, resulting in emittance blow-
up depending on the frequency and the amplitude of the higher harmonic system. After some
initial emittance dilution, the bunch matches itself to the perturbed trajectories of the bunch so
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that virtually no further emittance increase is expected after a few periods of the synchrotron
frequency.

The emittance blow-up of a bunch held in a 40.08MHz bucket caused by some RF voltage
at 400.8MHz is presented in Fig. 6.15. It can be obtained by tracking a parabolic bunch with
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Fig. 6.15: Blow-up after full dilution of a
parabolic bunch injected into a double harmonic
RF system 40.08/400.8 MHz, where the higher
harmonic RF amplitude increases the spread of
synchrotron frequencies within the bunch. The
main RF voltage is set to 1.5 and 3MV.

an initial elliptic contour under the influence of the two RF systems. The emittance dilution
increases proportionally to voltage at 400.8MHz and up to some 0.5MV it remains well below
25%. Under these conditions, it is therefore justified to assume an increase of the synchrotron
frequency spread by one order of magnitude for the longitudinal stabilization at the cost of
some 25% in emittance (see Tab. 5.6).

Non-harmonic RF system

Up to now the ratio of fundamental and higher harmonic RF system has been assumed to be
whole numbered so that both contributions to the RF buckets are symmetric to the reference
energy. Setting the higher harmonic system to a non-integer harmonic shifts the energy of
the sub-buckets with respect to the average beam energy in the main RF buckets. In fact,
the frequency offset causes a phase slippage of main and sub-bucket, leading to a continuous
variation of the local synchrotron frequency within the bunch.

However, as can be seen in Fig. 6.16, the application of such a scheme can introduce
parametric resonances due to the phase slippage of the higher harmonic RF system, which
moves in the same direction as individual particles in spheres of influence of the off-energy
sub-buckets.

Tracking calculations like the example above show that the development of the effective
longitudinal emittance is very sensitive to energy offset and amplitude of the higher harmonic.
During batch compression, the RF focusing of the individual bunches varies along the batch
so that also the coupling between main and higher harmonic RF system changes continuously.
Therefore, such a scheme cannot be applied straightforward in combination with the long and
flat bunch generation scheme in the LHC.

6.4 Synchrotron frequency distribution with respect to RF

phase stability in long bunch collision mode

The synchrotron frequency distribution during storage of the final long bunches in bucket gen-
erated by multiple RF harmonics is of special interest as the bunches are stored in this mode for
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Fig. 6.16: Development of a 1 eVs bunch held by an RF voltage of 1.5 MV at 40.08 MHz under the influence of
two additional higher harmonic RF systems at 400.8 MHz. The higher harmonic RF systems have an amplitude
of some 150 kV. They are operated symmetrically slightly below and above the integer harmonic. Their center
energy is indicated by the continuous horizontal lines, and their bucket height is illustrated as gray stripes. The
gray shaded macro-particles are tracked for reference only. The dashed emittance ellipse contains 99 % of the
particles. The phase space on the left shows the initial phase space while center and right plot illustrate the
bunch after 0.64 and 2.1 periods of the synchrotron frequency.

several hours. Studies in the SPS with bunches held by a double harmonic RF bucket generated
by the 200 and 800MHz have shown that the phase stability between both RF systems must
be kept within tight tolerances if the bunches should be stretched [168].

The synchrotron frequency distribution for the final long bunches held by two, three and four
multiples of 40.08MHz is illustrated in Fig. 6.17. The synchrotron frequencies of particles with

0 0.2 0.4 0.6 0.8 1 1.2 1.4
Norm. trajectory emittance

0

0.2

0.4

0.6

0.8

1

Ω
�Ω s

Fig. 6.17: Relative synchrotron frequency versus single par-
ticle emittance normalized to bucket area of the single har-
monic bucket for the voltage ratios given in Tab. 4.3. The
distribution for three RF harmonics is represented by the
continuous line while dashed and dotted lines show the case
for two and four RF harmonics. The phase relation between
the different harmonics is assumed to be ideal.

large oscillation amplitudes are very similar to those of an ideal barrier bucket (see Fig. 2.12,
graph for φ0 = 0). However, few particles in the bunch center may be captured in the sub-
buckets so that their synchrotron frequency increases. This effect causes the increase of the
synchrotron frequency distribution for small single particle emittances.

The phase relation between different RF systems is not perfectly defined in a real accelerator
environment. Transient beam loading due to gaps in the bunch pattern of the LHC may
cause small phase variations from bucket to bucket. The effect of such phase variations on
the synchrotron frequency distribution for a bunch held by three RF harmonics is presented
in Figs. 6.18 and 6.19. The lowest curves are consistent with the continuous line shown
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Fig. 6.18: Ensemble of frequency distribu-
tions versus single particle emittance normal-
ized to the single harmonic bucket area in
a three harmonic RF system according to
Tab. 4.3. The phase of the two RF systems
at h = 3564 and h = 10692 is kept constant,
while the phase of the harmonic h = 7128 is
varied up to 200 from its ideal value in steps
of 20.
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Fig. 6.19: Same representation as in Fig. 6.18
but for the variation of the third harmonic at
h = 10692 while the phase relation between
h = 3564 and h = 7128 is kept constant. The
distributions are calculated for the phase of
largest bucket height. The phase units are de-
fined with respect to the RF harmonic whose
phase is varied.

in Fig. 6.17. For the phase shift under consideration the synchrotron frequency distribution
changes significantly for particles in the center of the bunch. For particles in the outer regions
with a normalized single particle emittance above 0.2, the phase deviations between the different
RF harmonics are not critical in this case.

6.5 Beam loading

As discussed above, the bunches in an accelerator can communicate via narrow band
impedances, which may cause excitation of coupled bunch modes. Not only the succeeding
bunches suffer from the field induced by particles before them, but also the element repre-
senting the impedance, mostly a cavity, is obviously influenced and this phenomenon is called
beam loading. As the RF cavities couple the beam to an RF power source, their impedance is
intentionally made as large as possible and they are thus most prone to beam induced voltage.

In fact, there are two resulting effects: firstly, the cavity is detuned by a long chain of
equal bunches and secondly, transient RF voltages may be induced by an asymmetric bunch
pattern including gaps or intensity variations from bunch to bunch. After comparing the effect
of stationary beam loading in the LHC for the 400.8MHz and a 40.08MHz RF system under
basic assumptions, calculations on transient beam loading during generation and storage of long
and flat bunches in the LHC shall be presented. It is shown that the transient voltages in the
superconducting 400.8MHz cavities cannot be suppressed effectively enough so that the RF
manipulation to generate long and flat bunches would be severely deteriorated. Consequently,
the superconducting RF system must be removed for the LHC operation with long bunches.
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6.5.1 Stationary beam loading: steady state

Neglecting transients due to gaps in the bunch pattern or intensity variations of the individual
bunches, a simple RF system, consisting of an RF amplifier as power generator and the cavity
to couple the RF power to the beam (Fig. 6.20), can be represented as sketched in Fig. 6.21
by a circuit of lumped elements to model its behaviour. As the large stored energy of a high

Fig. 6.20: Simple RF system consisting of an RF am-
plifier protected by a circulator and an RF cavity. The
coupler matches the high impedance of the cavity to the
low impedance of the amplifier.

Fig. 6.21: The right part of Fig. 6.20 sketched as
a lumped element circuit. The coupler is already in-
cluded in the generator impedance Rg [221].

intensity beam can create enormous instantaneous RF power compared to the capabilities of
the power amplifier, it is approximated as a pure current generator. The cavity is replaced by
its parallel resonant circuit and the power generator by a current source having a finite internal
resistance. It is important to point out that its internal resistance is already converted by the
transformation ratio of the coupling system in the lumped element circuit in Fig. 6.21 .

To optimize the effective generator power needed to drive the beam, the generator current
must be decomposed into a forward component I+

g , flowing from the generator to the cavity,
and a reflected component I−g in the opposite direction. Minimizing the reflected power P−

g =
1/2R|I−g | back to generator assures that most of its power drives the combination of cavity and
beam.

In the following analysis all voltages and currents are assumed to oscillate with the excitation
frequency ω defined by the generator. According to Fig. 6.21 the relation between currents is
expressed by

Ig + Ib − Ir = 0 or I+
g − I−g + Ib − Ir = 0 .

Application of Ohm’s law to the generator as well as to the resonant circuit, assuming that its
resonant frequency is given by ω2

0 = 1/(LC) and the loss resistor is large so that the resonant
circuit has a small bandwidth compared to ω0, the current relation can be written as [222]

2I+
g + Ib =

[(
1
R

+
1
Rg

)
+ 2i∆ω C

]
U , (6.33)

where ∆ω = ω−ω0 denotes the frequency difference between generator and resonant frequency
of the lumped element resonator. The lumped elements L and C still have to be exchanged
by their equivalent cavity parameters, the resonant frequency ω0 and the so-called R/Q, a
geometrical parameter of the cavity, namely

C =
1

ω0(R/Q)
and L =

(R/Q)
ω0

.
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Eq. (6.33) is thus transformed to

2I+
g + Ib =

[(
1
Q0

+
1
Qg

)
+ 2i

∆ω
ω0

]
U

(R/Q)
, (6.34)

whereQ0 andQg are defined to give the resonator shunt impedance R and the internal resistance
of the generator Rg respectively, when multiplied by the geometry parameter R/Q.

Keeping in mind that all current and voltage vectors rotate in the complex plane, the current
phase ψ is chosen so that the center phase of the bunch coincides with a real voltage at the
synchronous phase φ0:

Ueiωt ←→ Ibe
iωteiψ (6.35)

Ueiωt sinφ0 = Ueiωt(cosψ − i sinψ) ←→ Ibe
iωt . (6.36)

The current phase is determined by the relation sinφ0 = cosψ so that the current can be written
as Ib = |Ib|(sinφ0 + i cos φ0). It is worth noting that the synchronous phase at constant energy
is defined as φ0 = 0 below and φ0 = π above transition. Additionally, Ib denotes the Fourier
component of the beam current at the RF frequency as this spectral line represents the only
component which can excite the narrow band impedance. Its absolute value may be replaced
by 2I0fb, where the form factor fb becomes unity for infinitely short bunches and decreases with
increasing bunch length.

Finally, the forward and reflected generator currents are expressed by [223]

I+
g =

{[
1
Qg

+
1
Q0

]
U

2(R/Q)
− I0fb sinφ0

}
+ i

[
∆ω
ω0

U

(R/Q)
− I0fb cos φ0

]
, (6.37)

I−g =
{[

1
Qg
− 1
Q0

]
U

2(R/Q)
+ I0fb sinφ0

}
− i
[
∆ω
ω0

U

(R/Q)
− I0fb cos φ0

]
, (6.38)

and the RF power reflected back to the generator is now derivated easily according to P−
g =

1/2(R/Q)Qg |I−r |2. In fact, there are two parameters to reduce the reflected power: the detuning
∆ω of the cavity and the external load Qg of the generator. The former acts on the imaginary
part of the generator current and the latter on its real one so that the conditions for minimum
RF power requirements can be written as

∆ω
ω

= −I0fb cos φ0(R/Q)
U

and
1
Qg

=
2(R/Q)I0fb sinφ0

U
− 1
Q0

. (6.39)

It is interesting to note that both the optimum detuning as well as the optimum generator Qg
depend on beam current and RF voltage. It is thus desirable to operate the RF system with
variable power couplers as foreseen for the superconducting RF system in the LHC [224].

As the superconducting resonators have an unloaded Q0 in the order of 109 being much
larger than the external generator Qg, the second condition reduces to

Qg =
U

2(R/Q)I0fb sinφ0
.

In case of constant particle energy so that the synchronous phase is either 0 or π, the optimum
external Qg should be infinite so that there is negligible coupling between generator and cavity.
However, this represents only an idealized solution if no transient beam loading is present
because virtually small changes of the RF amplitude in the cavity would take infinitely long.
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Therefore, superconducting cavities are generally coupled much stronger so that the power
amplifier can act against transient effects within reasonable time.

The situation changes for a normal conducting RF system, operated at 40.08MHz foreseen
for the long and flat bunch scheme in the LHC. At constant beam energy, the cavity must
be theoretically coupled critically to the power generator by choosing Q0 = Qg so that the
generator just compensates the resistive losses in the resonator. However, as in the case of the
superconducting RF system, more power must be installed coupled more strongly to compensate
for transient effects, whose influence is discussed in the subsequent section.

The steady state beam loading parameters neglecting all gaps in the LHC bunch pattern is
summarized in Tab. 6.1 to illustrate their order of magnitude. Even though the superconducting

RF frequency, ω/(2π) [MHz] 400.8 40.08
RF amplitude, U [MV] 16 1.5 6
Characteristic impedance, R/Q [Ω] 8 · 44.5 2 · 5 · 30 2 · 20 · 30
Unloaded quality factor, Q0 > 109 2 · 104 2 · 104

External quality factor, Qg 105 2 · 104

Beam induced voltage per bunch [kV] -16.5 -1.4 -5.6
(short bunch limit, fb = 1)
Cavity detuning, ∆ω/(2π) [kHz] 6.6 6

Tab. 6.1: Comparison of the steady state beam loading parameters of the superconducting 400.8 MHz and a
normal conducting 40.08 MHz. Gaps in the bunch train are neglected. The assumptions for the cavity parameters
of the RF system at 40.08 MHz, twice 5 or 20 cavities per beam, is based on simple extrapolation of similar RF
systems operational the PS [180, 182]. The estimations assume the nominal bunch intensity, but can be scaled
proportionally to a higher beam current.

cavities are compared to a completely normal conducting RF system, the detuning by the beam
is rather similar as the total quality factor of the former RF system is determined by the external
quality factor contributed by power amplifier and coupler.

6.5.2 Transient beam loading

It is shown above that in the absence of transient effects, corresponding to a machine filled
by a uniform chain of equal bunches, the generator would just have to compensate losses in
the normal conducting RF cavities. As the suggested long and flat bunch scheme is based on
batches of 16 or 32 bunches with gaps in between, transient effects cannot be avoided.

A charge passing through an RF cavity induces a certain amount of voltage and thus deposits
energy inside the cavity. According to the so-called fundamental theorem of beam loading, it
can be proven in general [225] that the deposited energy is given by

∆W =
1
2
qUb .

Consequently, the charge q experiences half of the RF voltage induced by itself. Due to the
finite quality factor of the combination of cavity and power amplifier, the induced energy decays
exponentially. For the case of short bunches compared to the RF wavelength, it is justified to
replace the cavity by its lumped element capacity (see Sec. 6.5.1) so that the induced amplitude
becomes Ub = Rω0q/Q.

The simple analysis is not restricted to a single charge passing through the resonator but
can be generalized easily to a complete chain of point-like bunches with arbitrary distances in
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between the bunches. The resulting RF amplitude is composed of the contribution from the
power generator plus the summed up contributions of all bunches having passed the cavity until
that instant.

This can be formulated by a tracking like algorithm [177, 226], where the bunches are
consecutively moved through the cavity, while calculating the voltage for the subsequent bunch,
starting at the passage of the previous one. Additionally, the generator counteracts the induced
beam induced voltages. The total voltage at the gap of the RF cavity is derived starting from
the real part of

U(t) = Uge
iωt + const. · ei(ω−∆ω)te−(t−t0)/τ , (6.40)

where τ = 2Q/ω0 denotes the characteristic field decay time in the cavity, and the constant
represents a parameter defined by the initial condition given by the instantaneous gap voltage
U0 at the previous bunch passage t0. Replacing the constant in Eq. (6.40) results in the general
bunch-to-bunch tracking equation:

U(t) = U0

[
ei(ω−∆ω)(t−t0)e−(t−t0)/τ

]
︸ ︷︷ ︸

beam and generator

+U0e
iωt
[
1− e−i∆ω(t−t0)e−(t−t0)/τ

]
︸ ︷︷ ︸

generator

. (6.41)

The free parameters, generator voltage Ug, generator frequency ω and cavity detuning ∆ω, are
chosen as input variables including a set of initial conditions for bunch positions and energies.

It is important to point out that the extension of the algorithm to multiple RF system can be
performed straightforward: the chain of bunches is tracked sequentially through the ensemble
of RF systems.

Some examples of the time variation of the gap voltage U(t) are sketched in Fig. 6.22. The

Fig. 6.22: Illustration of the effective voltage vector in the cavity. On the left, the cavity is exactly tuned to the
harmonic of the revolution frequency, causing a jump in the absolute RF voltage during each bunch passage [227].
The center diagram represents a partly compensated situation, where the absolute beam induced jump is already
reduced. The completely compensated and thus steady state case is shown on the right. The cavity is detuned
so that the passing bunch causes a phase jump but the absolute voltage remains constant. Above transition,
the unperturbed synchronous phase is located at the positive to negative zero crossing of the U , respectively at
Re{U} = 0 and Im{U} = |U |.

right plot shows a periodic solution, where the beam induced jump of the voltage vector is
compensated by a cavity detuning so that the absolute value of the vector remains constant.
For small beam induced voltages compared to the contribution of the generator, this result
reproduces in fact the steady state solution for beam loading compensation by cavity detuning
as introduced by the first relation of Eq. (6.39).
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Furthermore it becomes obvious from Fig. 6.22 (right) why small RF amplitudes in order of
magnitude of the beam induced voltage can be hardly produced with a reasonable amount of RF
power. An enormous detuning is required even in the steady state case, which is mostly outside
the tuning range of the cavities. Although the steady state beam-loading can be compensated
theoretically, this becomes unfeasible in the presence of beam gaps causing large transients as in
the case of the LHC. The maximum tolerable residual voltage at 400.8MHz during the long and
flat bunch generation is limited to some 50 . . . 100 kV, which would lead to a cavity detuning
of 6.4 . . . 3.2MHz to compensate for steady state beam loading, by far out of the tuning range
of the superconducting cavities. Furthermore, any beam gap induces huge transients which
cannot be compensated. As presently no technique to compensate the transients is available,
the 400.8MHz RF cavities have to be removed or short-circuited for the operation for the
creation and storage of long bunches. Transients induced by beam gaps also represent an
important issue for the 40.08MHz alone, however stable periodic solutions can be found for
realistic bunch patterns:

An averaged cavity detuning as from Eq. (6.39) can be taken as a starting point for the
numerical calculation. Then, the full bunch train is shifted sequentially through the RF system
and the influence of the combination between generator and beam induced voltage is applied
to the passing bunch according to Eq. (6.41). The average bunch energy is adjusted according
to its energy loss or gain while traversing the cavity. Finally, this tracking scheme is repeated
multiple times and the bunch positions are memorized for each turn. Actually, the bunches
perform synchrotron oscillations around their optimum positions, which can be reconstructed
from the synchrotron oscillations seen on the simulated bunch position data.

The optimum bunch phase deviation with respect to its nominal position is shown in
Fig. 6.23, for a bunch train having nominal LHC filling pattern (see Sec. 5.1.1) held by the
superconducting RF system at 16MV. The result of the analogous simulation, for the same
bunch pattern held by a 1.5MHz RF system at 40.08MHz, is found in Fig. 6.24. The param-
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Fig. 6.23: Periodic solution of the steady state phase
position for the nominal LHC bunch pattern held by
the superconducting RF system with 16 MV. The
external quality factor Qg is assumed to be 105.
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Fig. 6.24: Periodic solution of the steady state phase
position for the nominal LHC bunch pattern as in
Fig. 6.23 but for a normal conducting 40.08 MHz RF
system with 1.5 MV. The phase deviation is given in
radians with respect to 400.8 MHz.

eters of the 40.08MHz system have been set according to Tab. 6.1. The operation of the LHC
with such an RF system results in almost ten times larger phase deviations of the bunches. If
this causes too large jitter of the collision point of a pair of bunches, it could be compensated by
stronger coupling of the generator to the cavity at the expense of an increase in instantaneous
RF power [227].
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The corresponding RF amplitude is, for the 400.8 as well as for the 40.08MHz system, nearly
constant and the residual variation together with the bunch pattern is plotted in Figs. 6.25
and 6.26. It should be pointed out that both RF systems show a very similar time dependence

Fig. 6.25: Residual RF amplitude variation at
400.8 MHz along one turn due to beam loading ac-
cording to the bunch position deviations shown in
Fig. 6.23.

Fig. 6.26: Same representation as in Fig. 6.25 but
for the normal conducting RF system at 40.08 MHz.
The beam dump kicker gap is located from bunch
position 3446 to 3564.

concerning beam loading. This can be attributed to the fact that both RF systems have an
almost identical filling time of some 50µs. This time constant is of the order of half the
revolution time which explains in fact the periodicity of the RF voltage illustrated in Figs. 6.25
and 6.26.

The analysis of transient beam loading effects therefore shows that the behaviour of an
LHC operated with normal conducting 40.08MHz cavities would be similar to the nominal
situation. The requirements for beam loading compensation are comparable and no special
problems are expected. However, the operation of the superconducting 400.8MHz during the RF
manipulations to create and store long and flat bunches causes intolerable transient RF voltages,
which cannot be compensated with present technology, and the superconducting cavities will
have to be removed from the ring. Although it is clear that the cavities will be of coaxial type,
no detailed design is available so far and the beam loading parameters certainly have to be
revised according to more elaborated cavity parameters.
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Chapter 7

Summary and Outlook

The choice of the longitudinal beam parameters, such as bunch length or bunch form, has a
considerable influence on the final performance of the high energy proton-proton collider LHC.
Various upgrade options to improve the luminosity of the LHC have been considered so far.
This study presents an analysis of the possibilities to operate the collider with long and flat
bunches.

After an introduction of the fundamentals of longitudinal beam dynamics, a survey of the
large variety of longitudinal beam manipulations is made. This overview includes classical, well
established beam manipulation techniques, but also RF gymnastics with barrier buckets, short
RF pulses commonly generated in broadband cavities. The conditions for longitudinal matching
at beam transfer between two synchrotrons are described.

In the following section, the possibilities of luminosity improvements using long and flat
bunches are explored, with respect to the strong beam-beam limit. Three different options
are compared. Firstly, short rectangular bunches with a length comparable to nominal LHC
bunches intersecting at large crossing angles of some 5mrad could partially remove the beam-
beam limitation far away from any realistic average beam current. However, for a given number
of protons per bunch, a large crossing angle is associated with a significant reduction of the
luminosity so that the intensity already has to be increased by a large factor to simply recover
the nominal and ultimate luminosities. Secondly, long and flat bunches of intermediate length,
about an order of magnitude longer than nominal bunches and containing either 16 or 32 nearly
nominal bunches each, could push the beam-beam limit by fractional tune spread compensation
in the crossing plane. These bunches are held in collision mode by multiples of 40.08MHz to
reproduce a flat line density. Finally, the scenario of operating the LHC with a single superbunch
per beam, held by barrier buckets, is investigated for comparison.

The result of these comparisons is that, in terms of beam dynamics, the scheme with bunches
of intermediate length has quite competitive performance to the single superbunch case. Addi-
tionally, the technical implementation of the former scenario is much more realistic, because of
the numerous inherent disadvantages of superbunches, like the need for synchrotron radiation
compensation and for broadband cavities.

Based on the final long and flat bunch parameters, a realistic RF manipulation to create
them, starting from a nearly nominal bunch pattern, is described and optimized in detail. This
manipulation consists of a series of batch compression and bunch pair merging RF gymnastics.
Both of these basic ingredients have been amply demonstrated in a real accelerator environment.

Finally, the influence of longitudinal collective effects and beam loading is analyzed. The
bunches held by the 40.08MHz RF system are prone to coupled bunch instabilities, especially
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during the period of LHC filling, as their longitudinal emittance is much smaller than the bucket
area. The tolerable impedance limitations are at least an order of magnitude more tight than
for the storage of the nominal LHC beam. Two cures can be envisaged to suppress longitudinal
instabilities: firstly, Landau damping can be improved by superimposing some RF amplitude
at a higher harmonic and thus increasing the synchrotron frequency spread within the bunches.
The induced emittance growth by such an additional RF system could be kept within reasonable
limits. Secondly, a longitudinal coupled bunch feedback, as has been initially considered for the
LHC [228, 229], could stabilize the beam. This feedback would have to cover a bandwidth of
some 20MHz since the bunch frequency remains 40.08MHz during injection.

It is important to point out that the challenge for the detectors of the physics experiments is
as large as for the accelerator. However, from the point of view of the experiments, the different
scenarios do not have equal interest, even if they can theoretically deliver the same luminosity.
Extrapolating from today’s detector and data handling technologies, more numerous bunches
are clearly preferable in the framework of a first stage LHC upgrade.

In any case, this report shows that long and flat bunches offer potentially valuable solutions
for upgrading the LHC luminosity and proposes a challenging but feasible method for creating
them.



Appendix A

Experimental Results with Thick
Barrier Buckets in the SPS

As has been shown in the preceding chapters, the application of the barrier bucket technique
in a circular accelerator requires a special broadband RF installation, being capable to transfer
nearly arbitrary RF amplitude to the beam. None of the CERN accelerators is however equipped
with such an RF system.

The Super Proton Synchrotron (SPS) is a synchrotron to accelerate protons from some
14GeV up to 450GeV located at CERN. It has a circumference of 6911.5m [230]. Originally
the SPS was constructed for experiments with fixed targets. In the near future its main role
will be to serve as proton and heavy ion injector for the LHC [148, 231, 232].

For beam acceleration, the SPS is equipped with a so called traveling wave RF system
working at 200MHz, the 4620th harmonic of the revolution. This system is operated as a
waveguide coupled to the beam and has the advantage that its filling time is well below the
revolution period. The RF amplitude can be controlled on a turn-to-turn basis which offers
new possibilities for RF manipulations. In fact, thick barrier buckets can be generated by
filling and depleting the traveling wave cavities several times per revolution. Thick means that
these barriers have a sub-structure given by the resonance frequency at which the RF system is
operated, namely 200MHz. The potential barrier itself evolves from the amplitude modulation
of the fast RF oscillation at the resonance frequency of the cavities.

This thick barrier bucket technique has already been tested successfully with low beam
currents at 14GeV (below transition) in the SPS at CERN in 1999 to check its prospects for
a future upgrade [233, 234] in the framework of the CERN Neutrino to Grand Sasso project
(CNGS). At that time the performance was limited by intensity effects. However, since the
SPS has undergone a major impedance improvement program during the last few years [235], it
was suggested to repeat the machine development experiment above the transition energy and
with increased beam intensity. The chapter is based on the results of the machine development
experiment as reported in [236, 237].

After an introduction to the beam dynamics of thick barrier buckets, their generation in the
SPS is described. The experimental results are presented and commented afterwards. Finally,
beam loading issues are discussed in the last part of this chapter.
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A.1 Hamilton beam dynamics of thick barrier buckets

Pulsing the TW structures in the SPS with a constant power delivered by their power amplifiers
means that the total cavity voltage rises nearly linearly with time, because the group velocity
along the cavity length is constant. The normalized potential W (φ) as defined in Chapter 2
generated by the RF system can then be described by

W (φ) =




1
φp

[sin(φq + φ) + (φp − φq − φ) cos(φq + φ)− sinφp] , −φq ≤ φ < −φq + φp

0 , −φq + φp < φ < φq − φp
1
φp

[sin(φq − φ) + (φp − φq + φ) cos(φq − φ)− sinφp] , φq − φp ≤ φ ≤ φq
,

(A.1)
where the phase definitions φp and φq were chose according to Fig. A.1. Using the Hamiltonian
from Eq. (2.24) with (φ, φ̇) as the canonical conjugate pair of variables leads to phase space
trajectories which are given by

φ̇(φ) =
√

2ω2
s [W0 −W (φ)] with W0 = W (φl) or W0 = W (φu) , (A.2)

where φl and φu are the limits of the trajectory in φ. A typical normalized longitudinal phase
space is shown in Fig. A.1.

Fig. A.1: Sketch of the longitudinal phase
space for a thick barrier bucket with φq = 12π
and φp = 8π. It can be seen that the energy
acceptance is largest at the bucket ends. The
inner trajectories show that separated sub-
buckets exist inside the barrier.

A.1.1 Bucket height

Over most of its length the energy acceptance of a thick barrier bucket with a given RF voltage
U0 is reduced by a factor of

√
2 with respect to the energy acceptance of a single sinusoidal

barrier bucket (∆Êharmonic). This can be understood by observing that the potential created
by the thick barriers is symmetric around the potential during the coasting beam section of
the long bucket. Only half of the RF voltage can therefore contribute to the potential and the
energy acceptance is lowered. It can be written as

∆Ê '
√
pR eU0ω0

πh|η| , (A.3)

where p is the beam momentum, R is the mean machine radius, ω0 is the revolution frequency,
h = ωrf/ω0 the harmonic number and η = 1/γ2

tr − 1/γ2 = 6.2 · 10−4 is the phase slip factor. At
the edges of the bucket, the energy acceptance gradually grows by the missing factor

√
2 to the

same energy acceptance as in a harmonic RF system.
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A.1.2 Bucket area

The exact bucket area of a thick barrier bucket can be calculated by numerical integration over
the separatrix. For barriers which were generated in the SPS, the RF frequency is much higher
than the frequency of the amplitude modulation, and it takes about 120 RF periods to fill the
RF cavities. In this case a simple analytical approximation for the bucket area of a barrier
bunch can be found by averaging over the bucket substructure.

The principle of such an approximation is shown in Fig. A.2. As the voltage in the cavities

Fig. A.2: Sketch of phase space and approximated phase space for the bucket area estimation. Only half of the
hatched areas are taken into account for the bucket area.

is rising linearly during filling and depletion, the minimum and maximum functions in the right
picture of Fig. A.2 that define the areas of which approximately one half is inside the bucket,
can be calculated analytically and are of

√
1± a(φ− b) type, where a and b are parameters

depending on φp and φq.
From the approximation presented in Fig. A.2 (right) the bucket area in units of [φ · φ̇] =

rad2/s can be written as

A = 4
√

2ωs

[
(φq − φp) +

2
3
φp

]
+

1
2
· 4
√

2ωs

[
4
3
(
√

2− 1)φq

]

= 4
√

2ωs

[
φq +

(
2
√

2
3
− 1

)
φp

]
(A.4)

and as

A = 4
√

2
Eβ2ωs
h2ω2

0 |η|

[
φq +

(
2
√

2
3
− 1

)
φp

]
(A.5)

in conventional units of [time · energy] = eV · s.

A.2 Generation of thick barrier buckets

Unlike other circular accelerators where special broad band cavities had to be installed for
barrier bucket operation, a special form of these longitudinal potential wells can be generated
in the SPS thanks to the short filling time of the RF cavities with respect to the revolution
period. The standard acceleration system in the SPS consists of four accelerating cavities each
of which is composed of either 43 or 54 cells. As these cavities are operated in traveling wave
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(TW) mode, the filling time, which is 567 ns for the two structures with 43 cells and 712 ns for
the two 54 cell cavities, is much shorter than the revolution time of 23.1µs.

By switching the amplifiers of the TW cavities on and off twice during each revolution period
for some 800 ns, RF wave packages with about 1.4µs length and a 200MHz substructure are
formed, actually a simple fast amplitude modulation of the 200MHz RF signal. The RF voltage
in the cavity is increasing and decreasing linearly as the group velocity (cf. Tab. A.3) along
the TW cavities is constant. An overview of the special pulse generation electronics and the

Fig. A.3: Sketch of the thick barrier bucket generation in the SPS. The 200 MHz RF signal is modulated by a
switch which is triggered twice per revolution. The main RF power chain passes through the 200 MHz switch on
the right of the diagram. The linearly increasing and decreasing voltage ramps in the RF structures are caused
by the finite filling time.

amplitude switching of the TW cavities is given in Fig. A.3. Switching the drive voltage on and
off for about one filling time generates amplitude functions which are nearly linear. It is worth
noting that because of this special kind of barrier bucket generation, the phase of the 200MHz
stays constant with respect to the revolution frequency and only the amplitude of the cavity
voltage is modulated. This becomes important when the phase position of the RF barrier is
varied (cf. Sec. A.6).

The typical RF voltage function composed of the vector sum of all four TW cavities at zero
beam current is shown in Fig. A.4. The driving pulses and the beam signal of a stationary long
bunch measured with an electrostatic broadband pick-up are presented in Fig. A.5. It is clear
that the RF power amplifiers cannot be switched on instantaneously and the measured voltage
profile shows that the RF amplitude in the cavities does not raise perfectly linearly. Because
of different cable lengths, the two traces are shifted by an arbitrary phase against each other.
In fact, both barrier pulses are arranged symmetrically around the beam pulse. The distance
between the two pulses, which is approximately equal to the bunch length, was set to about
3.4µs. It was chosen to be about twice as long as the injected batch of 72 bunches (1.8µs) from
the PS. The slope on the beam pulse in Fig. A.5 arises due to the baseline drift of the broad
band pick-up with its amplifier. The low frequency cut-off is at a few kHz.

A.3 Beam parameters

All barrier bucket experiments were carried out with one batch of the standard LHC beam
injected in the SPS at an energy of 26GeV. Since beam with the nominal LHC intensity was
observed not to be held inside the barrier bucket, the injected intensity was decreased to about
one third of the nominal number of particles. All relevant beam and machine parameters during
the barrier bucket experiment are summarized in Table A.1.

The RF frequency was matched to the injected beam energy but was slightly varied during
the experiment to compensate for energy mismatch. Compared to the first measurements
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Fig. A.4: Vector sum of the cavity voltage produced
by two TW cavities in barrier bucket mode. The peak
voltage of the barriers is approximately 2MV.

Fig. A.5: Driving pulses for the RF switch to
trigger generate the barriers in Fig. A.4 (upper
trace). In between the two barriers a long bunch
with homogeneous line density is kept (lower
trace).

Injected beam parameters:
Momentum, p [GeV/c] 26
Intensity per bunch (total), N . 0.4 · 1011 (. 2.9 · 1012)
Bunch length, τ [ns] 4
Momentum spread, ∆p/p ±2 · 10−3

Longitudinal bunch emittance, εl [eVs] 0.35
Batch length [µs] 1.8

[2πRSPS] 1/12.8
Barrier bucket parameters:
Harmonic number, h 4620
Frequency of RF systems, f = hω0/(2π) [MHz] 200.265
Driving pulse length of barrier excitation [µs] 0.9
Total RF pulse length [µs] 1.5
Total cavity voltage of two/four TW cavities, U0 [MV] 2/4
Distance between barrier pulses [µs] 3.3 – 4.3

Tab. A.1: Beam and machine parameters during the barrier bucket experiment. The number of injected protons
corresponds to approximately one third of the nominal LHC beam intensity.

described in [233, 234], the new measurements mainly differ in the intensity per bunch (4 · 1010

instead of at the utmost 2.5 ·1010 resp. 5 ·109 particles per 200MHz bucket) and in the particle
energy (26GeV instead of 14GeV) chosen for the experiments.

It is worthwhile noting that the earlier barrier bucket tests [233] have been performed below
transition at 14GeV, whereas the injection flat bottom for the LHC beam at 26GeV is above
the transition energy. The feedback and feed-forward loops around the cavity amplifier chains,
which normally reduce the impedance of the RF systems, had to be switched off during barrier
operation.
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A.4 Properties of stationary barrier bunches

As a first experiment the behavior of a stationary long bunch kept by thick RF barriers over a
long timescale in the SPS was studied. A single LHC beam batch was injected in between two
barriers. The SPS was then set to coast mode, meaning that the magnetic field and the RF
parameters remain constant for a timescale from minutes up to hours). In our case the longest
coast was kept for about 100 minutes.

A.4.1 Stationary long bunch in the SPS

During the first few seconds after injection longitudinal particle density waves swashing back
and forth between the two potential barriers generated by the cavities have been observed. This
and its transient character are analyzed in detail in the subsequent section. About 10 s after
injection, due to dilution in the longitudinal phase space, the beam becomes stable.

During the storage of the barrier bunch, the longitudinal beam profile, again measured with
the electrostatic broadband pick-up and the 200MHz component, detected by a cavity tuned
to 200MHz, have been recorded. Two such measurements are shown in Fig. A.6 and A.7.

Fig. A.6: Bunch signal (lower trace) and barrier
pulses (upper trace) about one minute after injection.
As can be seen, the current density along the bunch
is constant as expected for such a band. The slope
of the line density is introduced by the low frequency
limit of the broadband pick-up. The horizontal scale
is 2 µs per division.

Fig. A.7: 200 MHz component of the bunch signal
(upper trace) and RF voltage (lower trace) during
the passage of the intentionally generated long bunch
3.5 minutes after injection. The absolute phase of
the signals is not exactly the same. The horizontal
scale is 1 µs per division. The beam signal should be
modulated only at the bunch edges by the 200 MHz
RF waveform.

The intensity at about one minute after injection was about 2 · 1012 p corresponding to
2.8 · 1010 p/bunch. It should be noted that the measurements by the beam current transformer
include all particles circulating in the accelerator and thus the coasting beam background also
contributes to the measured beam currents. The long bunch was perfectly stable at this intensity
and no instability was observed during the beam storage. The beam lifetime calculated from
intensity readings based on the current transformer during one of the coasts is τ = 1202 s±80 s.

As can be seen on the measured 200MHz component of the beam, there are also particles
outside the intentionally populated bucket. A small fraction of them are captured inside the
complementary bucket situated in the rest of the circumference (see Fig. A.8) shortly after the
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unmatched injection. As the line density in this bucket is also stretched around the ring, it

Fig. A.8: The two barrier pulses in the SPS actually
generate two barrier buckets. The first bucket is inten-
tionally built up between the two barrier pulses. The
second occupies the rest of the ring.

can be estimated that the corresponding beam current is in any case below a few percent of the
current in the main bucket.

A third group of particles drifts around the ring, not captured inside either of the two
buckets. They were kicked onto such trajectories in the longitudinal phase plane during the
first hundred turns after injection. Their large energy deviation is due to the voltage induced
by the beam in the RF cavities themselves. Although situated outside buckets, their density
is still modulated by the RF barriers and the particles show up as small peaks in the 200MHz
component, with maxima close to the barriers.

Theoretical parameters of barrier buckets with two and four SPS RF cavities of 1MV each
delivering bursts separated by 3.3µs are summarized in Table A.2. In any case the bucket area

RF voltage, U0 ∆Ê (∆Êharmonic) ∆p̂/p (∆p̂harmonic/p) Abucket

1MV 53.6 (75.8)MeV 2.14 (3.02) · 10−3 346 eVs
2MV 75.8 (107.2)MeV 3.02 (4.13) · 10−3 489 eVs
4MV 107.2 (151.6)MeV 4.13 (5.83) · 10−3 692 eVs

Tab. A.2: Barrier bucket parameters for different RF amplitudes. The total bucket length is 3.3 µs and the
filling time is assumed to be approximately 600 ns. The values in brackets given for the bucket height correspond
to an harmonic RF system.

is much larger than the longitudinal emittance of the injected batch which adds up to only
72 · 0.35 = 25.2 eVs. As the bunched beam debunches after the injection in the long bucket, it
is obvious that the phase space density of the final bunch is at least one order of magnitude
below the longitudinal particle density in nominal LHC bunches.

A.4.2 Stationary beam loading of a long bunch

The line density in a long bunch kept between two thick barriers in the SPS is much smaller
than the line density of nominal LHC bunches injected from the PS. Nevertheless beam loading
in the 200MHz RF system may still influence the effective voltage delivered to the beam.

The four 200MHz TW structures in the SPS are of backward wave type, which means that
the RF power fed to the structure at its downstream end, travels in the opposite direction to
the beam and is dissipated in a resistive load at the upstream end [238, 239].

The beam transfer impedance of such a structure is given by

Zb =
L2R2

8

[(
sin τ

2
τ
2

)2

− 2j
τ − sin τ

τ2

]
, (A.6)
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wherein L is the interaction length and R2 is the series impedance of the structure. The total
phase slip τ is due to the velocity difference between accelerating wave and the beam:

τ =
L

vg

(
1− vg

v

)
· (ω − ωr) . (A.7)

The center frequency of the cavities operated in π/2 mode is defined as ωr = 2π · 200.222MHz,
v = β/c and vg are beam velocity and the group velocity of the cavity structure. Some properties
relevant for beam loading estimates are condensed in Table A.3. Illustrations of the beam

Center frequency of π/2 mode, ωr/(2π) [MHz] 200.222
Interaction length 4/5 section cavity, L [m] 16.082/20.196
Group velocity, vg [m/s] 0.0946c
Operating frequency at p = 26GeV, ω/(2π) [MHz] 200.265
Beam transfer impedance 4 section cavity, Zb [MΩ] 0.874 − j0.048
Beam transfer impedance 5 section cavity, Zb [MΩ] 1.38 − j0.096
Total beam transfer impedance [MΩ] 4.502 − j0.288
(two 4 section and two 5 section cavities) 4.51MΩ ∠ − 3.670

Tab. A.3: Relevant parameters of the 200 MHz TW RF system at 26 GeV/c.

transfer impedance can be found in e.g. [240]. As the frequency of operation at 26GeV beam
momentum is quite close to the center frequency, the cavity impedance is mainly resistive. The
line density λ(φ) can be calculated according to Eq. (2.60) by assuming a distribution being
parabolic in energy f(φ = const., φ̇) ∝ (1−φ̇2/φ̇2

max)1/2. It is directly proportional to the square
of the energy deviation of the limiting trajectory in phase space.

The beam current along the bunch with such a distribution for an intensity of 0.35 · 1010

p/bunch is shown in Fig. A.9. The voltage induced at 200MHz by this current (averaged on a
time scale of a few RF cycles) is plotted in Fig. A.10.

Fig. A.9: Calculated beam current versus time for
a line density distribution as assumed in Eq. (2.60).
The center of the bunch is at t = 0. In the mea-
surements, the particle density at the edges is lower
than expected because of separated islands inside the
barriers which are less populated than the assumed
in the model.

Fig. A.10: Calculated absolute beam induced volt-
age versus time for the distribution shown in Fig. A.9.
This is only an upper estimation of the induced volt-
age which reduces the external cavity voltage. The
measured beam induced voltage does not have the
maximum at the edge of the long bunch.

If only the absolute value of the cavity impedance is been taken into account, the maximum
voltage reduction induced by beam loading can be estimated to be around 0.6MV. Compared
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to the external cavity voltage of 2MV this is not negligible. It is worth noting that part of this
induced voltage is compensated by the amplitude control loop which is acting on the vector
sum of all cells of one TW cavity.

The simple model mentioned above would predict a 200MHz beam component which in-
creases linearly along the barrier and has its maximum at the largest RF voltage. This is in fact
not true because the bunch has a more complex structure of separated sub-buckets and outer
trajectories (see Fig. A.1) which cover only a fraction of the whole bunch. As the outer regions
of the bunch are naturally less populated, the bunch edges will be also less populated than the
inner regions. Additionally, there are separated islands in phase space inside the barriers which
are also less populated than assumed in the simple model. The 200MHz beam component
therefore shrinks again towards the end of the bucket.

Fig. A.7 shows that the RF component increases nearly linearly where the beam reaches
the barrier and decreases again after 380 ns. The analysis of the 200MHz beam component
can give an estimation for the effective voltage seen by the beam in the RF cavities. It should
be mentioned that only the DC and the 200MHz components are the two dominant current
contributions to the beam structure. All other frequency components are strongly suppressed.

The beam current distribution along the final bunch kept by the two barriers is much more
homogeneous than the injected bunch structure. This causes a peak current along the coasting
beam fraction of the final bunch which is about an order of magnitude lower than the peak
current of the injected LHC bunches.

A.5 Transient beam behaviour after injection

As shown in the previous section, the behaviour of the long bunch held by thick barriers is
as expected; a few seconds after injection equilibrium is attained. It is stable and the line
density along the central part of the bunch is constant. However, the most critical process is
the formation of the long bunch itself. As it is impossible to prepare a single long bunch in
the PS with its present RF systems and to transfer it to a matched bucket in the SPS, an
LHC-type batch is injected between the two potential wells. It consists of 72 bunches spaced by
25 ns with a bunch length of 4 ns each (see Table A.1). These bunches have a strong 200MHz
Fourier component during the first turns after injection which decays before the first particles
are reflected at the barriers. As an unexpected large fraction of the injected particles was not
reflected by the barriers a detailed analysis of the possible mechanism is presented below.

A.5.1 Measured profiles

To analyze the beam dynamics during the injection of a LHC batch into a long bucket, the
evolution of the line density was recorded on the broadband pick-up during the first second
after injection. One trace is recorded every 300 turns and the full display corresponds to the
first 4.5 · 104 turns. Two typical measurements for 2MV (left) and 4MV (right) voltage are
shown in Fig. A.11.

The first observation is that the injected beam spreads very asymmetrically in azimuth,
most particles drifting to the left which means that their energy is below the reference energy.
Moreover, only a fraction of the particles is reflected by the barriers. A non-negligible fraction
of the injected beam passes through the left barrier and becomes coasting or is captured in
the second, extremely long barrier bucket (assuming that the energy of some particles is above
the reference energy, see Section A.4.1). Only particles with positive energy deviation can be
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Fig. A.11: Mountain range plot of the pick-up signal during first 4.5 · 104 turns in the SPS. One trace was
recorded every 300 turns. The left plot shows a measurement with 2MV whereas the right plot was taken with
4MV RF voltage. The barriers (maximum cavity voltage) are located at 2.5 and 6.8 µs (marked by thick lines).
The bunches around 4.3 µs do not debunch because of a parasitic 200 MHz RF voltage burst following each barrier
pulse.

captured in the second barrier bucket because they need to pass one barrier first and lose energy
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so that they cannot cross a further barrier.
From the momentum spread of the injected beam given in Table A.1 and the energy accep-

tance in Table A.2 an RF voltage of 1MV theoretically should have been sufficient to capture all
particles of the injected beam. In this case, an effective RF voltage reduction caused by beam
loading should have been compensated, but even without feedback and feed-forward loops, the
total beam should have been easily captured with 2MV RF amplitude.

The fraction of the beam crossing the left barrier is estimated by integrating over the beam
profile (Fig. A.11). For an RF voltage of 2MV, approximately 50–65% of the injected beam
has been captured in between the barrier bucket, whereas still 20% of the particles drifting
away in the 4MV case. Furthermore, it is possible to estimate the maximum energy deviation
of particles crossing the barriers by measuring the drift velocity φ̇ relative to the synchronous
particle. In the U0 = 2MV case, the drift velocity is about φ̇ = 4.2 ·103 rad/s which corresponds
to an energy deviation of 139MeV. This deviation is indeed larger than the energy acceptance
of the bucket (see Table A.2). The situation changes in the U0 = 4MV case as particles with an
energy deviation of up to ∆E ' 108MeV should normally be kept inside the bucket. However,
the results are intensity dependent and the precision with which the drift speed can be extracted
from the measured profile is rather limited.

Energy loss by transient beam loading in the cavities is thus suspected to be the process
which might explain the beam behaviour. On the one hand, particles may lose energy quickly
due to the RF cavities during the debunching in the first 200 turns after injection because of
transient beam loading. On the other hand, the effective amplitude in the cavities might also
be lowered by an RF voltage induced by the 200MHz component of a stationary long bunch
(see Section A.4.2) in equilibrium because of transient and stationary beam loading. The first
effect will be analyzed in detail in the next section.

A.5.2 Debunching process after injection

To understand the time scale on which the beam can lose energy after injection in the SPS with
its uncompensated cavity impedances, it is necessary to have a closer look at the debunching
procedure and especially the decay of the 200MHz beam component.

The decay of the injected batch structure with 4 ns long bunches spaced by 25 ns caused
by the dependence of the revolution period of the individual particle in the SPS is very fast.
According to the equations given in Sec. 3.3.2 the debunching time at injection flat-bottom is
about 1.8ms which corresponds to 80 turns. Measurements of the beam induced voltage during
the first 150 turns confirm calculations which predict that the 200MHz beam component should
decrease to below 20% of its initial value within approximately 100 turns. The time needed for
the 40MHz and 200MHz beam structure to decay is approximately five times longer than the
debunching time td, because of the 25 ns bunch spacing, where every fifth bucket is populated
at 200MHz.

This decay is nevertheless much shorter than the time needed for particles from the batch
to reach the barrier and thus further calculations can be assumed to be independent of any
barrier RF voltages. The assumption is confirmed by the fact that, as can be seen from Fig.
A.11, no further significant energy loss on a time scale of a few thousand turns is observered.

A.5.3 Estimation of the average energy loss by beam loading

The average rate of energy loss per particle can be estimated by application of energy conser-
vation law. As mentioned before, the filling time of the 200MHz TW structures in the SPS is
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much shorter than the revolution time and the cavities have thus no memory from turn to turn.
Each time the batch arrives, the cavities are completely empty. Therefore, the total energy
delivered by the beam to the cavity can be derived from the measured induced voltage profiles
during the beam passage.

The total vector sum measured over all four TW structures in the SPS during the first turn
is plotted in Fig. A.12. The voltage profiles of the beam induced voltage in between the

Fig. A.12: Vector sum of all four TW cavity voltages
during the first passage of the LHC batch injected
from the PS. It can be clearly seen that the beam
induced voltage (centre) is nearly as large as the two
barrier waveforms generated by the RF power ampli-
fiers.

barriers are alike on subsequent turns, but their amplitude decreases from turn to turn [236].
Filling the TW structures with power from the beam looks similar to filling them with power
amplifiers as the rate of rise of the RF voltage is the same in both cases.

To compute the average power and also the average beam energy delivered to the cavities one
first has to calculate the effective voltage by integrating over the voltage function in Fig. A.12.
Only the region where the cavity voltage is induced by the proton beam (between τi ' 4µs and
τf ' 6.2µs) has to be taken into account. The effective power delivered to the cavity is then
defined by

Pavg =
U2

eff

|Zb| '
1

τf − τi

∫ τf

τi

U(t)2 dt

|Zb| . (A.8)

Multiplying the effective power Pavg by the time interval of integration τf − τi gives the total
energy which was delivered to the RF system and which was thus lost by the beam at every
turn.

For conversion to more convenient units, this can be normalized per proton. The result
is given in Fig. A.13. The decay of the beam induced power was fitted by a second order

Fig. A.13: Average energy loss per proton per turn
versus number of turns normalized to an intensity of
0.4 · 1011 particles per bunch. The dashed line is a fit
to the measured curve and is used for the total energy
loss estimate.

polynomial. The energy losses after the first 200 turns are negligible.
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Integration over the fitted function therefore gives a good approximation of the total energy.
For one injected LHC-type batch with 0.4 · 1011 protons per bunch this assumption gives

∆Eavg ' 72MeV/p . (A.9)

This mean energy loss per particle is below the energy deviation of the particles crossing the
potential barrier as observed in Fig. A.11 which is above 100MeV. However, some particles
receive a much larger energy kick whereas others experience no significant net energy loss.
Moreover, the bunches are not only shifted by a certain amount of energy but also blown
up enormously. A simulation of an LHC-type bunch with parabolic distribution in phase and
energy was made to check the blow up in energy spread. One bunch of 2000 particles was placed
at the crest of the RF voltage and tracked for 200 turns (Fig. A.14) while the RF amplitude was
reduced. As the RF amplitude decreases linearly to zero within these 200 turns this situation

Fig. A.14: Distribution of an LHC bunch placed at the crest
of the RF voltage which linearly decreases to zero within 200
turns. In this example, 2000 particles are tracked. The initial
bunch distribution was parabolic in phase and energy.

should give a good estimation for the blow-up in energy spread. If a further energy shift of the
center of gravity of the bunch by ∆Eavg is assumed which is not included in the tracking, the
energy deviation of particles crossing the barriers in the range of some 140MeV observed from
the mountain range plots (Fig. A.11) becomes explicable.

Knowing the total average energy lost by the beam, it is possible to roughly estimate which
fraction of the injected batch can be captured in the barrier bucket and which fraction becomes
coasting. It is assumed for simplicity that the whole batch is shifted by the average energy
loss ∆Eavg. It is clear that in reality not all bunches are shifted equally (see Fig. A.14). Some
of them receive much larger kicks in energy whereas others stay close to their initial energy.
Averaging over the whole batch should however lead to the correct order of magnitude. The
barrier bucket in which the batch is injected simply defines a certain, allowed energy range
±∆Ê. As long as particles stay inside this energy range they are assumed to be captured.

With a total average energy loss of 72MeV per particle and an external barrier RF voltage
of 2MV one computes with this method that 39% of the injected particles should be captured
in between the two barriers. In the case of 4MV RF voltage about 83% of the injected particles
should have been captured. Stationary beam loading has been taken into account. Even though
this should be only regarded as a rough estimation because of many assumptions, the results
agree quite well with measured values (defined in Section A.5.1).
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A.6 Moving the barriers inside the long bunch

As a further experiment, it was also tried to vary the thickness of the barriers to simulate a
barrier which moves in phase. Considering the hardware set-up it was however predicted that
batch compression by the moving barrier should not take place.

An overview sketch of the barrier bucket generation in the SPS has been given in Fig. A.3.
The RF barriers are generated by switching on and off the main 200MHz RF chain. By doing
so, only the amplitude of the 200MHz RF structure is modulated whereas the phase of the
RF signal itself always stays constant in phase with respect to beam at reference energy. If the
barrier size is made variable by changing the drive pulse length, only the phase of the amplitude
modulation is changed, and not the 200MHz phase (Fig. A.16). On the contrary, for a real
moving barrier the 200MHz phase should also be shifted synchronously with the amplitude
modulation phase shift (Fig A.15).

Fig. A.15: Longitudinal phase space for a moving
barrier. The phase of the barrier is shifted to the
left. If the phase of the amplitude modulation and
also the phase at 200 MHz is shifted synchronously,
the thick barrier is moved smoothly. Virtually no
particles penetrate the barrier and batch compression
is possible.

Fig. A.16: Scheme applied in the SPS: same longitu-
dinal phase space as in Fig. A.15 but only the phase
of the amplitude modulation is moved now while the
200 MHz phase stays constant. Moving the amplitude
modulation to the left, some populated phase space
is separated from the main bunch and penetrates into
the barrier.

Changing only the phase of the RF amplitude modulation as was done in SPS is not sufficient
to achieve batch compression. Increasing the length of the barrier simply leads to capture of
some part of the bunch into the barriers. This is exactly what has been measured. Fig. A.17
shows a long bunch which is still unbunched for about half of its length whereas half of the
bunch has penetrated inside the barriers and is simply a bunched beam in stationary 200MHz
buckets. Observations in the SPS are thus in agreement with this model.

A.7 Conclusions from the barrier bucket experiment

As the barrier bucket technique is regarded to be a promising scheme to increase the luminosity
in LHC, the SPS was used as test bed to study the behaviour of long bunches kept by RF
barriers. A first beam experiment on barrier buckets was carried out below transition at 14GeV,
with low beam intensities and fixed target beam. During the second experiment all tests have
been performed with one standard LHC batch injected from the PS above transition at an
energy of 26GeV and an intensity of 2.9 · 1012 p/batch.
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Fig. A.17: Moving only the modulation amplitude does
not compress the bunch. About half of the long bunch is
rather captured inside the barrier (lower trace). Initial point
for this measurement was a stationary long bunch similar to
Fig. A.5.

The maximum intensity, which corresponds to one third of the nominal intensity for the
LHC, was limited by strong beam loading effects in the 200MHz TW cavities. On the one
hand, the large 200MHz component of the injected batch caused transient beam loading and
on the other hand, stationary beam loading reduced the effective voltage, which was available
for the RF barrier. Due to the absence of feedback and feed-forward loops, the beam loading was
not compensated. This can be avoided in future experiments by two possible counter measures:
firstly, the transient effects during the capture process could be suppressed by capture of the
LHC batch by two TW cavities with servo loops switched on, while the other two TW cavities
are operated in barrier mode. After capture, the batch could be debunched adiabatically to the
barrier bucket. Secondly, the injection of a debunched beam from the PS with a line density
modulation as low as possible would decrease the 200MHz component and lower the transient
beam loading.

The effect of the transient beam loading during the first 200 turns after injection leads to an
energy loss due to energy transferred from the beam to the 200MHz TW cavities. Calculations
for the average energy loss of the beam, which is in the range of 72MeV per proton, are found
to be in good agreement with the measured number of captured particles.

It is be shown that in the stationary case, when the transient effects had decayed a few
seconds after injection, no significant longitudinal density modulation along the bunch was
detected and the bunch could be kept stable for more than 80min at the injection flat bottom.
As the beam energy was widely spread by the large beam loading at injection, the particle
density in the longitudinal phase space was reduced by more than one order of magnitude so
that no instabilities could be observed.

The barrier bucket experiment has shown that if barrier buckets will be used in LHC, special
attention has to be paid to RF gymnastics in the presence of strong beam loading. In the SPS
the implementation of counter measures against the beam loading effects should allow higher
particle densities to be stored in between the barriers and to observe possible instabilities in
the long bunch.
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Appendix B

Creation of Special Bunch Patterns
in the PS Complex

The bunch combination scheme to create long and flat bunches in the LHC is based on trains
of either 16 or 32 bunches with spacing of 25 ns. In between these trains, gaps of two or
four non-populated bunch positions are required. Preferably, such bunch patterns should be
generated directly in the PS complex so that the beam can pass the SPS without further RF
manipulations. It is important to point out that the PS complex at the time of a long bunch
LHC upgrade might also have undergone significant upgrades itself like the construction of a
new injector linac with an energy above 2GeV or the replacement of the PS Booster by a new
rapid cycling or multi-ring synchrotron [175]. Therefore, only some basic ideas shall be given
in this appendix on the means to generate the required bunch patterns required by the long
bunch combination scheme.

B.1 Bunch pattern for the combination of 16 bunches

The sub-bunch pattern at the beginning of the combination can be written as 16 ⊗ b ⊕ 2 ⊗ e
and it fits four times into the circumference of the ring so that the full PS bunch pattern at the
harmonic number h = 84 becomes

4⊗ (16⊗ b⊕ 2⊗ e)⊕ 12⊗ e .
Assuming at least one conventional bunch pair splitting on the PS flat-top this could be reduced
to

4⊗ (8⊗ b⊕ 1⊗ e)⊕ 6⊗ e , (B.1)

but afterwards no further symmetry remains. Either options can be found to intentionally
remove bucket without disturbing the rest of the bunch or train or the PS must be equipped
with an additional acceleration system to accelerate the protons from 1.4GeV to 26GeV on
h = 42. Such an RF system must cover the frequency range from 18.4 to 20.0MHz so that
ferrite tuned coaxial resonators could be used to keep the power consumption within reasonable
limits [241]. Moreover, the PSB RF systems cannot provide eight bunches per ring and the
transition times of the kickers in the transfer line to the PS are too long to allow such a bunch
pattern.

The high energy injector linac, the Superconducting Proton Linac (SPL), would be the
ideal solution for this problem and the bunch pattern (see Eq. B.1) could be generated from
the source without special difficulties.
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B.2 Bunch pattern for the combination of 32 bunches

A simpler solution can be found for the case of 32 bunches. It resembles a scheme presented in
[242]. The final bunch pattern in the PS in this case is given by

2⊗ (32 ⊗ b⊕ 4⊗ e)⊕ 12⊗ e (B.2)

and a possible way to generate such a pattern can be sketched as follows (Fig. B.1): Firstly,

Fig. B.1: Beam preparation scheme to generate trains of 32 bunches with gaps of four empty bucket positions
in the PS.

four times four bunches are injected from the booster working at h = 5 into matched buckets
of the corresponding harmonic in the PS (h = 20) in such a way the bunches from two booster
rings are stringed up without any gap followed by a gap of one bunch position. Secondly,
the harmonic number is adiabatically increased by batch compression to h = 21 so that the
corresponding bunch pattern becomes

2⊗ (8⊗ b⊕ 1⊗ e)⊕ 3⊗ e .

Such a pattern can be accelerated with the present 10MHz main RF system installed in the
RF to 26GeV. Similar to the production of the nominal LHC bunch train, the bunches are
finally split twice at the flat-top with existing RF equipment and the resulting bunch pattern
corresponds to Eq. (B.2). It is worth noting that the re-combination scheme from the booster
also demands shorter kicker rise times than presently available and about 30 ns switching time
should be reached between at least two pairs of booster rings. Again in that case, a new
injector linac could provide the bunch pattern Eq. (B.2) directly on h = 21 without needing
the harmonic hand-over from h = 20 to 21.



Appendix C

Fast Batch Compression RF
Gymnastics in the SIS100

A similar RF manipulation for the combination of bunches as discussed for the long bunch
option in the LHC is proposed to be applied in the planned SIS100 of the FAIR project at GSI.

C.1 Introduction

For the physics with radioactive ion beams as well as the plasma physics programme at the
GSI future facility (FAIR) it is essential to generate extremely short and intensive ion bunches
in the energy range of some 400MeV/u to 2.7GeV/u. The largest acceptable bunch length is
given by the thermodynamic expansion time of the targets, which is in the order of 50 ns. The
accelerator foreseen to produce these bunches is the SIS100 (Schwere-Ionen-Synchrotron) that
will have a magnetic rigidity of 100Tm and a circumference of 1083.6m which is five times the
circumference of its injector, the existing SIS12/18.

In the present stage of planning the SIS12 will deliver four times two bunches to the SIS100.
The main RF system of the SIS12 will be operated at the second harmonic of the revolution
frequency while the SIS100 will be equipped with an RF system working at the tenth harmonic.
Thus, eight bunches will be injected into the SIS100 and accelerated to the desired flat-top
energy.

In the design report of the FAIR facility a sophisticated barrier bucket RF gymnastics was
suggested to confine these eight bunches to one single bunch and to compress it to its final
bunch length in the range of 50 ns by means of fast bunch rotation in the longitudinal phase
space [243, 244]. On the one hand, this solution requires a complex and costly barrier bucket
RF system. On the other hand, the bunch compression by adiabatically moving barriers in
longitudinal phase space takes too long compared to the acceleration time assumed that the
emittance blow-up is kept within reasonable limits. Therefore, a new scheme of subsequent
batch compression and bunch merging avoiding the disadvantages mentioned above is proposed
which is based on the same bunch combination RF gymnastics as the long and flat bunch
upgrade option in the LHC. It will be possible to make extensive use of the RF system with
which the synchrotron will be equipped for acceleration.
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C.2 The batch combination procedure for the SIS100

The heavy ion synchrotron SIS100 will be equipped with an acceleration system based on
magnetic alloy or ferrite loaded RF systems covering a frequency range of at least 1.1 to 2.4MHz
(considering that acceleration will take place at harmonic h = 10). Such an RF frequency range
allows RF manipulations at flat-top energy, e.g. an Uranium U28+ beam at 400GeV/u, between
the harmonic numbers h = 5 to 10. Furthermore, the RF acceleration system is planned to
work at rather high synchronous phase of up to 30 - 400 so that at fixed energy even part of its
voltage is sufficient to produce bucket areas much larger than the bunch emittances.

Therefore, the following scenario is suggested for the pre-compression of a single intense ion
bunch: firstly, four cycles of two bunches each are injected to SIS100 at a kinetic energy of
100MeV/u. As the SIS100 has five times the circumference of its injector SIS18, there will be
two empty buckets, thus only 80% of the machine is occupied. These bunches are accelerated
to flat-top energy and secondly merged to four bunches at h = 5. Thirdly, the four bunches
are confined to one single bunch using subsequent batch compression and bunch pair merging.
Finally one ends up with a single bunch at h = 5 which may then be compressed by fast
bunch rotation to its desired length of about 50 ns. It is important to point out that additional
amplitude modulation during the batch compression as introduced Sec. 5.2.4 is required to
preserve sufficient bucket areas along the batch. An overview of bunch patterns and harmonic
numbers used during the scheme is given in Tab. C.1. The movement and merging of the

Bunch pattern Harmonic numbers
1. Bunch merging 8⊗ b⊕ 2⊗ e→ 4⊗ b⊕ 1⊗ e 10→ 5
1. Batch compression 4⊗ b⊕ 1⊗ e→ 4⊗ b⊕ 6⊗ e 5→ 6→ 7→ 8→ 9→ 10
2. Bunch merging 4⊗ b⊕ 6⊗ e→ 2⊗ b⊕ 3⊗ e 10→ 5
2. Batch compression 2⊗ b⊕ 3⊗ e→ 2⊗ b⊕ 8⊗ e 5→ 6→ 7→ 8→ 9→ 10
3. Bunch merging 2⊗ b⊕ 8⊗ e→ 1⊗ b⊕ 5⊗ e 10→ 5
Fast Bunch rotation 2

Tab. C.1: Bunch patterns and harmonic numbers for the proposed batch compression scheme in the SIS100.

buckets during the RF gymnastics is shown in Fig. C.1.

C.2.1 Adiabaticity and emittance development

The RF gymnastics to compress and merge the initial bunches to a single dense bunch should
be as fast as possible, whereas longitudinal blow-up should be kept within acceptable limits.
Several tracking calculations were done to estimated the expected emittance increase for various
time lengths. Figs. C.2 to C.5 show the emittance development for different velocities of the
batch compression RF gymnastics.

The initial emittance was assumed to be 8 × 12.5 eVs (total of all charges, U28+) corre-
sponding to a coasting beam with a momentum spread of ∆p/p ' 5× 10−4 in the SIS12. The
emittance given is calculated by summing up the areas of optimized ellipses containing 99%
of the particles of each bunch. This explains why the calculated emittance may be slightly
below the initial assumption. The calculation for the 6 s long procedure is for reference only
but demonstrates that the RF gymnastic is indeed very clean when the adiabaticity is well
respected. The short emittance growths during the bunch mergings arises because ellipses give
insufficient approximations of the bunch distribution; but this is only a numerical effect. The
bunch boundary is totally non-elliptic during merging.
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Fig. C.1: Movement and merging of the RF buckets during batch compression in the SIS100. The gray level
is proportional to the square root of the energy height of the separatrix at a given θ. White areas signify that
there is no occupied bucket.

From these calculation it is visible that even for a batch compression as short as 0.12 s, the
emittance blow-up is still acceptable with some 40%. However, the emittance is much more
diluted by an even faster RF gymnastics and the optimum is a trade-off between dilution and
time. It is worth noting that beam induced effects, which are neglected so far, may lead to
further blow-up especially when the batch compression takes a rather long time. Taking these
effects into account may lead to a well defined emittance blow-up minimum.

C.3 Hardware requirements

A main advantage of the proposed RF gymnastics is that only little additional high power
RF hardware will be required. The scheme relies heavily on the flexibility of the acceleration
system in the SIS100. As mentioned, it will cover the harmonics from 5 to 10 at flat-top and
delivering some 400 kV. Thus it matches very well to the requirements of the batch compression
procedure.

The RF voltage needed for the main carriers during batch compression is about 100 kV.
Therefore, the cavities of the acceleration are split in groups: the first two groups generate
both main carriers for the batch hand-over to the next higher harmonic number. A third group
contains the same number of cavities but produces no RF voltages as it is tuned and prepared
for the next harmonic number. The cavities left will be used to generate the two amplitude
modulation carriers. The cyclic operation of the cavity groups is sketched in Fig. C.6, whereas
the complete voltage program is shown in Fig. C.7. The grouping of the cavities is proposed
such that always one spare group capable of delivering some 100 kV is tuned without amplitude
and thus no time is lost due to limitations of the cavity tuning speed.
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Fig. C.2: Emittance development during the batch
compression lasting 6 s.
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Fig. C.3: Emittance development during the batch
compression lasting 240 ms.

0 0.02 0.04 0.06 0.08 0.1 0.12
t @sD

100

120

140

160

180

¶
@eVsD

Fig. C.4: Emittance development during the batch
compression lasting 120 ms.
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Fig. C.5: Emittance development during the batch
compression lasting 60ms. The vertical scale is dif-
ferent from the other plots.

However, two additional RF systems will be necessary as the equilibrated batch compression
needs some 20 kV at h = 4 and h = 11 during the beginning and the end of the two batch
compressions. These two frequencies might not be covered by the main acceleration system. As
their voltage is quite moderate and they are only operated at fixed frequencies, the additional
costs are much less compared to other schemes [243].

C.4 Conclusions

An RF gymnastics scheme to confine all bunches of an eight bunch batch in the SIS100 by
repetitive use of batch compression and bunch merging to a single, dense bunch is proposed
and analyzed. This scenario makes extensive use of the acceleration RF system which has to be
installed by definition. In addition to the low level RF equipment required to provide flexibility
of the acceleration system, only two fixed frequency RF systems at moderate amplitudes have
to be installed additionally.

Furthermore, the scheme has several inherent advantages. Firstly, it consists of a chain of
conventional RF gymnastics which have been proven at different accelerators to work well up to
largest particle intensities. Secondly, the beam is always kept at large RF voltages meaning that
RF focusing is strong and the beam can be kept under control of feedback loops if necessary.
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Fig. C.6: Amplitudes of the first three groups of
RF cavities. For simplicity the amplitude varia-
tions are assumed to be linear. Furthermore, the
modulation cavities are not shown.

Fig. C.7: Voltage programme for the complete compression RF gymnastics in the SIS100. The amplitudes are
normalized to 100 kV. It should be mentioned that no more than four RF systems act on the beam simultaneously.
This can be easily achieved by the described grouping of RF cavities. The RF phases are generally fixed but
have to be switched by 1800 for the third bunch merging. The bucket configuration of the voltage programme
has been illustrated in Fig. C.1.

Finally, as a consequence of the large RF amplitudes, the proposed scenario can be executed
within 0.12 s, while the longitudinal emittance blow-up caused by dilution stays reasonable.
This amount of time required at flat-top energy is not negligible but at least comparable to the
duration of the acceleration (0.1–0.2 s, [245]).

It should be mentioned that collective effects caused high beam current are not covered
here and should be investigated elsewhere. Especially direct space charge is supposed to limit
the performance at low extraction energies. Flat-topping [246] or hollow bunch techniques [247]
could be added for improvement. However, a good candidate for a scheme to perform the bunch
pre-compression in the SIS100 is found and should be analyzed in more detail. In the case of
an RF acceleration system working at the 20th harmonic, a similar scheme could be applied,
but the bucket area of such a system would not be sufficient to end up with a single bunch.
Additional RF installations would be necessary.
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The investigation of different scenarios for the final bunch compression indicates that the
RF acceleration system can be utilized to optimize the synchrotron frequency distribution for
linearization during bunch rotation. Approximately 1.5 times more particles, some 80% of the
bunch, are transported to the desired target emittance ellipse (τ = 50ns, ∆p/p = 0.01). Finally,
the possibility of a staged installation of the RF systems in SIS100 should be considered. Even
without the very costly bunch rotation system bunches with some 150 ns length can be obtained.



Appendix D

Synchrotron Frequency in an
Accelerating Bucket

The synchrotron frequency distribution of particles oscillating in the longitudinal phase space
of a stationary bucket has been derived in Sec. 2.2.6. The calculation is extended to the general
case of particles in a single harmonic accelerating bucket in what follows. The order of the
approximations is chosen so that the first term which is dependent on φ0 is kept.

The Hamiltonian of motion for the interaction of particles with one RF system is given by
Eq. (2.20)

H(∆φ, φ̇) =
1
2
φ̇2 +

ω2
s

cos φ0
[cosφ0 −∆φ sinφ0 − cos(φ0 + ∆φ)] . (D.1)

Replacing the trigonometric expressions by their Taylor expansion up to fourth order in ∆φ
and division by the constant factor hηω0 leads to [248]
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∆φ3 tan φ0 − 1

12
∆φ4 + . . .

]
, (D.2)

where Qs = ωs/ω0 denotes the synchrotron tune.
The Hamiltonian can be converted to a new set of so-called action-angle variables by applying

the transformation function (see e.g. [249])

F1(∆φ,ψ) = − Qs
2h|η|∆φ

2 tanψ .

According to the transformation equations

J = −∂F1

∂ψ
=

Qs
2h|η|∆φ

2 1
cos2 ψ

and
∆p
p

= − Qs
h|η|∆φ tanψ (D.3)

the old set of variables is expressed by

∆φ =

√
2h|η|J
Qs

cosψ and
∆p
p

= −
√

2QsJ
h|η| sinψ .

After some algebraic transformations the Hamiltonian can be rewritten as

H(ψ, J) = ω0QsJ − 1
12
ω0

√
h|η|Qs tanφ0J

3/2(cos 3ψ + 3cosψ)− 1
6
ω0h|η|J2 cos4 ψ , (D.4)
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where the relation cos3 ψ = (cos 3ψ + 3cosψ)/4 has been used. The next step is the removal
of the terms proportional to J3/2 by application of the canonical perturbation theory [250].
Choosing

F2(ψ, I) = ψI +G3(I) sin 3ψ +G1(I) sinψ (D.5)

as general attempt for a generating function to convert the action J into a new action-angle
variable I [248], the transformation equation simply becomes

J =
∂F2

∂ψ
= I + 3G3(I) cos 3ψ +G1(I) cosψ .

This expression is inserted into the Hamiltonian and the functions G1(I) as well as G3(I) are
calculated so that terms proportional to I3/2 vanish. To get the conditional equations it is thus
sufficient to keep only orders below I2:

H(ψ, I) = ω0QsI + 3ω0QsG3(I) cos 3ψ + ω0QsG1(I) cosψ

− 1
12
ω0

√
2h|η|Qs tan φ0I

3/2(cos 3ψ + 3cosψ) +O(I2) . (D.6)

Now it becomes clear that the choice of the generating function Eq. (D.5) is reasonable and
the conditional equations for G1(I) and G3(I) become(

ω0QsG1(I)− 1
4

√
2h|η|Qs tanφ0I

3/2

)
cosψ = 0

and
(

3ω0QsG3(I)− 1
12

√
2h|η|Qs tanφ0I

3/2

)
cos 3ψ = 0

so that the functions can be written as

G1(I) =
1
4

√
2h|η|
Qs

tan φ0I
3/2 and G3(I) =

1
36

√
2h|η|
Qs

tanφ0I
3/2 . (D.7)

The general transformation equation (D.5) reduces to

J = I +
1
12

√
2h|η|
Qs

tanφ0I
3/2(cos 3ψ + 3cosψ) . (D.8)

To insert this result into the Hamiltonian Eq. (D.4) powers of J with a precision up to an order
of I2 have to be derived according to

J = I(1 + aI1/2)

J3/2 = I3/2

(
1 +

3
2
aI1/2

)
+O(I5/2)

J2 = I2(1 + aI1/2 + a2I) = I2 +O(I5/2)

so that the Hamiltonian including perturbation orders up to O(I2) can be rewritten as

H(ψ, I) = ω0QsI − 1
6
ω0h|η|I2 cos4 ψ − 1

3
ω0h|η|I2 tanφ0 cos6 ψ . (D.9)
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For the calculation of the oscillating frequency the knowledge of the averaged Hamiltonian
over one oscillation period in ψ is sufficient and according to

< cos4 ψ >=
3
8

and < cos6 ψ >=
5
16

the averaged Hamiltonian

<H(I, ψ)> =<H>= ω0QsI − 1
16
ω0h|η|

(
1 +

5
3

tan2 φ0

)
I2 (D.10)

is obtained.
As introduced in Sec. 2.2.6 the synchrotron frequency can be derived directly from the

Hamiltonian in action-angle variables, namely

ω(I) =
∂ <H>

∂I
= ω0Qs

[
1− h|η|

8Qs

(
1 +

5
3

tan2 φ0

)
I

]
. (D.11)

Now the action-angle variable I remains to be converted back to phase space coordinates.
With respect to the set of canonical transformations Eq. (D.3) applied to the Hamiltonian,
the action-angle variable ψ vanishes in case of an oscillating test particle reaching its maximum
phase excursion at ∆φm =

√
2h|η|J/Qs. Up to the first leading order the second transformation

just gives J ' I so that

I ' Qs
2h|η|∆φ

2
m .

Finally, the dependence of the synchrotron frequency on the maximum phase excursion ∆φm
can be written as [33, 251]

ω(∆φm)
ωs

' 1− 1
16

(
1 +

5
3

tan2 φ0

)
∆φ2

m , (D.12)

which is identical to Eq. (2.44).
It is worth noting that some authors use slightly different relations which might be based

on other approximations of the Hamiltonian, see e.g. [206, 252].
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Appendix E

Derivation of Betatron Tune Shifts

Forces acting focusing or defocusing can be generally approximated as an additional element
in the machine lattice which shifts the betatron frequencies of a circular accelerator. This
interpretation is independent of whether the forces have their origin in real quadrupole magnets,
in self-field of the beam, like in the case of space-charge, or in field generated by a counter-
rotating beam. In what follows, it is assumed that both transverse phase space planes are well
decoupled so that the derivation can be simplified to one transverse direction only.

It can be shown from the general solution of the transverse particle motion in connection
with the condition for periodicity from one turn to the next that the transformation matrix for
the a particle with the initial offset x at its local derivation x′ = dx/dz can be written as [253]

(
x
x′

)
z0+2πR

= Mz0→z0+2πR

(
x
x′

)
z0

with

Mz0→z0+2πR =
(

cos 2πQ+ α0 sin 2πQ β0 sin 2πQ
−γ0 sin 2πQ cos 2πQ− α0 sin 2πQ

)
, (E.1)

where Q is the number of betatron oscillations per revolution and β0, α0 = −β′|z=z0/2 as well as
γ0 = (1+α2

0)/β0 are the optical functions at the position z0 of the perturbation. The transverse
beam dimension is proportional to

√
β(z). The transformation matrix of a quadrupole acts only

on the beam divergence and is given by

MQ =
(

1 0
−kl 1

)
. (E.2)

The length of the quadrupole in z-direction is defined by l and its so-called strength1 is k in
units of [k] = 1/m2. The quadrupole strength is defined for a magnetic field that vanishes at
the beam center and that grows linearly with the distance (see Sec. 4.2.2):

kx =
e

p

dBquad
y

dx
= − 1

m0γβ2c2
dFx
dx

and ky = − 1
m0γβ2c2

dFy
dy

. (E.3)

It is worth noting that kx and ky are coupled for a quadrupole magnet [255] so that kx = −ky =
k, which e.g. is not the case for beam-beam forces. The definitions above show that focusing
or defocusing forces acting on the beam can be expressed by a short quadrupole at z = z0 with

1The sign of the quadrupole strength is not unique in the literature, e.g. compare [253, 254].
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length dz and ∆k as its quadrupole strength. This additional element has to be added to the
transformation matrix Eq. (E.1) so that the perturbed transformation for one turn becomes

Mpertub
z0+2πR =

(
1 0

−∆k ds 1

)
Mz0+2πR (E.4)

=




cos 2πQ+ α0 sin 2πQ β0 sin 2πQ

−∆k dz (cos 2πQ+ α0 sin 2πQ)
−γ0 sin 2πQ

−∆k dz β0 sin 2πQ
+ cos 2πQ− α0 sin 2πQ


 (E.5)

which can be expressed in the form of an unperturbed transformation matrix with modified
betatron tune:

Mz0+2πR(Q+ dQ) =




cos 2π(Q+ dQ)
+α1 sin 2π(Q+ dQ)

β1 sin 2π(Q+ dQ)

−γ1 sin 2π(Q+ dQ)
cos 2π(Q+ dQ)
−α1 sin 2π(Q+ dQ)


 . (E.6)

The new optical functions α1, β1 and γ1 also vary due to the perturbing quadrupole as an
additional optical element.

Comparing Eq. (E.5) and (E.6) all matrix elements must be equal in general. For the
derivation of the betatron tune only, it is however sufficient to compare the traces of the matrices
[256, 257] so that relation between the perturbing quadrupole element parameters ∆k dz and
the tune shift can be written as

2 cos 2πQ−∆k dz β0 sin 2πQ = 2cos 2π(Q+ dQ) ,

and for dQ� 1 it reduces to
∆k dz β0 = 4π dQ . (E.7)

Finally, the finite tune shift is calculated by integration of Eq. (E.7) with respect to a beta
function β(z) that may vary along the quadrupolar perturbation:

∆Q =
1
4π

∫
∆k(z)β(z) dz . (E.8)

This result corresponds to Eq. (4.39).



Appendix F

The Direct Space Charge Tune
Spread

The direct space charge tune spread which is regarded as an ultimate intensity limit for low and
intermediate energy accelerators can be derived similarly to the calculation of the beam-beam
tune spread as shown in Sec. 4.2. Firstly, the focusing or defocusing electromagnetic force is
calculated, which is secondly transformed to a transverse tune shift1 (see App. E).

In the most simple case of a long and round beam the transverse electric field and the
magnetic induction outside the beam can be expressed by

Ex =
I

πε0βc
· x

ax(ax + ay)
, Ey =

I

πε0βc
· y

ay(ax + ay)

and

Bx = −µ0I

π
· y

ay(ax + ay)
, By =

µ0I

π
· x

ax(ax + ay)
,

where ax and ay denote the transverse radii of the elliptic beam. The transverse components
of the Lorentz force for a round beam with a = ax = ay thus become

Fx =
eEx
γ2

=
eI

2πε0βγ2c
· x
a

2
and Fy =

eEy
γ2

=
eI

2πε0βγ2c
· y
a

2
. (F.1)

Transforming these forces to tune shifts according to Eq. (E.8), reduces the direct space charge
tune shift to

∆Q =
eI

8π2m0β3γ3c3ε0

∮
β(z)
a(z)2

dz . (F.2)

It should be mentioned that the tune shift also can be calculated directly from Hill’s equation
of betatron motion [259]. As the beam radius a(z) is proportional to the square root of the
beta function numerator and denominator of the integrand have an identical dependence on z
so that the integral may be expressed in terms of an averaged beta function: 2πR<β > /a2.
Furthermore, the betatron function in the tune integral is replaced by average value over one
turn according to

Q =
1
2π

∮
1

β(z)
dz =

R

<β>

1According to the analysis in [258] the incoherent space charge tune shift is also known as Laslett tune shift.
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so that the tune shift can be written as

∆Q =
eIR2

4πm0β3γ3c3ε0Qa2
. (F.3)

Introducing the normalized transverse beam emittance εn = a2Q/R and converting the
current to the particle intensity I = Neβc/(2πR), which both remain constant throughout the
acceleration, the tune spread finally reduces to

∆Q =
Ne2

8π2ε0βγ2m0c2εn
, (F.4)

where its energy dependence proportional to 1/(βγ2) becomes directly obvious.
It is worth noting that Eq. (F.4) is only the most simple case of the incoherent space charge

tune shift. As the beam normally travels inside a metallic beam pipe, field corrections due to
multiple image currents must be taken into account [260]. Additional geometrical corrections
to different shapes of vacuum chamber and beam have to be added to Eq. (F.4) in the case of
elliptic beams in a non-circular beam pipe [258].



List of Symbols

Symbol Quantity Unit
α adiabaticity –
α inverse cavity filling time ωr/(2Q) [1/s]
α normalized energy separation for slip-stacking –
αc momentum compaction factor, 1/γtr –
α(φ0) bucket area reduction function –
β velocity relative to the speed of light, v/c –
β moving barrier bucket adiabaticity coefficient –
β∗ betatron amplitude function at the interaction point [m]
β(z) betatron amplitude function [m]
γ ratio of total and rest mass –
γtr γ at transition energy –
ε0 vacuum permittivity, 8.854187817 · 10−12 As/(Vm) [A s/(Vm)]
ε0 initial longitudinal emittance [eV s]
εl, εRMS longitudinal (RMS) emittance [eV s]
εn normalized transverse emittance [m rad]
ζ normalized longitudinal distribution –
η phase slip factor, α− 1/γ2 –
θ particle phase with respect to the accelerator [rad]
θ full crossing angle [rad]
λ(φ), λ(z) normalized line density [1/rad], [1/m]
µ0 vacuum permeability, 4π · 10−7 Vs/(Am) [V s/(Am)]
σx, σy, σz beam dimensions [m]
σ∗ transverse RMS beam dimension at the interaction point [m]
ς cross section [m2]
τ , 2τ̂ total bunch duration [s]
τbc, τbm duration of batch compression, bunch merging [s]
τsep bunch spacing [s]
1/τ instability growth rate [1/s]
φ particle phase with respect to RF phase [rad]
φ0 synchronous phase [rad]
φl, φu phase limits of a trajectory [rad]
∆φl, ∆φu phase limits with respect to synchronous phase [rad]
∆φm phase limits of a symmetric trajectory [rad]
χL luminosity form factor –
ω 2π · frequency [rad/s]
ω0 2π · revolution frequency [rad/s]
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ωr 2π · resonance frequency [rad/s]
ωs 2π · synchrotron frequency [rad/s]
A, AeVs bucket area [J s], [eVs]
B magnetic induction [T]
c speed of light in vacuum, 299792458 m/s [m/s]
csf space charge parameter –
D(ατsep) beam cavity coupling form factor –
E energy [J], [eV]
Ex, Er electric field [V/m]
E0 energy of the reference particle [J], [eV]
∆Ê bucket height [J], [eV]
e electron charge, 1.602177 · 10−19 C [C]
F form factor of the order of unity –
~FL Lorentz force, e(~E + ~v × ~B) [N]
F0(x) fully normalized energy distribution –
Fm(2ωr τ̂) bunch distribution form factor –
f0 revolution frequency [Hz]
f(φ, φ̇) normalized longitudinal distribution [1/J]
f(θ,E) longitudinal beam distribution [1/J]
f0(E) unperturbed beam energy distribution [1/J]
f1(E) perturbation of the energy distribution [1/J]
f0(τ,∆E, z) longitudinal bunch distribution [1/(J s)]
f0(τ,∆E) unperturbed bunch distribution [1/(J s)]
f1(τ,∆E, z) perturbation of the bunch distribution [1/(J s)]
fb harmonic weight form factor, two for short bunches –
fsPS, fsLHC filling scheme in the PS, LHC –
g(φ) normalized RF amplitude function –
g(θ,∆E/ω) longitudinal beam distribution [1/(rad J s)]
g0(r) normalized radial distribution [1/s2]
H Hamiltonian, unit depends on normalization (various)
h harmonic number of the RF system –
hb local harmonic number of barrier RF pulse –
I, I0 beam current [A]
I normalized action-angle variable –
Ig, Ir, Ib generator, resonator, harmonic beam current [A]
J(H) action-angle variable, unit depends on normalization –
Jm(x) Bessel function of the first kind –
K(x) complete elliptic integral of the first kind –
k, kx, ky quadrupole strength [m]
L bunch crossing luminosity [cm−2s−1]
Ltot total luminosity [cm−2s−1]
L circumference of an orbit trajectory [m]
lb total bunch length of a rectangular bunch [m]
ldet detector length [m]
M number of possible coupled bunch modes –
Mz1→z2 beam optics transformation matrix (matrix)
m particle rest mass [kg]
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m coupled bunch mode number –
mp proton rest mass, 938.272MeV/c2 = 1.67262 · 10−27 kg [kg]
n single bunch mode number –
n1, n2 particle density [1/m3]
nb number of bunches –
N particle number –
dN/dt interaction rate [1/s]
p particle momentum [kgm/s], [eV/c2]
Q, Q0, Qg quality factor, unloaded and external –
Qx, Qy horizontal, vertical betatron tune –
∆Qx, ∆Qy betatron tune shift, spread –
∆Qtot total tune shift of two alternate crossings –
Rmag bending radius of the dipole magnets [m]
Rmean, R average radius, circumference/(2π) [m]
Rs shunt impedance of a resonator [Ω]
R/Q characteristic cavity impedance [Ω]
rp classical proton radius, 1/(4πε0c2)e2/mp ' 1.535 · 10−18 m [m]
t time [s]
t1(t) time equilibration function [s]
S half relative momentum spread at half height [1/s]
U RF voltage [V]
v velocity [m/s]
W0 energy loss or gain of the synchronous particle [J], [eV]
W (φ) normalized RF potential function –
Z impedance [Ω]
Z0 vacuum impedance,

√
µ0/ε0 ' 377Ω [Ω]

Z‖ longitudinal broad band coupling impedance [Ω]
(Z‖/n)eff effective longitudinal broad band impedance [Ω]
z longitudinal coordinate [m]

The physical units in the figures and tables throughout this report are given in square brackets.
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