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Chapter 1
Introduction

The phenomenology of K — 37 decays, pioneered by Dalitz (Ref. [1]) in 1956,
has been worked over by many authors (Ref. [2-5|) during the years 1960-
1970. From the assumption that dependence on kinematic variables be of
polynomial form, it followed a phenomenological parametrisation for the decay
rate (Ref. [3]):

5 o S50 )2
| Micsel? o< [1 + Z i (SlmQ %) + h; (s: 480) + higher powers] (1.1)
i=1

s m_4

3
1 1
Si:<PK_P7r(i))2 30:gzsizg(Mf(+mia+mib+mic)
i=1

that is nothing but a Taylor expansion around the Dalitz plot center s;. The
phenomenological parameters g;, h; are the slope parameters of the decay. The-
oretical predictions on these parameters were made in these earlier works using
isospin symmetry (Ref. [2,3]).

The final state interaction due to strong re-scattering effects in K — 3=
decays was considered for the first time by Sawyer and Wali (Ref. [6]) in 1960:
they pointed out that the Weinberg-Taylor expansion could be invalid on the
edge of the Dalitz plot because of a singularity of the decay amplitude aris-
ing from its dependence on 27 scattering amplitudes; the latter depend on
the relative momentum of the pion couple (square-root behaviour). The low
statistics gathered by experiments during the years 1960-70 did not permitted
to reach a sufficient accuracy to detect the irregularities generated by 77 re-
scattering and the polynomial parametrisation (1.1) was successfully employed
to describe data. In the last few years a large amount of data became available
for more detailed studies of K — 37 decays Dalitz plots. In 2003-2004 the

5



6 Introduction

experiment NA48/2 at CERN SPS collected a sample of about 2.3 - 107 fully
reconstructed K* — 77070 decays. These data showed an anomaly in the
7070 invariant mass distribution (M o50) in the region around M oz = 2m +
(Fig. 1.1). This cusp-like structure was explained theoretically by Cabibbo in
terms of the re-scattering process 777~ — 7079 in the final state (Ref. [7]), as

early suggested by Sawyer and Wali.
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Figure 1.1:  Distribution of Mﬁoﬂo, the square of the nom
Kt — 777970 decays, taken from Ref. [10]. The insert is an enlargement of a
narrow region centered at Mgowo = 4m72ri (this point is indicated by the arrow). The

statistical error bars are also shown in these plots

The Cabibbo re-scattering model provided a practical method for the ex-
traction of the 7m S-wave scattering lengths combination a9_, — a%_, and the
slope parameters. Successively, the model was improved by Cabibbo and
Isidori (Ref. [8]) taking into account 2-loops corrections and extending the
analysis also to the K — 370 system; in this formulation, the matrix ele-
ment for K+ — 777070 decay includes several additional terms which depend

on three S-wave scattering lengths combinations describing 7#t7~ — 7079,

7t — 7770 and 7°7° — 7979 scattering, respectively. The fit on the 7%7° in-
variant mass distribution including these re-scattering terms was implemented

in 2005 by NA48/2 collaboration and a precise measurement of a) — a3 was
obtained (Ref. [9,10]).

The 7m scattering lengths are a very interesting probe of QCD dynamics
at low energies: their values are precisely calculable using the framework of

ChPT (see Chapter 1). For this reason, the experimental determination of the



a% by using K — 37 is a test of QCD at low energies and, particularly, the

most significant test about the basic assumptions of ChPT.

The largest error on a) — aJ quoted by NA48/2 was the 5% theoretical
uncertainty estimated naively by Cabibbo-Isidori as the result of neglecting
higher-order terms and radiative corrections in their re-scattering model. The
first aim of this thesis is to include 3-loops diagrams in the model, in order
to give a more precise estimation of the theoretical error. A posteriori checks
about the size of this error can be obtained by studying the experimental
central values of ay — as obtained with and without 3-loops corrections The
2005 result on ag — ay stimulated the re-analysis of the old K — 37° data
taken eight years ago during the 2000 by the NA48 experiment at CERN SPS
in the perspective of the cusp effect. These data were used in the 2001 by the
NA48 collaboration for the measurement of the quadratic slope parameter h in
the K9 — 37% decay Dalitz plot (Ref. [12]) according to Eq. (1.1) and Particle
Data Group parametrisation (Ref. [13]), i.e. without re-scattering. The cusp
structure in K9 system is less visible than in K™ — 77 7%7% decay but it is not
negligible. Moreover, rescattering effects change the determination of the slope
parameter h. In the second part of the thesis, we implement the cusp model
in the analysis of K9 — 370 data, providing an independent determination of

aop — az and extracting the value of h corrected for rescattering effects.

The thesis is divided in two parts (part I, part II) and organized as
follows. In part I , Chapter 2, we introduce Chiral Perturbation Theory and
the basic theoretical tools to describe mm scattering. As an application, we
discuss in detail the first-order calculation of ag and ay. More accurate results,
obtained by taking into account higher-order corrections, are also given at the
end of the chapter. In Chapter 3, we review the Cabibbo-Isidori model for
Kt — 777%°% and K9 — 370 systems; in order to clarify the general strategy
adopted, we give some examples of 1-loop and 2-loops calculations. The 3-loops
corrections to the matrix element are discussed in Chapter 4, where detailed
calculations are given. Moreover, we present a preliminary estimation of the
theoretical error based on 3-loops corrections. The results and conclusions of

part I are summarized in Chapter 5.

In part II, Chapter 6, we list the recent measurements of ay — ay and
slope h and we discuss in brief the underlying physical motivations and the
methods used to extract these quantities.

Chapter 7 is devoted to describe the NA48 experiment and the detectors

needed for collecting the K9 — 37% events; furthermore, we give a general
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description of the neutral trigger and trigger efficiency. The data reconstruction
procedure is presented in Chapter 8. Data to Monte Carlo comparison and
the detector acceptance are also studied. In the first part of Chapter 9, the
general strategy of the fitting analysis is outlined; in the second part of the
chapter, we give the results obtained for the parameters by using the leading
order and the next-to-leading order approximation. In Chapter 9 we quote the
final results and we give the conclusions of part II. Two appendixes complete
the thesis: the isospin relation and A = 1/2rule in K — 37 (Appendix A) and
the unitarity and analiticity of S matrix (Appendix B), where the Cutkosky

rules are briefly presented.



Part 1

mm scattering lengths and final

state interaction in K — 37 decays






Chapter 2

Chiral Perturbation Theory and

mm scattering lengths

In this chapter we introduce Chiral Perturbation Theory (ChPT), the low-
energy effective theory of strong interactions. In this framework we derive the
values of the S-wave scattering Lengths a%_,, a%_, at the leading order, report-

ing also the more precise results obtained by using higher-orders calculations.

2.1 The basis of Chiral Perturbation Theory

The theory of the strong interactions is Quantum Chromodynamics (QCD),
a theory formulated in terms of quarks and gluon fields built on the principle
of gauge invariance with the color gauge group SU(3).. The large strong cou-
pling constant at low energies (a consequence of the phenomena of asymptotic
freedom) prevents a use of perturbation theory, so there is no direct link be-
tween QCD and the fundamental degrees of freedom and the relevant hadronic
degrees of freedom as observed in the spectrum of mesons and baryons. An
alternative approach for studying the strong interaction at low energies is to
construct an effective theory that deal from the beginning with the mesons and
baryons (Ref. [14]).

The basic idea of an effective theory is the following: as long as one is only
interested in a particular range of distances or energies, scales much bigger or
much smaller than this range should not influence the description of the system
in question too strongly. In particular, the dynamics at low energies is supposed
to be independent on the details of the dynamics at high energies. As a result,
low energy physics can be described using a effective lagrangian that contains

only the relevant degrees of freedom, ignoring the heavy ones and that shares

11



12 Chiral Perturbation Theory and 77 scattering lengths

the symmetries of the underlying theory. In order to construct the effective
theory for the strong interactions, we have to investigate the symmetries of the
QCD lagrangian. For this purpose, we decompose the quark field into its chiral

components:

1 1
q:5(1—%)(1‘1‘5(14‘%)(15%—%(]}3

The QCD lagrangian is then:

Lo = Ldep + LBop + o,
1 - .
Locn = TG G +iqrPar+idnPar
G = G Mar+ Mgy (2.1)

where D), is the covariant derivative, G}, is the gluon field strength tensor,
q collects the light quark flavours ¢ = (u,d, s) and M = diag(m,, mg, ms)
is the quark mass matrix; the ellipses denotes the heavier quark flavours. In
the limit of vanishing quark masses, Lqcp displays the U(3), x U(3)g chiral

symmetry:

(qR7 QL) - (LQL, RqR) ) L7 R e U(3)L,R (22)

The masses of the three light quarks are small compared to the typical hadronic
scale,
May.d,s < 1GeV ~ Ahadr.

The first assumption of Chiral Perturbation Theory (Ref. [15-17]) is that we
can perform a perturbative expansion around the chiral limit (m, = my =

ms = 0). The chiral group can be rewritten according to:
U(?))L X U(3)R = SU(3)L X SU(?))R X U(l)v X U(l)A

where we have introduced the vector V' = L+ R and the axial vector A = L—R
transformations. The Noether current associated with U(1)y is conserved in
the standard model while the U(1)4 current is broken by quantum effects, the
U(1)4 anomaly (Ref. [18]). The SU(3), x SU(3)g currents are certainly bro-
ken by the mass term, but this expected to be a small effect. There are two
ways to realize a global chiral symmetry: in the Wigner mode, where the sym-
metry is exact and realized linearly on fields or in the Goldstone mode, where

the symmetry is spontaneously broken (SSB) and realized non- linearly. The
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Wigner mode realization of chiral symmetry would lead to a parity doubling
in the hadron spectrum that is not observed: we find (approximate) SU(3)y
multiplets and no parity doubling is observed. Several theoretical and nu-
merical studies suggest that chiral symmetry is spontaneously broken and, in
accordance with the observations of hadronic multiplets, the breaking pattern
is (Ref. [19]):

SU@3) x SUB)r — SU(3)v

The axial charges commute with the Hamiltonian, but don’t leave the ground
state invariant. As a consequence, 8 pseudoscalars Goldstone bosons appear.

In first approximation these can be identified with:
7T:|:’ 7T0’ K:t’ KO’ KO’ n

The Goldstone particles have the important property that their interaction
become arbitrarily weak at low momenta: in a SSB theory, we may always
choose a group transformation (near to the identity) v(z) € SU(3), x SU(3)r
(space-time dependent) acting on a field ¢(z) from which the massless Gold-
stone modes has been eliminated (in general, ¢ include all the heavy fields of
the theory) (Ref. [20]):

Un(®) =D (@) - V() (2.3)

The Goldstone bosons whose fields are eliminated in this way will reappear
as fields needed to parametrize y(x) . Since the lagrangian is invariant only
under spacetime-independent transformations, it follows that the transforma-
tion (2.3) depends on v(x) with at least one derivative in each 7-dependent
term. As a result, the coupling of the Goldstone bosons vanish in the limit
of vanishing momenta. In order to build a low-energy effective theory of the
strong interactions at low energies, we must construct the most general la-
grangian in terms of the Goldstone fields, invariant under the chiral symmetry
(in this chapter we deal only with the eight Goldstone bosons and we don’t
include heavier states such as baryons, in the effective lagrangian). The general
formalism for effective lagrangians for spontaneously broken symmetries was
worked out by Callan, Coleman, Wess and Zumino (Ref. [21]). Using the polar

decomposition for v(x), the Goldstone fields 7%(x) are parametrized as *:

'In general, it can be shown that v belongs to the right coset G/H, where H is the
unbroken subgroup (dim(G/H) = dim(G) - dim(H)).
2The choice of the parametrization of v and the representation of the group is arbitrary
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Uo() = 12(0) = exp {1 22 2
where:
=" T = T —m+mn K (2.5)
K- KO —%'r;

T a = 1..8 are the Gell-Mann matrices, chosen as generators of the broken
group and F is a dimensional constant (to be determined). Under the chiral

group, ¢(x) transforms as:

90 - 1(8(2)) = 7(¢ (x)) - h(¢(x), 90) (2.6)

where gy € SU(3)r x SU(3)gr and h € SU(3)y. From the invariance of the
chiral group under parity ( SU(3)g <> SU(3)r ) it follows that

U(¢) — g1, U(0) gy (2.7)

where g, g € SU(3)r,
The most general lagrangian invariant under (2.7) must be product of terms
of the form * Tr(9,U0" U'...0,U9” UT). The only invariant term with two

derivative is:

F2
Ly = —Tr(9,U0"UY) (2.8)

Expanding U in power series in ¢, we have:

1 1
Ly = §Tr(6u¢8"gb)+mTr[¢,8u¢]2+... (2.9)

The constant F' can be determined by the matrix element of the axial current
and pion states: (0|5%%|7%) =i F, p*§®. The result is: F = F, ~ 93 MeV, the

pion decay constant.

3Terms such as Tr (U UT...U UT) are constant (U U = 1).
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The chiral symmetry is explicitly broken by the quarks mass matrix so that
a breaking term must be added to Eq. (2.8):

F2
L, = B;’TTr(UTMjLMTU) (2.10)

where, according to the Gell-Mann-Oakes-Renner relation (Ref. [22]), we can
identify the free parameter B with B = —(0|1|0)/F2. This term is linear in
the quark masses and does not contain derivatives. Expanding U to the second

order in 7w, we can find a non vanishing mass for the pion:
2
mi = B (m, +myg)

Finally, the full chiral lagrangian at O(p?) and at the first order in the quark

masses 1s:

2

F? F
Ly = FT(9U0"U) + BT (U M+ MU) (2.11)

2.2 7m scattering

An application of the ChPT at p? order is the low energy scattering w7’ —
n¢m?. Expanding Eq. (2.11) to fourth order in ¢, we have:

1 2
Ly = G—FETrW,a“M?—i—BgTr(M(b‘l)—l—... (2.12)

The invariant amplitude T, 4.4 = (p, p?|T|p% p°) is determined by a single

function A(s,t,u):

Ta,b;c,d = 5ab 5cd A(S, t, u) + 5ac 5bd A(t, S, u) + 5ad 550 A(u, f}, S) (213)

where a, b, c,d label the isospin components and s,¢,u are the Mandelstam

variables:

s = 4(kK*+m?)
t = —2k*(1—cosf)

u = 4m?—s—t

k is the relative momentum and € the scattering angle in the C.M. frame.
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Using Eq. (2.12) we have:

2
5 —miy

The T!-matrix with definite isospin can be expanded in partial waves ampli-
tudes (Ref. [23]):

T'(s,t,u) = 327 Y (204 1) Pycos§) T/ (k) (2.15)

2481 (k) _ 1
(k) o (2:10)
o 210] (E) 8,0 01 6(E' — E) = (E'.I'0|S|E,1,0) (2.17)

where 6] (k) is the phase-shift.
For low-energy scattering (k — 0) (Ref. [23]):

T ~ K**a + .. (2.18)
The quantities al are referred to as the 7 scattering lengths.

In order to extract the scattering lengths, we need 77 as combinations of
A(s, t,u):

T'=" = 3 A(s,t,u) + A(t,u, s) + A(u, s, t)
T = A(t,u,s) — A(u, s,t)
T'=2 = A(t,u,s)+ A(u, s, t)

Using Eq. (2.14) and (2.19) at threshold s = 4m?2 (I = 0), we find *:

m
0 = T =0.16m_! 2.1
al 7 P2 0.16m_} (2.19)
2 = ——T = 0.045m L (2.20)
0 167 F? T

This is the Weinberg result (Ref. [24]). Various improvements of this result
have been obtained by Gasser and Leutwyler and other authors (Ref. [25] -
[28]). At present, the scattering lengths are computed at O(p®) accuracy and

the updated predictions are:

4In the following, we will use m.,.+ as unit of energy for the scattering lengths, so that we

write e.g. af instead of ajm  +.
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ap = ap=0.220 £ 0.005

a; = a) = —0.0444 £ 0.001 (2.21)

It was pointed out by Morgan, Shaw (Ref. [29]) and Colangelo, Gasser and
Leutwyler (Ref. [11], [28]) that the possible values of ay and ag are restricted
to a band in the (ag, az) plane, the so-called universal band (UB).

This band is defined as the area which is allowed by 77 scattering data above
0.8 GeV, dispersion relations and chiral symmetry constraints; the central curve

of this band is given by:

ag = —0.0849 + 0.232 ag — 0.0865 aj [+ 0.0088]

as and ag are then related as:

Aay = 0.236 Aag — 0.61 (Aag)? — 9.9 (Aap)? (2.22)

where Aag = ag — 0.220 and Aay = as + 0.0444.
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Chapter 3

+..0._0

nm scattering and K+ — 7 n'm

decay

In this chapter we illustrate the 77 rescattering model in K — 37 decays pro-
posed by Cabibbo and Isidori (Ref. [7], [8]) to explain the anomalous behaviour
in 797% invariant mass spectrum from K+ — 77 7%% decay, observed in 2004
by NA48/2 collaboration (Ref. [9], [10]). This model provides a perturbative
expansion about the I=0,2 scattering lengths a¢ and a; that are assumed to be
small on the grounds of ChPT predictions and available experimental results
(Chapter 6). This expansion is equivalent to an expansion in v;;, the relative
velocity of the pions 77/ arising as intermediate state in the K — 37 decay
(Fig. 3.1). The properties of unitarity (optical theorem) and analyticity of the
Srr—ar matrix allow, through the Cutkosky rules (Ref. [30] and Appendix B),
to perform the expansion in a systematic way. In the following sections we list
the 1-loop and 2-loops diagrams and the results obtained by Cabibbo-Isidori
for Kt — 77970 and K? — 37° decays. 3-loops calculations for the K+

system will be discussed in the next chapter.

3.1 Amplitude decomposition

Following Ref. [8] the matrix element for K™ — 77 7%7% decay can be decom-

posed as:

M+00 = .A+00 + B+00 Ui(Sg) (31)

19



20 7w scattering and K+ — 7t7%" decay

and
ReA-i-OO + iImA+00 + (Re8+00 + iImB+00) Ui(Sg) S3 > 4m72r+
M+00 = (32)
ReA o + iImA oo + (—ImBygo + i ReBioo) v (s3) s3 < 4m?Z,
where
si=(Px — P)?*, i=1,2,3

are the Mandelstam variables and

S3 — 4m?
’Ui(Sg) _ | 3 - 7T+|
3

is the absolute value of the 7*7~ relative velocity (in C.M. frame); the index

‘3" labels the “odd” «* pion so that s3 = M?Z, , is the 7’7 invariant mass.

Figure 3.1:  The re-scattering diagram with the ntn~ — 7979 charge-ezchange

reaction; in this case, the K™ — w—nTn " decay appears as intermediate state

The amplitudes A, g9 and By are defined to contain only terms with even
powers of vy ((v4)?*, k = 0,2,4,...) i.e. they are analytic functions at the
threshold point s3 = 4m?,. This parametrization gives emphasis to the dis-
continuity arising at s3 = 4mfr+ where the 77~ velocity flips from real (above
cusp) to imaginary (below cusp): in the final state interaction 7%7% — 7070,
the 77~ intermediate state is forbidden by energy conservation as long as
83 < 4mi+; when this state become accessible (s3 > 4m72r+ and vy real),
Sroz0_,z070 acquires a contribute to imaginary part (optical theorem) and a dis-
continuity arises. This non-analytic behaviour (occurring when a new channel
opens) is observed as a cusp-like structure in the 7%7° invariant mass spec-
trum. However, irregular terms containing square-root singularities also occur
in A, oo and B.g, particularly at the 7%7% and 7+ 7° thresholds.

In the following calculations the K+ — 7~ 7" n" decay can appear as interme-
diate state (Fig. 3.1) so that also the amplitude M, must be parametrized

in a similar way:
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My =Cyi + DY uoo(s1) + D) _voo(s»)

The matrix M o squared is then:

Miool” = (ReAioo)® + (ImA00)* + [(ReBoo+)” + (ImB.gp)? ] v

+ 2 V+ Acusp. (33)
where
ReA g ReB oo + ImA, o0 ImB g s3> 4m?,
Acysp. = (3.4)
ImA. o ReBop — ReAioo ImB.go s3 < 4dm?,

As pointed out by Cabibbo-Isidori, the amplitudes ReA, o = R’ and ReC,,_ =
R* can be well approximated as polynomials on the whole physical range, hav-
ing in mind that near the 7°7° and 7+7% thresholds, the polynomial form is
not appropriate to describe the square-root singularities; according to the old
pre-rescattering K — 37 parametrization (Ref. [3], [5], [13]), R® and R' can

be expanded in a Taylor series about their respective Dalitz plot centers:

R(s5) = A°[1 + ¢° (83 — s9)/2mae + R (s3 — 53)°/2mze ] (3.5)

R¥(s3) = A" [1 + g" (55 — s3)/2mie + h* (53 — s3)*/2mze ] (3.6)

where ¢°, 19 and ¢*, ht are called the slope parameters of the K+ — 77970
and KT — 7wTntr™ decays, respectively. These slopes are expected to be
slightly different from the quoted PDG values so that they should be measured
experimentally according to the new rescattering parametrisation. A%, A are
the isospin amplitudes for the two decays; isospin symmetry and Al = 1/2
rule predicts (see Appendix A):

A+

EZQ

The centers of the Dalitz plot s(()O’Jr) are defined as:

3
1 1
sy = 3 E s; = g(Mf(+ +2m2o +m2y)
i=1
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3
1
=3 = M
It should be noted that terms such as (sg — 3(()0’+)) or (s1 — (0’+)) cannot exist

in the expansions because of the identity of 7%7% or 777 "; in fact, terms linear

in s1, s can appear only with the same slope coefficient j:
SO (= 56"+ (52 = )] = =) (55 = 6)

that can be absorbed in the linear slopes ¢+,
The PDG tables (Ref. [13]) also include terms proportional to ( s(1,2) — s(()O’Jr) )2,
but their coefficients are small and compatible with zero.

The mm — 7m scattering amplitude

(7 | T| 707" = i My (s, t, u)
(i,7) = (00,00), (+0.+0), (+—,00) = x, (+—,+—), (++,++), is a complex
quantity, but in the low energy regime, near the threshold s = 4m72T+ (u=tnr~
0), just its real part may be considered (optical theorem) and any dependence
on the ¢, u variables can be neglected. The scattering lengths are then defined
as the coefficients in the power expansion of the T-matrix (I, I5|T| I, I3) in the

relative momentum £k, so that (Ref. [§]):

8 M+

Re Mi;(s) = a;;(s) (3.7)

and a;;(s) comes from the isospin decomposition of the amplitudes:

(e = 100+ 20a(s)

tols) =228

()
()
CLZ‘]‘(S) = a (8) _ CLO%S> — CLQ(S) (38)
(s) =
(s) =

xT

a,_(s 6
\ A4++\S as(s)
ap(s) =ap-[1+mg 7(847_”8“1 ) ]
a7_gs(s) = (s — g:h ) (3.9)
as(s) :az.[1+r2WQ+']

where rg = 1.25 £ 0.04,ry = 1.81 + 0.05 are the effective ranges calculated in
Ref. [31] and sy, = 4m?2.. The scattering lengths ag and as are defined so that

a;;(stn.) is the value it would be in the limit of exact isospin symmetry.
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3.2 General strategy of the a; expansion

In this section we illustrate the Cabibbo-Isidori method for calculating the
K — 37 amplitudes when the 7m final state interaction is turned on. For
K* — 7t7%° decay, we perform explicit calculations of 1-loop and 2-loops
diagrams by using the Cutkosky rules (Appendix B). Moreover, we give a
systematic way to expand the matrix element in powers of scattering lengths

a; (or equivalently, in powers of velocities v;).

3.2.1 1-loop diagrams

The 1-loop diagrams have only one rescattering vertex, so they are of a; order
(fig.3.2); these diagrams can be calculated exactly giving a contribute of a;

order to both real and imaginary part of the amplitude.

Figure 3.2: The re-scattering diagrams generating the imaginary part at the a; order

The mm — 77 rescattering vertices are described by Eq. (3.7) (we work
near the threshold), while the K — 37 tree amplitudes are parametrized by
Eq. (3.5)- (3.6). Following Cabibbo-Isidori, we compute the discontinuities of
the 1-loop diagrams across their respective branch cuts by using the Cutkosky
rules. As we need the discontinuity associated with the s = (mga + mp)?
thresholds (a,b = +,0), we have to cut the two internal lines (propagators)
and put them on shell. As an example, we calculated in detail the diagram
with the 777~ — 7%7% charge-exchange reaction (Fig. 3.3). In the 7%#° C.M.

frame, we obtain:

d3p1 d3p2

Disc (83) = 2—E112—E12

) 8
Spr+p—a+@) iR (p+g3)° i }aw((fh + @)’

where we have used the property that R™ depends only on (Px — P~ ).
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0

Figure 3.3: The 1-loop rescattering diagram with the m*n~ — 7979 charge-exchange

reaction. The vertices prescriptions and the 2w cut are also shown in the figure

At this point, we assume that the slope parameters, that one would find
experimentally with this new parametrisation, should not differs appreciably
from the old PDG slopes. From PDG we obtain 2T ~ 0.0004 so that we can
+)2

neglect the term o (s3 — sy )° in Rt and with a good accuracy we have:

Disc (s3) = —4 a,(s3) R ({s3)) v4(s3)
where: agt
(80) = 2% 2_ &

The part of the amplitude that can be calculated by Cutkosky rules is:

1
ZMEBE = 5 Disc (83)

Then, the diagram of Fig. 3.3 has value:

K(s3)+i-2a,(s3) RT((s3)) v+(s3) s3> 4dm?,
M? = (3.10)
K(s3) — 2a,(s3) R*({s3)) v(s3) s3 < Amz,

K(s3) o a; is the real analytic part of Mi%g"g and it can be expanded in powers

of s3. This term is included in R° (through the slope parameters), so that we
can put K(s3) = 0.
Finally, we have the result:

MG = B,
= 2a,(s3) RT({s3)) (3.11)

The charge-exchange diagram contribute only to imaginary part of B,g. The

remaining 1-loop diagrams can be computed in the same way. We note that
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the pions running inside the loop are (7%7°) and (7*7°) (Fig. 3.2) then these

diagrams contribute only to Im.A_ oo:

(ImA E;_l&)))woﬂo = (IOQ(Sg) RO(Sg) 000(53)

(Im A%) 0 = Tm AV + Tm AP = Tm AV + (51 < s2)

where:
Tm A8 = 2a0(s1) vr0(s1) RO({s1) — A1)

A — (mZ; —mio)(mEk — mio)
7
282‘

3.2.2 2-loops diagrams

There are two topologically distinct 2-loops diagrams: one-channel and two

channel re-scattering graphs. These diagrams give a a? contribution to M g
2

(two re-scattering vertices). In Fig. 3.4 all the diagrams giving Bfég terms

(o< vy) are shown:

Figure 3.4: The 2-loops diagrams that contribute to ReByoo at the a? order: only

these diagrams have the cusp factor v4

As in the 1-loop case, we illustrate the method with a detailed example
calculating the diagram in Fig. 3.5. The discontinuity associated with the
s3 = 4m?2, threshold is given by the cut shown in Fig. 3.5.
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We have:

o By & N 3
ZMioé':i 2511 2522 O (prtpr—aitae) | (MEP)meo (ras)*) i —aa((01+62)°)

8
* = Qx

- 74 4 1lloop
P (MED) en 7 (pa) (q2)

Figure 3.5:  The 2-loops diagrams that contribute to ReByoo at the a? order: only

these diagrams have the cusp factor v4

(ML2oPy 1 follows from 1-loop analysis:
(M) e = 0204 (s1) vi(s1) R ((s1)) + K'(s1)

+ (81 < s9)

where K'(s;) is polynomial in s; (remember that in this case 7~ is the odd

pion). Then we find:

MG = —dag(ss) ar—({s3) v=({s3)) R*(({33))) v(33)
+ i2a.(s3) v(s3) K'({s3)) + K" (s3) (3.12)

with K”(s3) another polynomial and

388; + S5

((s1)) = 22

In the diagrams as the type in Fig. 3.5, an angular integral such as:

% / d(cos 0) (MEP) i n-((p1 + a3)%)

always appears. Following Cabibbo-Isidori, we make a further approximation,
replacing the integral with (M%) 4.~ ((s3)). The second term on the right-
hand side of Eq. (3.12) is imaginary and o v4(s3) so that it can added with
ImB %) (Eq. (3.11)) to obtain:

2a,(s3) v (s3) [RT((s3)) + K'((s3)) ]
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Because of K'(s3) and K”(s3) have a polynomial form, we can set K’ = K” = 0.
According to this prescription, the 2-loops diagrams contribute only to the real
part of the amplitude. The other diagrams in Fig. 3.4 can be treated in the

same manner, so we find:

ReB%& = —2a,(s3) [voo(s3)aon(ss3) R+((83>) + RO(Ss)az(33)Uoo(33)
+asi((s3) ve((s3)) R ((s3)) + 2a4—((s3)) v((s3)) R (((s3)))
+ az((s3)) voo((s3)) R"({s3))]

As anticipated, the diagrams in Fig. 3.6 give a real contribution, dRe A,y o

v;(s) that cannot be included in R and R* (square-root behaviour at the m97°,

7t 7® thresholds):

SRe A%y = —dago (s3)ato((ss)) R ({{s))) vro((ss)) voo(ss)
~2ao(s1) [2az0({s1)) vro((s1)) R(((51)))
+ago((s1)) voo({s1)) R°({s1))
+2a,({s1)) v ({51)) R ({(s1))) + (51 52)]

T 0

s

+

™ at

T
K+t
ﬂ.O
77[]
7.‘.(J

Figure 3.6:  The 2-loops diagrams contributing to dRe Aioo o v;(s)
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We report also the a? corrections to the real part of M,  that will be
used in 3-loops diagrams (Fig. 3.7, 3.8, 3.9):

SReDY ) = —day(s1) aso((s1) va((s1)) B((s1)))  (3.13)
O(ReCar o)) s =~y (53)ve(s3) [2a0((s3)) v ((s3)) R((53))

+ day({s5) va((ss) R (((s3))] (3.14)
S(ReCyy )t o = —2a4(s1)va(sy) [va((s1)) R ((s1))

+ 204 ({s1)) va({s1)) R ({{s1)))

+

ag((s1)) voo((s1)) R*({s1)) ] + (51 <> s2) (3.15)

Figure 3.8: The 2-loops diagram that contribute to (6 Re C++_)(“z2)
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Figure 3.9: The 2-loops diagram that contribute to (5R6C++,)(“?)

At this point, we are able to give the general strategy to expand | M o>
to a given power in a;. In fact, we have seen that 1-loop diagrams contribute
to the imaginary part of the amplitude while 2-loops give real terms. Then, we
can assert a priori that 3-loops diagrams can contribute only to the imaginary
part. Making use of Eq. (3.3), we can find at which order we have to expand
By and ImA, o to obtain |Mg|? to a given approximation: for example,
if we want |Mo|> at O(a?), we need ImA, o at the a; order and B g up
to a?. But we know from the previous discussion that (IlrnBJroo)“z2 does not
exist and then the only a? term we need is (ReB+00)“12. In table 3.1 are shown
the approximations needed for ImA gy and B, oo to obtain |[M |? at O(a?)
(left) and at O(a?) (right). The latter approximation requires the evaluation

of 3-loops diagrams that will be calculated in the next chapter.

| M o0? Powers needed | M 00| Powers needed
at O(a?) a; a? a? at O(a?) a; a? a?
ImA g0 ° ImA_ o ° -

ImB. g9 ) - ImB_ . - o
ReB+00 - (] ReB+00 - ° -
(a) The approximation needed for (b) The approximation needed for
A+OO and B+00 to obtain |M+00|2 at A+00 and B+00 to obtain |M+00|2 at

O(a?) O(a?)

Table 3.1:  Approzimations for | M. q0|?: the dot (e) indicates that the term is needed

and exists; the line (—) denotes that the term is needed but is zero.
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The /s3 = Moo distribution, plotted using the O(a?) approximation, is
shown in Fig. 3.10.

o
o
3

o
=)
a

o
o
5

y (1) No rescattering
s O(a?) rescattering correction

K3

o o
o o
Y] @

o
o
iy

o

0,275 0,28 0285 M o0 (GeV)

o
N
<

Figure 3.10: The figure shows the M o0 invariant mass distribution with (red) and

without (green) the O(a?) re-scattering correction
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3.3 77 rescattering in K — 37"

Similarly to the KT — 777970 system, the decomposition of the amplitude
Mo for the K9 — 37° decay is:

3
Mooo = Ao + Y Bigovee(s1) [0(s; — 4m2.) + i 0(4m2. — s;)]
i=1
The tree level amplitudes RY and R} for K — 37% and K¢ — 777~ 7% decays

respectively, have polynomial form and are parametrized as:

0 0 h (55 — 50, )2
ReA000<51782,83) = RL(81,52733) = Aj [1 + B . Z 7]

(53—53) 7 (83—55r )2
Ri(ss) = AL [1+ gf =02 4 pp 22—
Tt Tt

S¢,» g, are the centers of the Dalitz plots defined as:

3
1 1
38L = 5251 = g(MIZ(OJr?)mfro +m2.)

i=1

SOL— Zsl— (Mo +2m2, +m2)

+h+ 0

The parameters h and g; are the slopes of K? — 37% and K? — 777

decays, respectively. AY and A} are the isospin amplitudes. Exact isospin

symmetry predicts the ratio (see Appendix A):

AF 1

A0 73
The calculation of the diagrams at 1-loop order (Fig. 3.11) follows the same
steps given by in the K* decay and it gives:

Im Ag = Zaoo RL(SZ, (si), (si)) voo(si)
Moreover, the 2-loop diagrams give (fig . 3.12 and 3.15):

ReBly = —2a.(si)voo(si) [RY(si, (s3), (s1)) au(si) + aoo(si) RE (si)]
— 8au(si) avo((s:) RE(((s:))) veo((si))
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3 350 +s;
where (s;) = T and ((s;)) = %.

The v-expansion of |[Mgg|? at O(a;) is then:

|M000(81,52,83)|2 = R%(51,32,53)2—2R0L(51,32,53)-
3

. [Z Im By v (s;) 0(dm2s — s;)] + O(a?)(3.16)

In this approximation |Mogp|* differs from (R9)* when s; < 4m2, for some 1.

Figure 3.11: 1-loop rescattering diagrams: (left) the charged exchange is the only
1-loop diagram contributing to | Mooo|? at O(a;); (right) the neutral exchange diagram

The next-to-leading order is obtained by adding also 2-loops diagrams:

|/\/1000(81,82,53)|2 = R%(Sl,sz,ss) (Ionoo ZImBOOOUi )9( _Si)]2

3
+ [Z Im By v+ (si) O(s; — 4m2.) ]”

i=1

— 2 RY(sq, 59, 83) ZImBOOOUi (55) 0(4m2, — 5)]

3
=1

vi(si) 0(s; —4m2,) + O(a?) (3.17)

dM_g
and KT — 7t7%70 systems: the cusp eﬁ'ect in the KO system is strongly

In Fig. 3.14 is compared the decay rate ratio dF 120/ dleis ” ® for the K9 — 3x°

suppressed with respect to K+ — 7t7%7% decay.
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Figure 3.12:  The 2-loops rescattering diagrams that contribute to Re By,

(2)

at 7‘_0 . 7T0 at .
. . : ™ ™
K() K()
L L
7TU 71.0
7r[) ﬂ.()

Figure 3.13:
Re By,

0t M

0.0
0,275 0,276 0,277 0,278 0,279 0,28 T

drei#0 , qrei=o 0 0
(a) iMoo/ I for the K} — 37
(red) and Kt — 7t7%% (green) sys-

tems at O(a?)

The 2-loops one-channel

rescattering diagrams that contribute to

drei#Y
drei=Y
0,998]
0,996]
0,994
0,992]
0,997
B e e L e s e o e Y ltd 0.0
0275 0276 0277 0278 0279 02 T
drai#0 , grai=o ‘ 0 0
b) 4&—— /% —— for K7 — 3n"° de-
( ) dM 0.0 /dM,ro,,o L

cay

0.0

Figure 3.14:  Comparison between the KO — 37° and K+ — 77070 cusps
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drai 2
=0
1

0,995

0,99

0,985

0,98

0,97 MFOFO (GeV)

0,28 0,3 0,32 0,34 0,36

Figure 3.15: jj\rji:i jﬂl}aiozz using the O(a;) (red) and the O(a?) (. ) approzi-
mation for | Mogo|?

The cusp has a different importance in the two systems because of differ-
ences in their Clebsch-Gordan coefficients (Appendix A): let Mg, M,
and Mg, M, _o the amplitudes for K+ — 7t7%% K+ — atatnr~ and
KY — 37°% K% — w7 70 respectively; at the leading order (Ref. [7]), the
PDG to Cabibbo rate ratio is:

1 s3> 4m?2,
2 ™
Mool MY, (3.18)
M2 | 1= dapvs - == = 1= dagvs - Rygy 55 < 4m2.
\ MJrOO
(1 53 > 4m?
[ Mool (0) 3 " 3.19
|Mooo| I—4daz vy - 0 = 1 —4a,ve - Rogp 53 < 4m7r;t
. Moo
M = old PDG parametrization, vy = w1 relative velocity in their C.M.

R give the cusp size for the two decays at the leading order and it is dominated
by the CG coefficients in the PDG amplitudes (Eq. (3.5), (3.6)). Thus, in
K? — 37 the threshold effect is reduced by CG coefficients alone to 1/6 with
respect to KT decays. More precisely, by calculating R, oy and Ry at the
threshold and by using the PDG slope values, we have:

Rioo 13
Rooo
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i.e. the cusp “visibility” is about 13 times higher in K+ — 77 7%7% decays then
in K — 37° decays. As a consequence, the cusp is not visible in the data

distribution. However, in the data to prediction ratio there is an evidence for

a change of slope near the expected cusp point (Fig. 3.16):

43
42

41

39

Figure 3.16:

the ratio changes slope is indicated by the arrow: this is at the expected cusp point

3 Change of slope where it has to be....
I 1 ,,‘.-;.'-I"_'i.- -y h L .
e o Sukia®s L, R LA R e B Bl e
E;I.:'.%T;WT wie . LR B -\r""-'@!,“!f. _H'_r:,-:
' 4Am,2 '
| h 1 L l L 1 L 1
0.075 0.08 0.085 0.09 0.095 01

Moo~ (GeV?)

Ratio data prediction of the Mﬁowo distribution. The point where

M?2, o =4m?, (taken from Ref. [32])
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Chapter 4
3-loops diagrams

In this chapter we give a detailed calculation of 3-loops diagrams. These dia-
grams contribute only to ImA ;o and ImB, o9 at O(a?) (there is no contribution
to the real part because of the redefinition of R® and R'). The aim of this
calculation is to expand |[M_g|* up to a} terms: according to table 3.1, we
see that (ImBygo)@) is the only term needed, then we have to isolate all the

diagrams giving this contribution.

4.1 Explicit calculations

There are four topologically distinct 3-loops diagrams (Fig. 4.1), obtained by

adding a rescattering vertex at the 2-loops diagrams in all possible ways:

Figure 4.1:  The 3-loops topologies

37
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Figure 4.2: The 3-loops diagrams of type a) that give a contribution to ImBSfS())

These diagrams are obtained from the graphs in Fig. 3.4 (upper row) by

adding a vertex in a same rescattering channel (Fig. 4.2):

T T
(Tm Boo)iypen) = U (ss)Re A, - (Re DY) )% (s3) + 3 voo(s3)Re Aoy -

(Re BLoo)® (s3)

= —2a(s3) - [4a.(s3) ayo((ss)) vos({s3)) R*({(s3)))]
—2ago(s3) voo(s3) az(s3) - [a14((s3)) v ((s3)) R ({(s3))
+2a;-({s3)) ve((s3)) R"({{s3)))
+az((s3)) voo((s3)) - R ({(s3))]

where we used the results given in Eq. (3.13).
e Type b)

These diagrams arise from those on the lower row in Fig. 3.4 when we insert
a vertex in a different channel (fig.4.3). In this case, the loop integration (an
angular average over the angle between the cut pionic couple) is not trivial.
As in the 2-loops case, we adopt a simplification. We begin calculating some
of 2-loops graphs of the K™ — wtxt7~ decay, necessary to evaluate the type

b) diagrams (Fig. 4.4). Their sum, denoted as AT (sq, so, s3), gives:
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A*(s1,89,83) = —af,(s3)vi(ss) RY(s3) —{4a’_(s1)vi(s1) R ((s1))
—2 05y (s1) v2(s1) - [aZ(s1) R ((s1)) + ag—(s1) az(s1) R%(s1) )
—vgo(s1) aoo(s1) az(s1) R(s1)] + (51 < 82)}

Figure 4.3: The 3-loops diagrams of type b) contributing to ImBEfgg

Figure 4.4: The rescattering diagrams of K+ — w7 ntn~ decay occurring in the

calculus of the type b) diagrams

Type b) diagrams are evaluated by cutting the last vertex, multiplying
2 a;(s3)-vL(s3) by AT (s1, 82, $3) and integrating over the cut 777~ phase space.
The integration can be approximated replacing the integral by

AT ((s3), (s3), (53))-



40 3-loops diagrams

Finally, we have:

(Im Bioo)yyper) = —2az(s3) - [4aZ({s3)) vi((ss)) R ({(s3)))
+ai 4 ((s3)) vi((s3)) R ((s3))

+2v4((s3)) voo((s3)) - (ax((s3)) ax({s3)) RB*((s3))

(

+ag((s3)) B ({(s3))) ) + aa

Figure 4.5: The 3-loops diagrams of type c) contributing to ImBS‘_l;%

Type c¢) graphs have all the rescattering vertices in the same s3 channel.

The calculus is straightforward and it gives:

(ImBioo)iypeey = —2aa(ss) - [2az(s3) aoo(ss) vgy(ss) R (ss)
+agy(ss) vio(s3) RF ({s3))
+4 af (s3) vi(s3) R*((s3))]
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e Type d)

Figure 4.6: The 3-loops diagrams of type d) contributing to ImBgfga

In type d) diagrams we have three rescattering vertices in three different
channels. As in 2-loops type b) graphs, we simplify the average over the couple
angle by making the substitution s; < (s;):

(Im Byoo)typed) = 2ax(s3) - [5ReC‘f+,(<53))7r+ﬂ_ + 5ReC‘f+,(<83))7r+7r+
+ReDW ir, ({s3)) voo((s3)) ]

= 2o { 2ax((s5)) va(s3)) - Loy (s v ()
)+ 20s(({s) - ol { o)) R
b ({{s) vl ((55))) B(((55)]
gy (fsa)) v ({ss)) - [2an((s3))) vol{455))) B({0ss))
s ((ss))) v () R (Lo
Fag((ss)) asol{{ssh) vsal(lss))) B (ss))) )
where: N
(s = 220

Again, we made use of Eq. (3.13)-(3.15) for (6 ReC ‘f+_)7r+7r7, (0ReC ff+_)7r+7r+
and Re DW f+,
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Finally, we have Im B, at a} order:

Irlfll/’,foo = (Im B+00)a) + (Im B+oo)b) + (Im B+00)c) + (Im B+00)d)
= —2a,(s3) - [4a.(s3) aso((s3)) vo+ ((s3)) R*({(s3))) ]
—2 ago(s3) voo(s3) ax(s3) - [as+((s3)) va((s3)) B ((s3))
) voo((s3)) R™({(s3)) ]
-

+2ay({s3)) v+((s3)) R"({{s3))) + az((s3)
—2a,(s3) - [4aZ((s3)) vi((s3)) R*({(s3))) + a%;((s3))vi((s3))"
“R*((s3)) + 20+ ((53)) voo({s3)) - (ax((s3)) az((s3)) R*({s3))
+a2 ((s3)) R*(((s3))) ) + az((s3)) aoo((s3)) v ({s3)) R*({s3))]
—2a,(s3) - [2a.(s3) aco(s3) vy (s3) - R%(s3

o (s3) i (s3) B ({s3)) + 4 ad.(s3) v (53) B* ((s3)) ]
20, { 2ax((s3)) v ({sa) - [are(({s2)) v ({(52)) B ({(5))
) RF({{sa))) + as({(s3)) vool({s3)) -

+2ax(((ss))) - v£(((s3))

R (((s3)) ]+ ar ((s3) v ((s3)) - [2aa({(s3))) voo(((s5)))
RY(((s3)) + dax({(s3))) v({(s3)) B ({((s3))))]

+4a,((s3) azo({(s3))) v+o({(s3))) B ({((s3)))) } (4.1)

The effects of the ImB‘fOO correction to the amplitude are shown in Fig. 4.7
and 4.8.
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4.2 FEstimation of the theoretical error due to

the a; expansion

The Cabibbo-Isidori proposal was to give a systematic expansion of | M g|? in
ascending powers of a; in order to extract the scattering lengths and the slope
parameters by a fitting procedure. In this model, the theoretical error afflicts
the scattering lengths and slopes and it’s due to the discarding of a} and higher
terms in |Mq|?. Moreover, the radiative corrections and isospin-breaking
effects that we did not investigated, are also sources of uncertainty. The theo-
retical uncertainty should be evaluated by fitting ag and as and comparing the
central values obtained with and without the correction. Nevertheless, we can
give an estimation of the theoretical error by adjusting ag, as and the slopes
in Aﬁf@, by a some percent with respect to the quoted PDG values in order to
reproduce the Aﬁ?;ii, function. Cabibbo-Isidori proposed a naive 5% error on
the scattering lengths but we expect that a smaller change on the parameters
could simulate the O(a?) approximation.

In the following, we varied the slope parameters ¢°, R and the scattering
lengths (they are also the fitted quantities extracted in the analysis of Ref. [10]):
any other parameter (for example the slope parameters of K™ — 7777~ de-
cay) does not produce any appreciable difference when varied: some differences
appear only for very large changes (20% or more) but they cannot be imputed
to a theoretical error (Fig. 4.9). The value of the parameters used in A((;Zii, are
taken from Ref. [13,31] (table 4.1):

Parameter Value
ag 0.221 £ 0.005
as —0.044 £ 0.001
o 1.25 + 0.04
T 1.81 + 0.05
q° 0.626 £+ 0.007
Ao —0.046 + 0.01
+ —0.2154 + 0.0035
ht 0.0004 £ 0.004

Table 4.1: The values for the slope parameters and the scattering lengths are taken
from PDG and Ref. [31]
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The parameters iLO, ht are related to the PDG quadratic slope values h°,
h* by !

R = K0 —(¢°/2° Rt =h"—(g7/2) (4.2)

A é)jn‘ 028 02 03 031 032 033 00 (Gev)

-o.oosi
-omi
-0,0155
-o.oz?

-0,025 S—

-0,03]

(a?)

Figure 4.9: 3The figures show A((;Zfsi, with g* = —0.270 (blue), compared with Ay
(red) and Agﬁg% ( ), both plotted with values of table 4.1. A change of 25% in g*
does not produce any appreciable difference from the red curve. The lower figure is

an enlargement of the upper plot near the cusp zone

(83 — s0) (s3 — 50)*
AL A h,(+,0) —

'In fact, the PDG amplitude is \/1 + g(+0) 3 + .... Expanding

the square root up to the quadratic terms, we obtain Eq. (4.2)
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Changing ay and ay by £ 5% from the value reported in table 4.1, we found
that Agﬁ% fits the A((;Zii, curve quite well inside the cusp zone but it differs in
the remaining region (Fig. 4.10). Varying ¢" by the same amount, we obtained
a good matching both below and above the cusp (Fig. 4.12).

0,27 0,28 0,29 0,3 0,31 0,32 0,33
A S om om0 9 025 Moo (GeV)

-0,0051

-0,01]
-0,0159
-0,02]

-0,025]

-0,03]

-0,035]

2
A ol el 08 09 0% 08 Moo (GeV)

2
Figure 4.10: The figure shows AE‘;@L when we have set ag = 0.210 (blue, upper plot)
2 3
and az = —0.046 (blue, lower plot), compared with A((;Zisi, (red) and A((;Zisi, ( ).
Changing the scattering lengths by 5% we found a good matching below the cusp but

a notable difference above the threshold.
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-0,015

-0,02

-0,025

-0,03

-0,035

Figure 4.11:  This figure is an enlargement of Fig. 4.10 in the zone below the cusp.
3
We note that a change of 5% in ag does not yield to a perfect agreement with A((;Zisi,

(green points)

A L 0B, 0, 08 o, 0 0B 7070 (GeV)

Figure 4.12:  The figure shows AEZQ, where we have set ¢° = 0.670 (instead of

3
go = 0.626) (blue). In this case the agreement with Agﬁg%, ) is equally good

below and above the cusp; in particular these curves match together above the cusp
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A o e oan 0 Maogo (GeV)

Figure 4.13:  This figure is an enlargement of Fig. /.12 in the zone below the cusp.
3
The agreement with A((;Zg;, (green) is better than shown in Fig. 4.10 also below the

cusp

Figure 4.14:  This figure shows Agﬁ% with ¢° and h° shifted by 5% (blue). The
a? . . . .
agreement with Aﬁug}, (green) is slightly better than shown in Fig. 4.12.
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-0,005]
-0,01]
-0,015]

-0,02]

-0,0251

-0,03]

Figure 4.15:  This figure shows AEZ@L with ag shifted by 2% (blue) with respect to
3

values in table 4.1. The blue curve fits A((;Zisi, ) as in Fig. /.14, where ag was

not changed, but it slightly deviates from that above the threshold

From Fig. 4.9 - 4.14, it’s clear that the 5% naive estimation on the theo-
retical error given by Cabibbo-Isidori was pessimistic and it can be reasonably
reduced. In fact the error committed neglecting the a® and higher terms, trans-
lates in a theoretical uncertainty on the slope parameters A% and ¢° (5%) but
on the contrary, it does not give an appreciable error on the scattering lengths.
In Fig. 4.15 it’s shown A((;Zii, when qq is shifted by 2% (as does not produce
any appreciable effect): we observe that Agﬁ%, continues to fit the Agﬁi, curve
below the cusp but this is not reproduced with the same precision above the
threshold. In this zone, Agﬁ; begins to deviate slightly from Agi;, and a fur-
ther change of the scattering lengths values (for example 3 —4%) does not give
a reasonable matching. In order to correct this difference, we have to change
the slope parameters by 20% or more, a very large tuning for a small correction
of a? size.

From this analysis we conclude that the theoretical error on a;, committed
when the a and higher terms are discarded from | M o|?, does not exceed the
2% level. Effects coming from these terms can be simply absorbed in shift of

5% on the K+ — 7777 slope parameters % and ¢°.
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3-loops diagrams




Chapter 5

Summary and conclusion

We have presented a 3-loops calculation based on the Cabibbo-Isidori approach
to the 77 rescattering in K+ — 77 7%7% decays, the final state interaction re-
sponsible for the cusp effect visible in the experimental 7°7° invariant mass
distribution (Ref. [10] and [9]). This method gives the decay matrix element
Moo as a power series in the pion S-wave scattering lengths ag and as, sup-
posed to be small according to the ChPT prediction: aqg = 0.220 £+ 0.005,
as = —0.0444 + 0.0010 (in m,+ units). In this way the scattering lengths and
the slope parameters appear as free parameters to be extracted by studying
the 797% spectrum. The aim of this work was to expand | M g|? up to O(a?)
using the 3-loops diagrams and give an estimate for the theoretical error on
the scattering lengths, reducing the 5% error quoted by Cabibbo-Isidori.

As a first step, we have explicited the term proportional to the 77~ ve-
locity, decomposing the amplitude as Mo0 = Ay00 + Bioo - v+(s3), where
Im A g9 and B ¢ are the non-analytic terms arising when two or more pions
rescatter in a diagram (they are both regular at the s; = 4m?, threshold).
Squaring M o, we have noted that the only missing term relevant at a} or-
der is Im B foo- We have listed all the topologically distinct 3-loops diagrams
obtained by adding a rescattering vertex to the 2-loops graphs (in all possible
ways) and we have collected those giving a contribution to Im B ,q9. Finally,
for each of these graphs we have computed the imaginary parts of B o by
using the Cutkosky rules. This a? correction acts only below the threshold:
above the cusp M o|* at O(a?) is equal to |[M | at O(a?).

The theoretical error on the scattering lengths was estimated by tuning ay,
as and the slope parameters in the Moo distribution at O(a?) as long as this
curve did not match with that at O(a?). We have found that a small shift
of 5% in the scattering lengths (from the predicted value) produces a good

ol
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agreement with the O(a?) distribution below the cusp but it differs far from
the threshold. On the contrary, by changing only the K+ — 7+7%7° slope
parameters by a 5%, we have obtained a good matching both below and above
the cusp zone. This result confirms that the 5% error on the scattering lengths
was pessimistic: the theoretical error committed neglecting the a3 and higher
terms can be in principle reabsorbed in a shift on the slope parameters. From
this analysis we have concluded that the error does not exceed the 2% level. A
posteriori checks about the size of this error could be obtained by a complete

fit of the data with and without the a? correction computed here.
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Chapter 6
Experimental results

In this chapter we review the known methods for the extraction of the charge-
exchange scattering length a, = (ap — ag)/3 and the slope parameter h. More-

over we list the recent experiments that have measured these quantities.

6.1 Measurements of ay — a»

+

6.1.1 ag—as from Kt — 7ntn etrv decays (K.4)

The first, naive explanation, that is it possible to measure 77 scattering in
such a kaon decay process is that the pions undergo final-state interactions
(Fig. 6.1) and they are the only strongly interacting particles in the final state,

therefore they ought to be sensitive to this interaction.

Figure 6.1: 7w scattering in K4 decay

95
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The decay

K" (p) = 7% (p) 7 (p2) € (pe) v(p1) (6.1)

can most conveniently be treated by using three reference frames, as illustrated
in Fig. 6.2: (1) the K rest system (Xg), (2) the 777~ rest system (3,,) and
(3) the etv rest system (3.,). The kinematics of the K., decay are then

fully described by five independent ! variables, introduced by Cabibbo and
Maksymowicz (Ref. [33]):

1. s, = M?_, the invariant mass squared of the dipion;

2. s, = M?, the invariant mass squared of the dilepton;

3. 0, the angle of the 7" in X, with respect to the direction of flight of the
dipion in Yg;

4. 0, the angle of the e' in X, with respect to the direction of flight of the
dilepton in X g;

5. ¢, the angle between the plane formed by the two pions and the corre-
sponding plane formed by the two leptons.

Figure 6.2: Kinematic quantities used in the analysis of Keq decay

It is useful for the following discussion to introduce the combinations P, ()
and L of the momentum four vectors py, ps, pe and p, defined in Eq. (6.1) and

two scalar products derived from them

P = pi + ps, Q = p1 — P2, L =p.+p,
1
Q2:4m72r—s7r, P~L:§(Ml2<—se—sﬂ)

'For a process involving N particles (initial + final), the number of independent variables
is 3N —10.
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The decay matrix element is

G
Mics = -5 Vietp) 31 = 95) o(pes) (V¥ = 4%)

where V5 is the CKM matrix element for the s — wu transition.

The form of vector current V* and the axial current A* is dictated by Lorentz

invariance:
1 vV po
V,LL = M—?((HEH P PI/QpLU)
1
AP = —(FP"+GQ"+ RL")
My

The form factors F, G, R, H so defined are adimensional and functions of the
Cabibbo-Maksymowicz variables. The decay rate follows from the matrix
element and neglecting terms proportional to m?/s, (for more details see
Ref. [34]). A parametrisation for the form factors, introduced by Amoros and
Bijnens (Ref. [35]) may be used, which is based on a partial wave expansion in
the variable 0,:

F o= (fot fla* + fIg" + fo(se/4m2)) €%8C7) 4 f, cos, ei(7)
G = (g+ g;JQQ + ge(se/4m72r) ) e1(sm)
H = (hy+hg*)eitn

where ¢ is the pion momentum in ... It yields 10 new dimensionless form

!
S

factor parameters f, U fe fp, 9ps 9> Je, hp and hy which do not depend
on any kinematic variables, plus two phase 77 scattering phase shifts 6= and
§1=! (sx-dependent); the phase shifts enter in the rate only in the combination
§ = §) — &1, so that the physical quantities that can be fitted are the form
factors parameters and 0. The kinematic dependence of §(s,) was proposed by

Schenk (Ref. [36]):

4m? Am?2 — ¢l
tan(s!) = (/1 — %q”{AﬁJrBj(ij ) x %
s s ¢

The parameters A and B! | etc. can be expressed as a function of only two
parameters or subtraction constants, which are identified as the = 0 and I =
2 S-wave scattering lengths ag and as. For example, the first two coefficients

of this expression for the I = ¢ = 0 case read as follows:
Ag = Qo
By = 0.2395 + 0.9237 Aag — 3.352 Aay + 0.2817 (Aag)?
+ 6.335 (Aay)? + 6.074 Aag Aag + ...
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where Aag = ag — 0.220 and Aay = as + 0.0444. Although K., decay allows
only I =0 and I = 1 contributions, the use of the crossing relations brings in
a modest dependence on the I = 2 scattering length. It was pointed out by
Morgan, Shaw (Ref. [29]) and Colangelo, Gasser and Leutwyler (Ref. [11], [28])
that the possible values of ay and ag are restricted to a band in the (ag, as)
plane, the so-called universal band (Chapter 1); the central curve of this band

is given by 2:
as = —0.0849 + 0.232 ap — 0.0865 aj [+ 0.0088]
as and ag are then related as:
Aay = 0.236 Aag — 0.61 (Aag)* — 9.9 (Aag)? (6.2)

Therefore, theoretical arguments suggest that the charge-exchange scattering
length a, = (ag — az)/3 can be extracted from the K4 decays.

Since the low K4 branching ratio (~ 107°), it was not until 1977, when
the Geneva-Saclay experiment (Ref. [37]) gathered about 30,000 events, that a
measurement was made of ag to 20% accuracy. New data and a new analysis be-
come available with the Experiment 865 (E865) at the Brookhaven Alternating
Gradient Synchrotron that collected 400,000 K4 events (Ref. [38]). Recently,
a new measurement was performed by NA48/2 collaboration (Ref. [39]) based
on a partial sample of more than 670,000 decays. The available experimental
results of E865 and NA4/2 are summarized in table 6.1:

Experiment 2-p fit U.B. (1-p fit)

ag as ap as (from Eq. (6.2))
E865 38] | 0.203 + 0.033 —0.055 + 0.023 | 0.216 + 0.014  —0.0454 £+ 0.003

NA48/2 39] | 0.233 £ 0.017 —0.047 £ 0.012 [ 0.256 £+ 0.019  —0.0312 £ 0.013

Table 6.1:  The E865 and the NAJ8/2 results for the ag and as scattering lengths,
when they were floated in the fit (2-parameter fit) and when ay was constrained by
Eq. (6.2) (1-parameter fit)

2We remember that we are using m,+ as unit of energy for the scattering lengths.
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6.1.2 ay— as from 797" decay of the pionic atom 7+7~

The idea of obtaining the charge-exchange combination a, from studying the
77w~ bound state (pionium), denoted as Ay, was proposed by Nemenov in
1985 (Ref. [40]). The main characteristics of such atom are (Ref. [41]): binding
energy 1.9 KeV; JPY(18) = 0*F; Bhor radius rp = 387 fm. The dominant

decay mode for pionium is As, — 7°7°; this channel largely exceeds vy :

LIV

w070

The decay width is then dominated by the strong reaction 7t7~ — 707°

(Fig. 6.3):

70

0

Figure 6.3: 77 scattering in the Ayy — 7070 system: wavy lines are photons binding

the 77~ couple; the blobs are the strong interaction vertices

Applying Chiral Perturbation theory methods Gasser et al. (Ref. [42])
have taken into account higher order corrections with respect to the leading
and next-to-leading order terms (Ref. [43]) and obtained the 1s state lifetime
given by:

*
167 agpnzl
M+

(a0 — a2)?|¥,—1(0)[* (1 4 6r)

[0 =

where U,,_;(0) is the hydrogen-like wave function for 7t7~ at r = 0,

Py = /m2 —m2 — 1/4(m2 02)

« is the fine structure constant and or = (5.8 & 1.2)- 1072 is a parameter that
arise from higher terms corrections. Combined with the theoretical values for
ag and ay (Ref. [31]), 1s lifetime is predicted to be:

Tis = (2.9£0.1) - 107 sec

It should be noted that a ag — as measurement from pionium decay provides

only a determination of |ag — as|.
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The DIRAC (DImeson Relativistic Atomic Complex) experiment at CERN
is devoted to the study of the pionium lifetime, in particular to extract the
lag — as| charge-exchange scattering length with a 5% precision. Under the
experimental conditions of the DIRAC experiment, a 24(20) GeV proton beam
collides with a nuclear target. The proton-target nuclei interactions may create
pions through direct production and through decays of mesons generated by
primary interaction. The charged pions, when their relative distance is of the
order of few fm, can bind together via Coulomb attraction to form the pionic
atom Ay, in the same nuclear target. Once created, an A,, may evolve in
three different ways by interacting with the electric field of the target nuclei: it
may annihilate in 27° by strong interaction, be (de-)excited to a higher (lower)
n-state or break up in 777~ (ionization); the latter interactions are purely
electromagnetic. The probabilities of annihilation (Pynp), (de-)excitation (Pyg.)
and breakup (Pyeax) constitute a “complete set" of transformations for the

atom, whose evolution at any time is governed by:

Panh + Poreax + Pase = 1

When a break-up occurs a 7+

7w~ pair of opposite charge and opposite momen-
tum is produced having very small opening angle (atomic pairs). The aim of
DIRAC experiment was to measure the probability of pionium breakup by de-
tecting these atomic pairs with an high resolution double arm magnetic spec-
trometer. By exploiting the “completeness" relationship above, the breakup
probability can be linked to pionium lifetime for a particular choice of target.
The results for the 1s pionium lifetime and ag — as from about 6530 dissociated

Ay, atoms, are (Ref. [41]):
s = (2.917049) - 1071 sec

in agreement with the other experiments and with theoretical predictions.
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+.-0.0

6.1.3 ag—ay from K™ — 7n'nm

The Cabibbo cusp-effect (Ref. [7,8]) was observed for the first time in 2005 by
the NA48/2 collaboration studying the 7%7° invariant mass spectrum from a
partial sample of about 2.7 - 107 events (Ref. [9], [10]). This method for the
extraction of the ag — as scattering length was theoretically discussed in part

I so that we give only the experimental result:

Qo — a3 = 0.268 £ 0.01040, £ 0.004,,5. £ 0.013,
a9 = —0.041 = 0-022stat + 0-014syst.

This result is in good agreement with the Universal Band constraint (Eq. (6.2))
in fact if one link ag to as using the correlation provided by U.B., the scattering

lengths become:
ap = 0.220 £ 0.0064q:. £ 0.0044ys:. £ 0.011c5.

ap — az = 0.264 £ 0.0064:4:. &= 0.0044y5.. = 0.013..

in good agreement with ChPT prediction. The measurements of ag — as that

we have described in this chapter, are shown for comparison in Fig. 6.4.

6.2 Measurements of h

Actually, only two measurements of the quadratic slope parameter h exist: the
first analysis of the K — 37° quadratic coefficient was carried out in 1992
by the Experiment 731 (E731) at Fermilab (Ref. [44]) that collected ~ 5 - 10°
events and more recently by NA48 collaboration (Ref. [12]) in 2001 with a high
statistic of ~ 14.7 - 105 decays. These experiments used the parametrization
of Eq. (1.1) that is a Taylor expansion about the center of the Dalitz plot
(Ref. [3]): rescattering effects were not considered until Cabibbo in 2004 (Ref.
[7]). In both experiments the slope parameter was measured by performing
a fit on the R distribution (the distance from the center of the Dalitz plot)
corrected for detector acceptance effect (Fig. 6.6). The results quoted by the

two experiments and the PDG average are:

hprsi = (—3.3% L1lgq £ 0.554) 1073
haass = (—6.1% 0.9 £ 0.555) - 107°
hppe = (=5.0%+ 1.4)-107°
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Figure 6.4: The
posed in this plot.
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Figure 6.5: Comparison of the theoretical predictions of the scattering lengths and

their measurements on the (ag,as) plane (taken from Ref. [/5]).
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Figure 6.6: The R distribution (the distance from the center of the Dalitz plot)

for E731 (upper figure) and NA4S8 (lower figure), taken from Ref. [{4] and Ref. [12]

respectively. In both figures the histogram is the data and the dashed line represents

the simulated events. The fit of the slope parameter was performed in both data

and MC distributions; in order to eliminate the effects of the acceptance, the value
extracted by data had to be corrected so that: h = hgata — haro
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Chapter 7
NA48 experiment

The NA48 is an experiment, installed a the CERN SPS accelerator, which
took data from year 1997 until 2001 aiming at a substantial improvement in

the accuracy on the double ratio:

_ BR(Kp — 7% / BR(K; — ntn7)
- BR(Kg — n%7%) " BR(Kg — ntm~)

R

a quantity directly correlated to CP symmetry violation.

NA48 makes use of a double K, Kg beam in order to have a simultaneous
collection of the four categories of events entering in the double ratio (Fig. 7.1);
the quasi collinearity of the K, Kg provided by the experiment, allows to
minimize systematic differences.

In this chapter we give a general description of the K beam and the detectors

used for the present analysis.

7.1 K} beam

The SPS delivers a 450 GeV protons beam in 2.5 pulses and a cycle time of 14.4
s. The primary high flux proton beam (~ 1.5x 102 protons per pulse) impinges
on the first K beam target, with an incident angle of 2.4 mrad relative to the
K beam axis. The charged component of the outgoing particles produced
is swept away by a bending magnet. The remaining neutral particles pass
through a system of collimators. At the exit of the final collimator, placed
at 126 m downstream the K target, the fiducial decay region begins and, at
that point, only a small fraction of the most energetic long-lived component

survives.
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Figure 7.1:  Sketch of the Ki and Kg beams: the two simultaneous and almost
collinear kaon beamlines converge in the same center at the central detector longitu-

dinal position.

7.2 Liquid Krypton electromagnetic calorime-
ter (LKr)

A liquid krypton calorimeter (LKr) is used to measure gamma energy, posi-
tion and time and it is used to reconstruct 7™ — ~v decays. It is an almost
homogeneous ionization chamber with an active volume of ~ 10m? of liquid
krypton, segmented transversally into 13248 2 cm x 2 cm projective cells by a
system of Cu-Be ribbon electrodes. The calorimeter is 27 X, thick ! and the
energy resolution has been measured to be:

E . 032
olB) _ 009 0082 40049 (7.1)
E Eaev) \/E(GeV)

'For krypton: Xy = 4.7cm
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The space resolution for single electromagnetic shower can be parametrised

as

Oy =0y = _o42 @®0.06 cm (7.2)
\/E(Ge\/)
for each transverse coordinate x, y.
A neutral hodoscope consisting of a plane of scintillating fibers is installed
in the LKr calorimeter at a depth of ~ 9.5 X,. It is divides into four quad-
rants, each consisting of eight bundles of vertical fibers optically connected to

photomultiplier tubes.

LEF CALOAMMETER ELECTAODE STAUCTURE

3
= Spacer etk

Figure 7.2: The electrode structure of the LKr calorimeter.

7.3 Neutral trigger

In order to handle large amount of data at high rate, a fast trigger response
has to be taken in at most 200 ns, to decide if an event has to be recorded or
not. The trigger for 37° decays operates on the sums of signals from groups
of 2 x 8 cells of the calorimeter, in both horizontal and vertical orientation.
The signals are digitized and summed into 64 columns and 64 rows providing
the two projection of the deposited energy. The trigger system computes the
energy sum (mo = S.o° E;), the first and second moments of the energy (m , =
Zf4 z; B, mo, = Zf4 z? E; and the same for y projection) every 25 ns. Then,

the moments are combined to provide decay vertex, center of gravity of the
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energy distribution and proper decay time for the candidate kaons. A loose
neutral trigger was obtained applying cuts on energy and lifetime of the kaon
and on center of gravity. The efficiency of the neutral trigger was estimated
with an independent trigger using the hodoscope installed in the LKr. The
efficiency of the trigger has been measured for K — 27° sample to be

€ > 99.5%. In this work the same efficiency for K — 37 has not been
measured, we just check qualitatively the efficiency to be flat over the K9 —
37Y Dalitz plot.
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Figure 7.3: Layout of the neutral hodoscope.




Chapter 8

K% — 37V event reconstruction and

acceptance correction

In this chapter we describe the selection criteria we have applied on the photons
coming from K? — 37° — 6+ decays and how the geometrical and kinematical
decay variables used in the present analysis have been reconstructed from the
data. Finally, we list further requirements we have imposed on these quantities.
After the reconstruction procedure, we have about 1.2 - 10® events passing all

the requirements.

8.1 Selection criteria for the photons

The main selection on the data requires 6 LKr clusters satisfying the following

conditions:

e the non linearity of the calorimeter at low energies is prevented, requiring
the energy of each cluster has to be greater than 3 GeV; clusters having

energies greater than 100 GeV are also rejected.

e in order contain the electromagnetic showers well inside the physical
edges of the calorimeter, the z, y cluster coordinates satisfy: |z|, |y| <
Roer. = 116 em, |2| + |y| < V2 Roer,, |2| < 63,2cm& |y| < 84,7cm,
|z| < 52,2em& |y| < 94, Tem and (|z] — 63,2)% + (Jy| — 94,7)? < 121 cm

(octagonal perimeter).

e the photons could be lost inside the beam-pipe (@8 cm) placed at the
centre of the calorimeter, so that the distance from the cluster and the

centre of setup has to be greater than 15 cm (Fig. 8.1)
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e the distance between all cluster pairs has to be greater than 10 cm in
order to avoid overlapping of the clusters caused by the electromagnetic

showers

e to avoid energy losses in the LKr, the distance from the cluster to the

closest dead calorimeter cell is required to be greater than 2 cm

e the radial position of the center-of-gravity

VO, B )2 + (X0, B, )2
Z?:l E;

where F;, x; and y; are the energies and the positions of the six selected

COG =

clusters, has to be less than 10 cm to reject background

The best photon pairing is done using a kinematical fit: for each combina-
tion of all 15 possible photon pairings and assuming the neutral kaon coming
from the K9 target and a K — 37° — 67 decay, the cluster energies E; are
adjusted so that EZ/ — FE; + 0; minimize:

2 & 52‘ 2
Xfit = Z ;<E3)2

i=1

where o(F;) is the energy resolution. The fit finds improved values E; of
the measured quantities which satisfy the 37° mass constraints. The degrees
of freedom involved in the fit are: d.o.f. = 6 (energies for event) - 3 (mass
constraints) = 3. The best pairing was obtained by taking the combination
giving the minimum X?‘it' The corresponding cut applied is Xfcit < 15. From
now on the correct pairing is assumed to be (1,2), (3,4) and (5, 6).
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Figure 8.1: The photon illumination on the LKr calorimeter. The dead cells and

the octagonal shape of the calorimeter are shown in the figure

8.2 Data reconstruction and further requirements

Using the coordinates (z;, y; ) at the calorimeter and the energies (F;) of the
6 photons, all the physical variables of interest for K? — 37% — 6+ decays are

reconstructed.

e The decay vertex Ze et is the longitudinal distance of the decay vertex

from a reference point taken as the Z position of the Ko target. First,
the distance of the decay vertex D from the calorimeter is reconstructed

by using the kinematical constraint

6

Mo = | E2=OPor=,> Y 2EE (1 cos (4;))

i=1 i=1 i=1 j>i

and making the small angles approximation 1 — cos(6;;) ~ 67/2 =

(rij/D)?/2:

6 6
- \/Zz Zj>l E E] sz
= MK%
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where 7;; is the distance between the 7, j clusters on the LKr plane.
Finally,

VI S0 B Byl (mi— )2 + (s — )]
My

Zverteaz - ZLKr -

where Z g, is the longitudinal position of the LKr calorimeter. No cuts

are applied on the reconstructed decay vertex.

e The invariant masses Mfr})) M2

"0, M5 o, My o @ for each event, the three

7970 invariant masses are reconstructed by the same method used for
the Zyerter- For example, if a 770 couple is labelled by the pairing (1, 2)
and (3,4), the decay distance to the LKr is calculated as the average of
the decay vertices of the two 7°:

1

D = Qmﬂo (\/ElEQT%2+\/E3E4T?2’4)

The invariant mass of the couple is then:

\/Z; S, i Byl (i — 25)% + (yi — y5)?]
M(é) .=
T D

In Fig.8.2, MgOWO(Gen.) Versus Mzoﬂo(Gen.)—Mzowo(ReC.) is shown. In order to
estimate the Miowo resolution, we created projections onto the MiOWO(Gen.) —
M2

w070

(Rec.) axis, in M?2,_,(Gen.)-slices; the resolution for a given slice is the
r.m.s. obtained by fitting the projected distribution with a Gaussian. The
resolution is the best at small Mi%ﬂ in particular, near the cusp point the

resolution is Oym2, = 1.3- 1074 GeV2.
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e Kaon energy Ef: The kaon energy is the sum of the energies of 6 photons

passing all the requirements:

6
Ex =) E|
i=1
The cut applied on the kaon energy is: 70 GeV < Ex < 170 GeV

e The decay proper time 7: the proper time 7, measured in unit of K32

mean life (c7xg = 2.676 cm), is reconstructed using the decay vertex and
the momentum of the kaon:

T (Zvertex — ZAKS) . (Zvertex - ZAKS) : MK%

TKY TroYB 7o Pk

where, by convention, the decay vertex is referred to the AKS position
(Zaks is the longitudinal distance of the AKS to the K3 target). The
requirement on the proper time is: T/TKg > 0.8 +0.06 - Fx. This cut
makes the acceptance more flat over the Dalitz plot.

0.03
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0.11 12 013

Dalitz plane Data s3 (Ge\/ 2)
. . §1—S L .
Figure 8.4: The data on the Dalitz plane (s3, u) The binning of azes is

chosen so that a pizel has size 10 x 1o (the plot is deformed due to the different scale

of two azes)
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8.3 Background rejection

8.3.1 Combinatorial background

Due to energy resolution the pairing of photons into neutral pions may be
wrong in a certain fraction of cases which have been estimated by Monte Carlo
to be at per mille level. A good event contains 6 electromagnetic showers in the
calorimeter so that there are 15 different ways of pairing them. For each pairing
our kinematical fit returns a x? value. The best pairing is defined to be the one
associated to the lowest y? value. We have defined a new variable A x? as the
difference between the second best and the best x?. As shown in Fig. 8.5, A x?
exhibits an excess of events at low values. These events are rejected because
they are ambiguous from the pairing point of view. The corresponding cut
applied is A x? < 20. This cut rejects a small fraction of events which is a

small fraction with respect to our full statistics of 1.2 - 108.

x 102
1200

1000

800

600 -
400

200 -

7\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
%o 5 10 15 20 25 30

Best x 2 — second best x *

Figure 8.5: Ax? distribution. The ambiguous pairings are at low values. In order

to reject these pairings we have applied the cut A x? < 20
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8.3.2 7' Dalitz decay

The 7° is known to decay into a single photon plus a couple of electrons
7 — ete ™y (Dalitz decay) with a branching ratio B.R. = 1.2% (Ref. [13]).
Therefore, our 37° final state may produce electron with a probability of 3%
which is not totally negligible. It would be easy to reject them with a charge
track reconstruction but unfortunately in year 2000 the NA48 spectrometer
was removed from the experiment because it was in repair !. A new technique
to reject the pairs by exploiting the non zero value of the spectrometer mag-
netic field has been applied. First, we recall that the invariant dilepton mass
distribution m.+.~ for the Dalitz decay is given by the Kroll-Wada formula
(Ref. [46]):

al'  « (1—2x)3 r r
- 2r 02 AT
dr 37 " & x + x
m2
where v = —— and r = A;n"?. According to this formula, the Dalitz pair is

emitted nearly collinear with a very tiny opening angle. The pairs are deviated

trasversally by the spectrometer magnetic field that provide for a nominal kick

momentum of about ? B = 0.240 MeV (Fig. 8.6). The distance between the

impact points of the two electrons on the LKr plane is Ay ~ 0 and Az =
1 1

Py D (K + ﬁ)

Magnetic Field Calorimeter (LKr)

X

P
Dalitz pair

X
X
X
X
X
X
X

Figure 8.6: Dalitz decay geometry. The eTe™ couple is emitted nearly collinear so

that a Dalitz decay event is identified on the LKr plane by a small relative longitudinal

distance Ay ~ 0 and a trasversal distance Ax = Pyicr,D (E% ﬁ)

'During winter 99-2000 the Kevlar window insulating the drift chamber system from

outside broke.
2 Although the spectrometer was in repair, the corresponding magnetic field was on.
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The dilepton system acquires a “fake” invariant mass due to Pq (see sec.
8.2):

2,LKr Ee* Ece7L 2
etem 7 “Tetes

and the ete™ distance on the LKr is:

Pk Pk ? 1 1
Teren 22 (Br)" = K“ B+ D) - (x B D)] B Voo

so that

LKr
m + —
P = ete 8.1
fick 5. Do, P (8.1)
E.- E.+

In Fig. 8.8 it is shown the P distribution before the event selection, for those
events having at least two clusters at Ay < 4cm. This distribution exhibits
an excess of events around Py = 0.268 MeV corresponding mainly to Dalitz

pairs.
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P kick MeV

Figure 8.7: The Pyicr distribution before applying the event selection. The excess of
events near Py, = 0.268 MeV is due to the Dalitz decays.
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However, the background due to the Dalitz decays is strongly suppressed

by the selection criteria we have applied to the data, as shown in Fig. 8.8:

x 102[
1600 |~

1400 \
1200 ;
1000 |-
800 [
600 7 After event selection
400 [

200 |-

Lol b b b b b b b
o0,2 0.21 0.22 0.23 0.24 0.25 0.26 0.27 0.28 0.29 0.3
P kick MeV

Figure 8.8: The Pyicr distribution after the event selection. The Dalitz decays are

rejected by applying the selection criteria.
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8.4 MC to data comparison

A geometrical Monte Carlo is used to reproduce the K9 decay in NA48 ex-
periment. In order to estimate the detector acceptance about 4.5 - 108 MC
events are generated that pass all selection criteria required for the data with
no rescattering and A = 0 i.e., pure phase space. The kaon momentum is
generated by using an empirical probability distribution for the momentum
spectrum:

S(Px) = N -exp(—a- Px) - P

where a = 1/30.45 and b = 1.671 are the slopes parameters extracted from the
experimental spectrum and N is the normalization factor. The longitudinal
position of the decay vertex Z,... is created in a similar way by using the

exponential decay law and the generated Pp:
P(Z) = N - exp(~Z/ 7))

where Zy = 7go - P /Mo and ¢y = 1554 cm. The K} — 37° — 6y
decays are simulated by choosing randomly the angles that define the decay
tracks and the 37° energies, according to the M, o0 distribution given by the
phase space and kinematical constraints. Then, the generated photons are
propagated to calorimeter. The effect of calorimeter resolution is simulated by
smearing the photon energies and positions for the detector resolutions o(F)
and o,. In the simulation a parametrisation of the photon energy non-Gaussian
tails is contained. So far, Monte Carlo does not simulate the 7% Dalitz decay
7Y — ete . However, we rejected this background from data and we applied
the same cuts also in the simulation. The histograms of the most important
kinematical variables, used to check the quality of the Monte Carlo simulation,

are shown in Fig. 8.13-8.12 (all plots are normalized to the same area).
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Figure 8.9: Data - MC comparison: (Upper plot) X?”it given by the kinematical fit.
(Lower plot) center-of-gravity (COG): the discrepancy between data and MC' is due
to the fact that the beam divergence is to be fine-tuned in MC.
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Figure 8.10: Data - MC comparison for the energies: (Upper plot) the energies of
the 6 gammas are plotted for each event; (Lower plot) Kg energy distribution. The
agreement between data and MC is good in both histograms
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Figure 8.11:

Data - MC comparison for the illumination on the calorimeter plane:

(Upper plot) illumination projection on the x-axis; (Lower plot) illumination projec-
tion on the y-axis
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Figure 8.12:  Data - MC comparison: (Upper plot) distance of the decay vertex

Zyertex to LKr; (Lower plot) invariant mass Mgowo sorted at random
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Figure 8.13: Data - MC comparison for the kaon proper time 7 /Tk.. The negative

values are due to the choice of AKS position as reference point for the decay vertex

8.5 Detector acceptance

Data have to be corrected for detector acceptance. The acceptance, plotted on

the (s3, |sl\;§”‘) plane, was estimated as follows (Fig. 8.14):

Dalitz plot REC
Dalitz plot GEN

Acceptance =

The detector efficiency for the K — 37° decay increases from the centre to the
external perimeter of the Dalitz plot, varying between 2.8% (at the centre) and
4.0% (at the edge). Moreover the acceptance has, with good accuracy, a radial
symmetry ( i.e. is independent from the angle 6 = arctan(%)). The accep-
tance and the resolution modify the physical event distribution on the Dalitz
plane (fig.8.2). Their effects have to be corrected for in order to extract physi-
cal informations from experimental data. We define the acceptance-resolution

matrix (pixel-spread-function) as:

NSy
Aty = —ic (8.2)
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where N'¢ are the MC events generated at pixel (7, j) and N}

i~ the events

generated at (7, 7) and reconstructed at (k, ().
A(ij), () Tepresents the probability for an event generated at pixel (i, 7) to be
reconstructed at pixel (k,1). The error A )y is evaluated according to

binomial variance:

Ay (1 — Agjy.n)
ij

In order to handle with the pixel-spread-function, we fitted the Dalitz plot by
using a reduced binning with respect to Fig. 8.4. Then we chose to fit pixels

with size 5o X 5o.
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Figure 8.14: Detector acceptance using a geometrical MC: with a good accuracy, the

acceptance has a radial symmetry.
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Chapter 9

Fitting methods and parameters

evaluation

9.1 Fit of the matrix element |Mgy(z, y)\2

The density function on the Dalitz plane for the K? — 37° decays is the matrix

element squared:
p(z,y) o< [Mooo(,y, ap — az, a, h)‘z

where, as usual, x = s3, y = |s; — s5|/V/3 are the two independent variables of
the Dalitz plot (Fig. 8.4). The theoretical models used for Mgy are reported
in part I, Eq. (3.16)-(3.17). The fit has 4 free parameters: ay — ag, a2, h and
an irrelevant overall normalization A. In the limit of exact isospin symmetry,
all scattering lengths combinations can be expressed as linear functions of ag —
as and ay (Eq. (3.8-3.9)). However, we know that the cusp effect is quite
insensitive to ay so that it was fixed at the value of Ref. [10].

In order to perform the 2-dimensional fit, we have to correct the theoretical
rate for the detector acceptance and resolution (pixel migration) both coded
in the pixel-spread-function A j)x,), the probability for an event generated at
pixel (7,7) to be reconstructed at (k,l). The convolution of p(x,y) with the
pixel-spread-function gives the Dalitz plot density corrected for the detector

acceptance and pixel migration:

pred. pred

Py =P (@i, y5) Z p(xr, yi) Ay, i)
k,l

where x;, y; are evaluated at the center of the pixel (4, j).

87
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The x? to minimize is then:

(dejata —\- ppred. )2

ij

(O'%ata)2 + ()\ O_fjred.)Q

(9.1)

i7j

where the sum is extended to a determined fit region and X is an irrelevant

number accounting for the overall normalization. The uncertainties a?jata and
a%red' are estimated as follows:
(O_;ijata)2 — Nidjata (92)
d\2 2 2
(U%re )" = Z pkl'éA(kl),(ij) (9:3)
k,l

where 0 Ay (ij) is the error on the pixel-spread-function given by Eq. (8.3).

9.1.1 External parameters

We report the external parameters and their values used in the CI model and
employed in the fit (table 9.1):

Parameters Value
o 1.25 £+ 0.04 [31]
To 1.81 £ 0.05 [31]
linear: g/ | 0.678 & 0.008 [13]
quadratic: ki | 0.076 + 0.006 [13]
Isospin amplitudes ratio: A /A% 0.342 £ 0.002

Effective ranges:

K — 7t~ 7Y slopes:

Table 9.1: The values of the external parameters involved in the CI model. The value
obtained for AT /AY is discussed below

In the limit of exact isospin symmetry (mzo = m,+) and assuming Al =
1/2 rule, the predicted value for Af/AY should be 1/3 (Appendix A); the
experimental value of the isospin amplitudes ratio is obtained by taking into
account the differences in phase-space volumes due to the mass splitting and

the differences in slopes. We have computed the ratio:

FPDG( +

K) >

m ) gy AL S IMao(si, s, s0)|? do
PPPE(K) — 370) A2 [ | Mooo(s1, 52, 53)|2 do)
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where we have used the PDG slope values and the PDG parametrisation for
Mo and Mg, neglecting the small rescattering terms; moreover we have

explicited the 3! coming from the 37° permutations. M _q and Mgy are

normalised such that at the center of the Dalitz plot ME™" = M = 1.
From
[PPG (K tr—m0 12.56 4+ 0.05
( L;”””T):( )% _ 0,642 + 0.005
PPDG(KL — 37T0) (19.56 + 0.14)%

we have obtained:

A} 6425 5 1.100 PP

2L \/0 04277 X LIOOT™ ) 349 4 0.002

A0 31

These parameters are sources of the external error that will be estimated in

the following.
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9.2 Fit using the leading order: a first result of
the CI model

The matrix element at the leading order is given by Eq. (3.16) and it requires
3 free parameters: the scattering lengths combination ay — as, the quadratic
slope h and the normalisation factor A (Fig. 9.1). The fit results using the PDG

parametrisation and the leading order are shown in table 9.2- 9.3, respectively:

PDG parametrisation

h xX%/d.o.f
(x107?)
—7.5 %+ 0.2(qar) | 2243.5/2037 ~ 1.10

Table 9.2:  The value for h using the PDG parametrisation

Leading order

ap — s h X%/d.o.f Correlation
(my+ unit) (x1073) ag — az/h
0.227 £ 0.017(spar) | —6.3 £ 0.2(sar) | 2068.2/2036 ~ 1.02 | 40%

Table 9.3:  The values for ag — as and h using the leading order

We have excluded 5 bins below the Dalitz plot boundary because we have
evidence that the Monte Carlo simulation of these bins is critical. The bad
value of the y? obtained arises mainly from the region M, o0,0 < 2m_ + as shown
in Fig. 9.2. In view of the recent better understanding of the final state
rescattering process, the PDG parametrisation has became obsolete. When
the naif PDG parametrisation is replaced with a more sophisticated formula
taking into account final state rescattering at leading order, the y? turns to
be quite better. At leading order the scattering lengths combination ag — as is
below the expected value and is not consistent with the NA48/2 measurement
on KT (Ref. [10]). Moreover, the value of h is definitely non zero and in
agreement with previous experiments (Chapter 6).

We have presented this analysis at the leading order to demonstrate that
the same Cabibbo-Isidori rescattering model, implemented with success in the
K* — 7t7%70 decays, can explain the sudden change of slope in the 7%7°

invariant mass distribution near M?,_, = 4m?2. visible in the K system.
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A better data-fit agreement could in principle be achieved by using the
next-to-leading order approximation. The fit using this more complete model

will be discussed in the following sections.
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Figure 9.1: The Dalitz plot at the leading order drawn with the values of scattering
lengths and slope taken from Ref. [10,13]. The sudden change in color is due to the
cusp effect.
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Figure 9.2:  Upper figure: A = (Data — Fit)/Data versus Mioﬂo using the
PDG parametrisation: the cusp effect is clearly wvisible at the expected point (the
cusp point MT%OWO = 4m72rjE is indicated by the red arrow). Lower figure: A =
(Data — Fit)/Data versus Mgoﬂo at the leading approzimation: the sudden change

in slope below the cusp is damped by rescattering terms
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9.3 Fit using the next-to-leading order

The next-to-leading approximation for the matrix element taking into account
the 2-loops contributions is reported in Eq. (3.17). Table 9.4 shows the fit
result when ay — ay and h are free parameters (ay is fixed at the value of
Ref. [31]):

Next-to-leading order

ap — ap h x%/d.o.f Correlation
(my+ unit) (x1073) ap — as/h
0.180 £ 0.012(44ar) | —3.5 £ 0.5(star) | 2078.5/2036 ~ 1.02 90%

Table 9.4:  The values for ag — as and h using the nezt-to-leading. A this order, the

parameters ag — as and h are strongly correlated

This strong correlation found is quite unacceptable and suggests a redun-
dancy in the number of free parameters. The slope h is a phenomenological
parameter inspired by the old PDG parametrisation of the amplitude and it
has no clear physical meaning '. In fact, we are confident that the old non
zero values for h, found by previous measurements, were in reality an artefact.
Previous h values are indeed a reabsorbtion of the rescattering process. If we
fix the scattering lengths ay — as and as at the values of Ref. [10]) and we
take the rescattering model for granted, we can do the exercise to fit h just in
order to check if h parameter has an intrinsic meaning beyond the rescattering
process. The result of this fit is shown in table 9.5:

Next-to-leading order (ag — ay fixed)
h 2/d.o.f

(x1073)

+0.23 £ 0.22(y10) | 2133.7/2037 ~ 1.05

Table 9.5:  The value for h firing ag — as on the whole Dalitz plot. It should be noted

that the value of h is compatible with zero

'Tn the past there were several attempts to estimate h. These predictions were obtained
by Sawyer and Wali (Ref. [6] and Appendix A), Kambor et al. (Ref. [47]) and D’Ambrosio
et al. (Ref. [48]) neglecting rescattering effects and their results range from h = 0 = 1073,
From the present analysis room from h seems to be left only at 10~ level.
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This result is clearly compatible with zero. This confirms that the parame-
ter h is unnecessary in the parametrisation of the amplitude and it will be set
to zero in the following.

If the slope parameter h is fixed at zero, as the previous result suggests, the
scattering lengths combination is the only physical parameter in the fit. The

value that we found for ag — ay is shown in table 9.6:

Next-to-leading order (h = 0 fixed)
ag — ap x%/d.o.f

(mg+ unit)

0.249 £ 0.004 (star) | 2120.6/2037 ~ 1.04

Table 9.6:  The value for ag — as fizing h = 0 on the whole Dalitz plot.

In Fig. 9.3 it is shown the M7%07r0 distribution to MC phase space ratio using
the PDG prediction and the best fit result, respectively. In the next section we

estimate the external error and we quote the final results obtained for ag — as.
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Figure 9.3:  Projected Dalitz distribution (on ss axis)/MC (phase space): the black
cross are data; the red curve is the 2-loop prediction with the PDG value h = —5.0 -
1073 and the NA48/2 value ag — as ; the blue curve is drawn with the best fit value
ag — as = 0.249 and h = 0.



96 Fitting methods and parameters evaluation

9.4 External uncertainties and final results

The central value for ag—as that we quote is given in the previous section when
h is set at zero throughout the Dalitz plot. The external errors on ay — as,
obtained by varying the parameters according to table 9.1, are listed in table
9.7

External parameters | uncertainty on ag — ao
(My+ unit)
as (—0.044) +0.001
g (0.678) +0.002
hi (0.076) +0.001
o (1.25), 75 (1.81) +0.002, < 0.001
AF/AY (0.342) +0.001
(sub-total) +0.004

Table 9.7:  Ezternal errors on ag — as: the external uncertainty was estimated by
varying one external parameter at time. The sub-total means that the listed errors

are summed in quadrature

The final result for the physical parameter ag— ay extracted from the K9 —
37Y Dalitz plot is:

My (a9 — ag) = 0.249 % 0.004(spar) + 0.004 (e £ 0.0130)  (9.4)

xX?/n.d.f = 2120.6/2037 ~ 1.04

where we included the 5% theoretical error estimated by Cabibbo-Isidori (Ref.
[8]). The result is consistent with the NA48/2 value at the level of 1o.



Chapter 10
Summary and conclusions

We studied the K9 — 37 Dalitz plot density described by the Cabibbo-Isidori
model accounting for m7 rescattering effects in the final states. This model
allows to extract the scattering lengths combination ay — as and the slope
parameter h.

We reconstructed about 1.2-10% K9 — 370 events collected by NA48 exper-
iment, taking into account the background due to photons pairing and Dalitz
decays ™ — ete 7. Moreover we used a geometrical Monte Carlo to estimate
the detector acceptance and resolution.

The fit was first performed fitting both h and ay — as on the whole Dalitz
plot using the next-to-leading order; the strong correlation between parameters
(about 90%) suggested that the slope h was unnecessary for parametrising the

amplitude. In fact by fixing ag — as at the NA48/2 value we found:
h = (+0.23 + 0.20)-107*

that is clearly consistent with zero. The result for ag—as without the parameter

h was then:
ma+(ag —az) = 0.249 + 0.004(5at) £ 0.004(czry £ 0.0134n.)

x?/n.d.f = 2120.6/2037 ~ 1.04

This is the main result of this analysis and it agrees with the NA48/2 value at
the level of 1o.
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The same correlation between parameters has been obtained with a totally
different set-up by KTeV experiment collaboration at Fermilab that published,
in June 2008, a similar study of the K? — 37Y decay Dalitz plot density, based
on a sample of about 68 million events and described by the same rescattering
model (Ref. [49]). The KTeV results are:

e Fit for h with fixed ag — as:

hirey = (+0.59 £ 0.20407. & 0.48,y5:. £ 1.06.5) - 1073
X?/n.d.f = 2805.3/2765 ~ 1.01

e Fit for h and ag — ao:

hictev = (—2.09 £ 0.62,00:. £ 0.72,5. + 0.28.,;) - 1073
m7r+(a0 — QZ)KTeV =0.215 &= 0-0145tat. + 0-025sy5t. + 0.00663@_
X /n.d.f = 2805.3/2765 ~ 1.01

The correlation between parameters obtained by KTeV is even larger (about
94%). However, both analyses give for h a result consistent with zero that
disagrees with the pre-rescattering PDG value. In Fig.10.1-10.2 we list all
available experimental results for ay — as and h respectively, including the
values obtained by KTeV and the present analysis.

From this analysis we demonstrate that the cusp effect in the K9 — 379
decay allows to extract the scattering length ay — ay with a good accuracy
although the size of the cusp in the K9 system is suppressed by a factor 13
with respect to the KT — 779" decay. This work is still preliminary but
it encourages a subsequent detailed study of the systematics that we have not

investigate in this thesis.
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Figure 10.1: Ezperimental results for ag—as. We see that our value is consistent with
the ChPT prediction and the other experimental results. In particular, the difference

between our result and KTeV value should be noted
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Figure 10.2:  Ezperimental results for h. Our result refers to the value of h obtained

by fixing ag — ag (the error bar in this case is only due to the statistical error)
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Appendix A

Isotopic relations for K — 37
decays and Al = 1/2 rule

We denote a pion as m;, ¢ = 1,2,3 and the respective final state as |m;, m;),
where m; = +,0 indicates the isospin z-component. It’s necessary to classify
the possible 37 states by their total isotopic spin; in general, three pions may
form a state with I = 0,1,2 and 3:

33®3=_1 ®30303D5D5D_T7
=0 I=1 =2 I3

The states of total isospin |/, m) are obtained by making a repeated use of the
Clebsch-Gordan coefficients:

|[12, m12) = Z Chalil2 |7T1, m1> |7T27 m2> (A-l)

mi2,mi, m2
mi,m2

Lomy=>" 3" CLIle X |rs, ms) | L, mao) (A.2)
Iz m3,mi2

where m = my + mo + mg3. The states with I = 0 and I = 3 are completely
anti-symmetric and symmetric, respectively. Two states with / = 2 have mixed
symmetry. One of the three states with I = 1 is symmetric while the remaining
two have mixed symmetry. In order to exploit the Bose symmetry, the space
wave functions are also needed. As pointed out by Okubo et al. (Ref. [2])
and Gell-Mann and Rosenfeld (Ref. [50]), we can make the assumption that
the space wave function is approximately symmetric (the pions are emitted in
S-wave due to the decay low-energy release Q = My — 3m,) also justified by

the experimental results (K — 37 Dalitz plot is nearly symmetric).

101



102 Isotopic relations for K — 37 decays and Al =1/2 rule

A more accurate treatment was given by Barton et al. (Ref. [4]) where the
space dependence on s; variables was assumed at most linear. By assuming
the space wave functions to be completely symmetric, Bose principle rules out
the states with I = 0 and I = 1,2 (with mixed symmetry) but nothing can be
said for the remaining states [ =1, 3.

In general, the interaction hamiltonian that give rise to K — 37 will be an

13 5 7 and can be written as:

admixture of AI = 3, 3, 5, 5

H = Hyj; + Hzjp + Hsjo + Hrpo

where H,,/, behaves like a I = n/2 quantity under isotopic rotation. However,

because of the state is a mixing of [ 1,3, the hamiltonian contains no

admixtures of AT =2, 2 but only Al =1, I terms.
If the isotopic selection rule Al = % holds and we can neglect any dependence

on s;, from Eq. (A.2), we find:

My [?
T =4 A.3
Mooo)? (4-3)
Moo 2

—0 _“ A4
|M000|2 3 ( )

This is the AI = % rule prediction for the rate ratios. We obtain the isospin
amplitudes AT/A° = 2 and A /A% = 1/3 by taking the square root (these
amplitudes are defined to contain also the Bose factor as shown in Chapter
9). The observed branching ratio taken from PDG are comparable with these
predictions ':

IPPE(K+ — nratr)  (5.590 £+ 0.031)%

[PDG(K+ — mtr070) — (1.757 £ 0.024)% 3182 & 0.047

| S T a0 12.56 + 0.05
Plga T ) _ | )% _ 0,642 + 0.005
[PDG(KY — 370) (19.56 £ 0.14)%

K} -7

On the contrary, if H is assumed to be pure Al = 2 we would predict (Ref. [4])
AT/A® = 8 in explicit contradiction with the experiments. Furthermore, if a
linear kinematical dependence on s; variables is considered, some relations on
the size of the (linear) slopes can be derived ( (Ref. [3], [4]). For example, the

following relations are predicted (see Chapter 3 for notation):

IThese ratio should be corrected for the space-space volumes due to differences in mass
on kaons and pions and for kinematical factors that we have discarded in first approximation.
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compared with the PDG values:

¢° = 0.626 + 0.007
gt = —0.2154 4+ 0.0035
h = (=504 1.4)-107°

The rate relations (Eq. (A.3), A.4) for K — 37 decays can be derived more
easily by using the isotopic vectors a, b, c to represent the isospin amplitudes of
the first, second and third pions, respectively (Ref. [5], [51]). Charge amplitudes
are defined as:

a= (a4, ap, a_)

We can always decompose a generic amplitude as sum of a products of the

form:

M= M; Mp Mg

where M carries the isotopic spin dependence, M ;p carries the spin J and the
parity P and M the remaining momentum-energy dependence (form factor).
To construct M, we combine the three isospin vectors to form irreducible

quantities (states) under a isotopic rotation; for example, for 7 =0 and [ =1

we have:
e Case I =0
M[ = (a>< b) -c:eijkaibjck
e Case [ =1

M;=a(b-c)

In case I = 0, the Bose statistic dictates the form factor to be a completely
anti-symmetric function of the s; variables, while in case I = 1, a function
symmetric in a couple of pions. Because we are interested in the Al = %

transition (I=1), we obtain:

M = a(b-c)A+b(c-a)B+c(a-b)C (A.5)
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that is symmetric in the three pions; A, B, C' are symmetric in the pions (2,3),
(1,3) and (1,2), respectively. Then we have:

Mo |* _ |A+ B
| M y00/? |2

Mo 20147+ [BI* +|CP°)

[ Myool? A+ B+ CJ?

Because of the ) value is low, the functions A, B, C' are substantially constant

and equal to one another so that we find again the rate relations of Eq. (A.3),
A4



Appendix B

Unitarity and analyticity of the

S-matrix

The unitarity condition for the S-matrix reads:
SSt=515=1 (B.1)
The T-matrix is defined as:
S—1=+:iT
so that Eq. (B.1) becomes:
—i(T—-T") =T'T
Inserting a complete set of states |n), we obtain:

M(i—=f) = M (f—i)=) iM (f—n)M(i>n)  (B2)
where M(7 — f) = (f|T]i) and > denotes a sum and an integral over all
intermediate states that are allowed by conservation of the total energy, mo-
mentum and other possible selection rules; for ¢ = f we obtain the optical
theorem. Above the energy threshold for inelastic scattering a new term must
be added to right-hand side of Eq. (B.2) so as to include the extra intermedi-
ate states. This implies a change in the left-side and suggests that the elastic
scattering matrix-element has a singularity at each energy corresponding to a
threshold for a new allowed physical process (“normal-threshold singularities”).
For example, for two particles — two particles scattering, the thresholds are
branch-points of the amplitude in the complex energy-squared plane s = E2,
(Eyor — centre of mass energy) (Ref. [52]); then, in order to make the ampli-
tude single-valued on a Riemann surface, we must draw cuts attached to these
branch points (Fig. B.1).
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s-plane

2

4m )

9Im 16m2

Figure B.1: Branch cuts in the s-plane for the scattering amplitude involving identi-
cal spinless particles. The cuts arise from normal thresholds s = 4m?, 9m?, 16m?, ...

that correspond to the energies at which production of extra particles is possible.

The discontinuity at a given threshold sgpresnolq i the difference of the am-

plitude crossing the cut: !

Disc (M)™ = M(s+i€) — M(s —ie)

where € is an infinitesimal quantity and s > Sipreshold 1S real and lies on the cut.
It can be shown that M(s —ie) = M*(f — i), Vs (“hermitian analyticity”)
so that the unitarity condition Eq. (B.2) evaluates discontinuities (Ref. [52]):

Disc (M (i — f)) = > iM (f—=n)M(i—n) (B.3)
In general, the amplitude M is given as a perturbative expansion in terms of
Feynman diagrams. According to Eq. (B.3), the discontinuity of a diagram
associated with a given threshold can be evaluated by stripping off all the inter-
nal virtual particles (propagators) representing the new allowed intermediate
state |n) and putting them on shell: the diagram will result disconnected in two
pieces as requested by Eq. (B.3) (Fig. B.2). Finally, the total discontinuity
Disc (M)™- is obtained by summing all the diagrams cut in this way. These
are the Cutkosky rules (Ref. [30]). 2

In general, the amplitude is function of other variables (i.e. s, ¢, u); we are considering

M as function of s keeping ¢ fixed.
280 far, we have discussed only the singularities that can be deduced from unitarity

(normal-threshold singularities); however, in a diagram other singularities, associated with

a given set of propagators, may occur.
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Figure B.2: Cutkosky rules
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