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Chapter 1Introdu
tionThe phenomenology of K → 3π de
ays, pioneered by Dalitz (Ref. [1℄) in 1956,has been worked over by many authors (Ref. [2�5℄) during the years 1960-1970. From the assumption that dependen
e on kinemati
 variables be ofpolynomial form, it followed a phenomenologi
al parametrisation for the de
ayrate (Ref. [3℄):
|MK→3π|2 ∝ [ 1 +

3∑

i=1

gi
(si − s0 )

m2
π+

+ hi
(si − s0 )2

m4
π+

+ higher powers ] (1.1)
si = (PK − Pπ (i))2 s0 =

1

3

3∑

i=1

si =
1

3
(M2

K +m2
πa +m2

πb +m2
πc )that is nothing but a Taylor expansion around the Dalitz plot 
enter s0. Thephenomenologi
al parameters gi, hi are the slope parameters of the de
ay. The-oreti
al predi
tions on these parameters were made in these earlier works usingisospin symmetry (Ref. [2, 3℄).The �nal state intera
tion due to strong re-s
attering e�e
ts in K → 3πde
ays was 
onsidered for the �rst time by Sawyer and Wali (Ref. [6℄) in 1960:they pointed out that the Weinberg-Taylor expansion 
ould be invalid on theedge of the Dalitz plot be
ause of a singularity of the de
ay amplitude aris-ing from its dependen
e on 2π s
attering amplitudes; the latter depend onthe relative momentum of the pion 
ouple (square-root behaviour). The lowstatisti
s gathered by experiments during the years 1960-70 did not permittedto rea
h a su�
ient a

ura
y to dete
t the irregularities generated by ππ re-s
attering and the polynomial parametrisation (1.1) was su

essfully employedto des
ribe data. In the last few years a large amount of data be
ame availablefor more detailed studies of K → 3π de
ays Dalitz plots. In 2003-2004 the5



6 Introdu
tionexperiment NA48/2 at CERN SPS 
olle
ted a sample of about 2.3 · 107 fullyre
onstru
ted K± → π±π0π0 de
ays. These data showed an anomaly in the
π0π0 invariant mass distribution (Mπ0π0) in the region around Mπ0π0 = 2mπ±(Fig. 1.1). This 
usp-like stru
ture was explained theoreti
ally by Cabibbo interms of the re-s
attering pro
ess π+π− → π0π0 in the �nal state (Ref. [7℄), asearly suggested by Sawyer and Wali.

Figure 1.1: Distribution of M2
π0π0 , the square of the π0π0invariant mass, for the

K+ → π+π0π0 de
ays, taken from Ref. [10℄. The insert is an enlargement of anarrow region 
entered at M2
π0π0 = 4m2

π± (this point is indi
ated by the arrow). Thestatisti
al error bars are also shown in these plotsThe Cabibbo re-s
attering model provided a pra
ti
al method for the ex-tra
tion of the ππ S-wave s
attering lengths 
ombination a0
I=0 − a0

I=2 and theslope parameters. Su

essively, the model was improved by Cabibbo andIsidori (Ref. [8℄) taking into a

ount 2-loops 
orre
tions and extending theanalysis also to the K0
L → 3π0 system; in this formulation, the matrix ele-ment for K+ → π+π0π0 de
ay in
ludes several additional terms whi
h dependon three S-wave s
attering lengths 
ombinations des
ribing π+π− → π0π0,

π+π0 → π+π0 and π0π0 → π0π0 s
attering, respe
tively. The �t on the π0π0 in-variant mass distribution in
luding these re-s
attering terms was implementedin 2005 by NA48/2 
ollaboration and a pre
ise measurement of a0
0 − a0

2 wasobtained (Ref. [9, 10℄).The ππ s
attering lengths are a very interesting probe of QCD dynami
sat low energies: their values are pre
isely 
al
ulable using the framework ofChPT (see Chapter 1). For this reason, the experimental determination of the
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a0

I by using K → 3π is a test of QCD at low energies and, parti
ularly, themost signi�
ant test about the basi
 assumptions of ChPT.The largest error on a0
0 − a0

2 quoted by NA48/2 was the 5% theoreti
alun
ertainty estimated naively by Cabibbo-Isidori as the result of negle
tinghigher-order terms and radiative 
orre
tions in their re-s
attering model. The�rst aim of this thesis is to in
lude 3-loops diagrams in the model, in orderto give a more pre
ise estimation of the theoreti
al error. A posteriori 
he
ksabout the size of this error 
an be obtained by studying the experimental
entral values of a0 − a2 obtained with and without 3-loops 
orre
tions The2005 result on a0 − a2 stimulated the re-analysis of the old K0
L → 3π0 datataken eight years ago during the 2000 by the NA48 experiment at CERN SPSin the perspe
tive of the 
usp e�e
t. These data were used in the 2001 by theNA48 
ollaboration for the measurement of the quadrati
 slope parameter h inthe K0

L → 3π0 de
ay Dalitz plot (Ref. [12℄) a

ording to Eq. (1.1) and Parti
leData Group parametrisation (Ref. [13℄), i.e. without re-s
attering. The 
uspstru
ture in K0
L system is less visible than in K+ → π+π0π0 de
ay but it is notnegligible. Moreover, res
attering e�e
ts 
hange the determination of the slopeparameter h. In the se
ond part of the thesis, we implement the 
usp modelin the analysis of K0

L → 3π0 data, providing an independent determination of
a0 − a2 and extra
ting the value of h 
orre
ted for res
attering e�e
ts.The thesis is divided in two parts (part I, part II) and organized asfollows. In part I , Chapter 2, we introdu
e Chiral Perturbation Theory andthe basi
 theoreti
al tools to des
ribe ππ s
attering. As an appli
ation, wedis
uss in detail the �rst-order 
al
ulation of a0 and a2. More a

urate results,obtained by taking into a

ount higher-order 
orre
tions, are also given at theend of the 
hapter. In Chapter 3, we review the Cabibbo-Isidori model for
K+ → π+π0π0 and K0

L → 3π0 systems; in order to 
larify the general strategyadopted, we give some examples of 1-loop and 2-loops 
al
ulations. The 3-loops
orre
tions to the matrix element are dis
ussed in Chapter 4, where detailed
al
ulations are given. Moreover, we present a preliminary estimation of thetheoreti
al error based on 3-loops 
orre
tions. The results and 
on
lusions ofpart I are summarized in Chapter 5.In part II, Chapter 6, we list the re
ent measurements of a0 − a2 andslope h and we dis
uss in brief the underlying physi
al motivations and themethods used to extra
t these quantities.Chapter 7 is devoted to des
ribe the NA48 experiment and the dete
torsneeded for 
olle
ting the K0
L → 3π0 events; furthermore, we give a general



8 Introdu
tiondes
ription of the neutral trigger and trigger e�
ien
y. The data re
onstru
tionpro
edure is presented in Chapter 8. Data to Monte Carlo 
omparison andthe dete
tor a

eptan
e are also studied. In the �rst part of Chapter 9, thegeneral strategy of the �tting analysis is outlined; in the se
ond part of the
hapter, we give the results obtained for the parameters by using the leadingorder and the next-to-leading order approximation. InChapter 9 we quote the�nal results and we give the 
on
lusions of part II. Two appendixes 
ompletethe thesis: the isospin relation and ∆I = 1/2 rule inK → 3π (Appendix A) andthe unitarity and analiti
ity of S matrix (Appendix B), where the Cutkoskyrules are brie�y presented.



Part I
ππ s
attering lengths and �nalstate intera
tion in K → 3π de
ays

9





Chapter 2Chiral Perturbation Theory and
ππ s
attering lengthsIn this 
hapter we introdu
e Chiral Perturbation Theory (ChPT), the low-energy e�e
tive theory of strong intera
tions. In this framework we derive thevalues of the S-wave s
attering Lengths a0

I=0, a0
I=2 at the leading order, report-ing also the more pre
ise results obtained by using higher-orders 
al
ulations.2.1 The basis of Chiral Perturbation TheoryThe theory of the strong intera
tions is Quantum Chromodynami
s (QCD),a theory formulated in terms of quarks and gluon �elds built on the prin
ipleof gauge invarian
e with the 
olor gauge group SU(3)c. The large strong 
ou-pling 
onstant at low energies (a 
onsequen
e of the phenomena of asymptoti
freedom) prevents a use of perturbation theory, so there is no dire
t link be-tween QCD and the fundamental degrees of freedom and the relevant hadroni
degrees of freedom as observed in the spe
trum of mesons and baryons. Analternative approa
h for studying the strong intera
tion at low energies is to
onstru
t an e�e
tive theory that deal from the beginning with the mesons andbaryons (Ref. [14℄).The basi
 idea of an e�e
tive theory is the following: as long as one is onlyinterested in a parti
ular range of distan
es or energies, s
ales mu
h bigger ormu
h smaller than this range should not in�uen
e the des
ription of the systemin question too strongly. In parti
ular, the dynami
s at low energies is supposedto be independent on the details of the dynami
s at high energies. As a result,low energy physi
s 
an be des
ribed using a e�e
tive lagrangian that 
ontainsonly the relevant degrees of freedom, ignoring the heavy ones and that shares11



12 Chiral Perturbation Theory and ππ s
attering lengthsthe symmetries of the underlying theory. In order to 
onstru
t the e�e
tivetheory for the strong intera
tions, we have to investigate the symmetries of theQCD lagrangian. For this purpose, we de
ompose the quark �eld into its 
hiral
omponents:
q =

1

2
(1 − γ5) q +

1

2
(1 + γ5) q ≡ qL + qRThe QCD lagrangian is then:

LQCD = L0QCD + LmQCD + ...,

L0QCD =
1

2
TrGa

µν G
a,µν + i q̄L 6D qL + i q̄R 6D qR

LmQCD = q̄L M qR + q̄R M† qL (2.1)where Dµ is the 
ovariant derivative, Ga
µν is the gluon �eld strength tensor,

q 
olle
ts the light quark �avours qT = (u, d, s) and M = diag(mu, md, ms)is the quark mass matrix; the ellipses denotes the heavier quark �avours. Inthe limit of vanishing quark masses, LQCD displays the U(3)L × U(3)R 
hiralsymmetry :
(qR, qL) → (LqL, RqR) , L, R ∈ U(3)L,R (2.2)The masses of the three light quarks are small 
ompared to the typi
al hadroni
s
ale,

mu,d,s ≪ 1GeV ≈ Λhadr.The �rst assumption of Chiral Perturbation Theory (Ref. [15�17℄) is that we
an perform a perturbative expansion around the 
hiral limit (mu = md =

ms = 0). The 
hiral group 
an be rewritten a

ording to:
U(3)L × U(3)R = SU(3)L × SU(3)R × U(1)V × U(1)Awhere we have introdu
ed the ve
tor V = L+R and the axial ve
tor A = L−Rtransformations. The Noether 
urrent asso
iated with U(1)V is 
onserved inthe standard model while the U(1)A 
urrent is broken by quantum e�e
ts, the

U(1)A anomaly (Ref. [18℄). The SU(3)L × SU(3)R 
urrents are 
ertainly bro-ken by the mass term, but this expe
ted to be a small e�e
t. There are twoways to realize a global 
hiral symmetry: in the Wigner mode, where the sym-metry is exa
t and realized linearly on �elds or in the Goldstone mode, wherethe symmetry is spontaneously broken (SSB) and realized non- linearly. The



2.1 The basis of Chiral Perturbation Theory 13Wigner mode realization of 
hiral symmetry would lead to a parity doublingin the hadron spe
trum that is not observed: we �nd (approximate) SU(3)Vmultiplets and no parity doubling is observed. Several theoreti
al and nu-meri
al studies suggest that 
hiral symmetry is spontaneously broken and, ina

ordan
e with the observations of hadroni
 multiplets, the breaking patternis (Ref. [19℄):
SU(3)L × SU(3)R → SU(3)VThe axial 
harges 
ommute with the Hamiltonian, but don't leave the groundstate invariant. As a 
onsequen
e, 8 pseudos
alars Goldstone bosons appear.In �rst approximation these 
an be identi�ed with:

π±, π0, K±, K0, K̄0, ηThe Goldstone parti
les have the important property that their intera
tionbe
ome arbitrarily weak at low momenta: in a SSB theory, we may always
hoose a group transformation (near to the identity) γ(x) ∈ SU(3)L ×SU(3)R(spa
e-time dependent) a
ting on a �eld ψ̃(x) from whi
h the massless Gold-stone modes has been eliminated (in general, ψ̃ in
lude all the heavy �elds ofthe theory) (Ref. [20℄):
ψn(x) =

∑

m

γ(x)nm · ψ̃m(x) (2.3)The Goldstone bosons whose �elds are eliminated in this way will reappearas �elds needed to parametrize γ(x) 1. Sin
e the lagrangian is invariant onlyunder spa
etime-independent transformations, it follows that the transforma-tion (2.3) depends on γ(x) with at least one derivative in ea
h γ-dependentterm. As a result, the 
oupling of the Goldstone bosons vanish in the limitof vanishing momenta. In order to build a low-energy e�e
tive theory of thestrong intera
tions at low energies, we must 
onstru
t the most general la-grangian in terms of the Goldstone �elds, invariant under the 
hiral symmetry(in this 
hapter we deal only with the eight Goldstone bosons and we don'tin
lude heavier states su
h as baryons, in the e�e
tive lagrangian). The generalformalism for e�e
tive lagrangians for spontaneously broken symmetries wasworked out by Callan, Coleman, Wess and Zumino (Ref. [21℄). Using the polarde
omposition for γ(x), the Goldstone �elds πa(x) are parametrized as 2:1In general, it 
an be shown that γ belongs to the right 
oset G/H , where H is theunbroken subgroup (dim(G/H) = dim(G) - dim(H)).2The 
hoi
e of the parametrization of γ and the representation of the group is arbitrary
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attering lengths
U(φ(x)) ≡ γ2(x) ≡ exp { i

√
2φ(x)

F
} (2.4)where:

φ = φa T a =






1√
2
π0 + 1√

6
η π+ K+

π− − 1√
2
π0 + 1√

6
η K0

K− K̄0 − 2√
6
η




 (2.5)

T a, a = 1..8 are the Gell-Mann matri
es, 
hosen as generators of the brokengroup and F is a dimensional 
onstant (to be determined). Under the 
hiralgroup, φ(x) transforms as:
g0 · γ(φ(x)) = γ(φ

′

(x)) · h(φ(x), g0) (2.6)where g0 ∈ SU(3)L × SU(3)R and h ∈ SU(3)V . From the invarian
e of the
hiral group under parity ( SU(3)R ↔ SU(3)L ) it follows that
U(φ) → gL U(φ) g†R (2.7)where gL,R ∈ SU(3)R,L.The most general lagrangian invariant under (2.7) must be produ
t of termsof the form 3 Tr (∂µ U∂

µ U † ... ∂ν U∂
ν U †). The only invariant term with twoderivative is:

L2 =
F 2

4
Tr (∂µ U∂

µ U †) (2.8)Expanding U in power series in φ, we have:
L2 =

1

2
Tr (∂µ φ∂

µ φ) +
1

6F 2
Tr [φ, ∂µ φ ]2 + ... (2.9)The 
onstant F 
an be determined by the matrix element of the axial 
urrentand pion states: 〈0|jµ,a

A |πb〉 = i Fπ p
µδab. The result is: F = Fπ ∼ 93MeV, thepion de
ay 
onstant.

3Terms su
h as Tr (U U †...U U †) are 
onstant (U U † = 1).



2.2 ππ s
attering 15The 
hiral symmetry is expli
itly broken by the quarks mass matrix so thata breaking term must be added to Eq. (2.8):
Lm = B

F 2
π

2
Tr (U †M + M† U ) (2.10)where, a

ording to the Gell-Mann-Oakes-Renner relation (Ref. [22℄), we 
anidentify the free parameter B with B = −〈0|ψ̄ψ|0〉/F 2

π . This term is linear inthe quark masses and does not 
ontain derivatives. Expanding U to the se
ondorder in π, we 
an �nd a non vanishing mass for the pion:
m2

π = B (mu +md)Finally, the full 
hiral lagrangian at O(p2) and at the �rst order in the quarkmasses is:
L2 =

F 2
π

4
Tr (∂µ U∂

µ U †) +B
F 2

π

2
Tr (U †M + M† U ) (2.11)2.2 ππ s
atteringAn appli
ation of the ChPT at p2 order is the low energy s
attering πaπb →

πcπd. Expanding Eq. (2.11) to fourth order in φ, we have:
L2 =

1

6F 2
π

Tr [φ, ∂µ φ ]2 +B
2

3
Tr (M φ4) + ... (2.12)The invariant amplitude Ta,b;c,d ≡ 〈pc, pd|T |pa, pb〉 is determined by a singlefun
tion A(s, t, u):

Ta,b;c,d = δab δcdA(s, t, u) + δac δbd A(t, s, u) + δad δbcA(u, t, s) (2.13)where a, b, c, d label the isospin 
omponents and s, t, u are the Mandelstamvariables:
s = 4 (k2 +m2

π)

t = −2 k2 (1 − 
os θ)
u = 4m2

π − s− t

k is the relative momentum and θ the s
attering angle in the C.M. frame.



16 Chiral Perturbation Theory and ππ s
attering lengthsUsing Eq. (2.12) we have:
A(s, t, u) =

s−m2
π+

F 2
π

(2.14)The T I-matrix with de�nite isospin 
an be expanded in partial waves ampli-tudes (Ref. [23℄):
T I(s, t, u) = 32 π

∑

ℓ

(2 ℓ+ 1)Pℓ(
os θ)T I
ℓ (k) (2.15)

T I
ℓ (k) =

e 2 i δI

ℓ
(k) − 1

2 i k
(2.16)

e 2 i δI

ℓ
(E) δℓℓ′ δII′ δ(E

′ −E) = 〈E ′, I ′, ℓ′|S|E, I, ℓ〉 (2.17)where δI
ℓ (k) is the phase-shift.For low-energy s
attering (k → 0) (Ref. [23℄):

T I
ℓ ∼ k2 ℓ aI

ℓ + ... (2.18)The quantities aI
ℓ are referred to as the ππ s
attering lengths.In order to extra
t the s
attering lengths, we need T I as 
ombinations of

A(s, t, u):
T I=0 = 3A(s, t, u) + A(t, u, s) + A(u, s, t)

T I=1 = A(t, u, s) −A(u, s, t)

T I=2 = A(t, u, s) + A(u, s, t)Using Eq. (2.14) and (2.19) at threshold s = 4m2
π (l = 0), we �nd 4:

a0
0 =

7mπ

32 π F 2
π

= 0.16m−1
π± (2.19)

a2
0 = − mπ

16 π F 2
π

= −0.045m−1
π± (2.20)This is the Weinberg result (Ref. [24℄). Various improvements of this resulthave been obtained by Gasser and Leutwyler and other authors (Ref. [25℄ -[28℄). At present, the s
attering lengths are 
omputed at O(p6) a

ura
y andthe updated predi
tions are:4In the following, we will use mπ± as unit of energy for the s
attering lengths, so that wewrite e.g. a0

0 instead of a0
0mπ± .



2.2 ππ s
attering 17
a0 ≡ a0

0 = 0.220 ± 0.005

a2 ≡ a0
2 = −0.0444 ± 0.001 (2.21)It was pointed out by Morgan, Shaw (Ref. [29℄) and Colangelo, Gasser andLeutwyler (Ref. [11℄, [28℄) that the possible values of a2 and a0 are restri
tedto a band in the (a0, a2) plane, the so-
alled universal band (UB).This band is de�ned as the area whi
h is allowed by ππ s
attering data above

0.8 GeV, dispersion relations and 
hiral symmetry 
onstraints; the 
entral 
urveof this band is given by:
a2 = −0.0849 + 0.232 a0 − 0.0865 a2

0 [± 0.0088]

a2 and a0 are then related as:
∆a2 = 0.236 ∆a0 − 0.61 (∆a0)

2 − 9.9 (∆a0)
3 (2.22)where ∆a0 = a0 − 0.220 and ∆a2 = a2 + 0.0444.
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Chapter 3
ππ s
attering and K+ → π+π0π0de
ay
In this 
hapter we illustrate the ππ res
attering model in K → 3π de
ays pro-posed by Cabibbo and Isidori (Ref. [7℄, [8℄) to explain the anomalous behaviourin π0π0 invariant mass spe
trum from K+ → π+π0π0 de
ay, observed in 2004by NA48/2 
ollaboration (Ref. [9℄, [10℄). This model provides a perturbativeexpansion about the I=0,2 s
attering lengths a0 and a2 that are assumed to besmall on the grounds of ChPT predi
tions and available experimental results(Chapter 6). This expansion is equivalent to an expansion in vij , the relativevelo
ity of the pions πi πj arising as intermediate state in the K → 3π de
ay(Fig. 3.1). The properties of unitarity (opti
al theorem) and analyti
ity of the
Sππ→ππ matrix allow, through the Cutkosky rules (Ref. [30℄ and Appendix B),to perform the expansion in a systemati
 way. In the following se
tions we listthe 1-loop and 2-loops diagrams and the results obtained by Cabibbo-Isidorifor K+ → π+π0π0 and K0

L → 3π0 de
ays. 3-loops 
al
ulations for the K+system will be dis
ussed in the next 
hapter.
3.1 Amplitude de
ompositionFollowing Ref. [8℄ the matrix element for K+ → π+π0π0 de
ay 
an be de
om-posed as:

M+00 ≡ A+00 + B+00 v±(s3) (3.1)19
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attering and K+ → π+π0π0 de
ayand
M+00 ≡







ReA+00 + i ImA+00 + (ReB+00 + i ImB+00) v±(s3) s3 > 4m2
π+ReA+00 + i ImA+00 + (−ImB+00 + iReB+00) v±(s3) s3 < 4m2
π+

(3.2)where
si = (PK − Pπi

)2 , i = 1, 2, 3are the Mandelstam variables and
v±(s3) =

√

|s3 − 4m2
π+ |

s3is the absolute value of the π+π− relative velo
ity (in C.M. frame); the index`3' labels the �odd� π+ pion so that s3 = M2
π0π0 is the π0π0 invariant mass.

K+

π+
π0

π− π0

π+Figure 3.1: The re-s
attering diagram with the π+π− → π0π0 
harge-ex
hangerea
tion; in this 
ase, the K+ → π−π+π+ de
ay appears as intermediate stateThe amplitudes A+00 and B+00 are de�ned to 
ontain only terms with evenpowers of v± ( (v±)2k, k = 0, 2, 4, ...) i.e. they are analyti
 fun
tions at thethreshold point s3 = 4m2
π+. This parametrization gives emphasis to the dis-
ontinuity arising at s3 = 4m2

π+ where the π+π− velo
ity �ips from real (above
usp) to imaginary (below 
usp): in the �nal state intera
tion π0π0 → π0π0,the π+π− intermediate state is forbidden by energy 
onservation as long as
s3 < 4m2

π+ ; when this state be
ome a

essible (s3 > 4m2
π+ and v± real),

Sπ0π0→π0π0 a
quires a 
ontribute to imaginary part (opti
al theorem) and a dis-
ontinuity arises. This non-analyti
 behaviour (o

urring when a new 
hannelopens) is observed as a 
usp-like stru
ture in the π0π0 invariant mass spe
-trum. However, irregular terms 
ontaining square-root singularities also o

urin A+00 and B+00, parti
ularly at the π0π0 and π+π0 thresholds.In the following 
al
ulations the K+ → π−π+π+ de
ay 
an appear as interme-diate state (Fig. 3.1) so that also the amplitude M++− must be parametrizedin a similar way:



3.1 Amplitude de
omposition 21
M++− = C++− + D(1)

++−v00(s1) + D(2)
++−v00(s2)The matrix M+00 squared is then:

|M+00|2 = (ReA+00)
2 + (ImA+00)

2 + [ (ReB+00+)2 + (ImB+00)
2 ] v2

±

+ 2 v± ∆cusp. (3.3)where
∆cusp. ≡







ReA+00 ReB+00 + ImA+00 ImB+00 s3 > 4m2
π+ImA+00 ReB+00 − ReA+00 ImB+00 s3 < 4m2
π+

(3.4)As pointed out by Cabibbo-Isidori, the amplitudes ReA+00 ≡ R0 and Re C++− ≡
R+ 
an be well approximated as polynomials on the whole physi
al range, hav-ing in mind that near the π0π0 and π+π0 thresholds, the polynomial form isnot appropriate to des
ribe the square-root singularities; a

ording to the oldpre-res
attering K → 3π parametrization (Ref. [3℄, [5℄, [13℄), R0 and R+ 
anbe expanded in a Taylor series about their respe
tive Dalitz plot 
enters:

R0(s3) = A0 [ 1 + g0 ( s3 − s0
0 )/2m2

π+ + h̃0 ( s3 − s0
0 )2/2m4

π+ ] (3.5)
R+(s3) = A+ [ 1 + g+ ( s3 − s+

0 )/2m2
π+ + h̃+ ( s3 − s+

0 )2/2m4
π+ ] (3.6)where g0, h̃0 and g+, h̃+ are 
alled the slope parameters of the K+ → π+π0π0and K+ → π+π+π− de
ays, respe
tively. These slopes are expe
ted to beslightly di�erent from the quoted PDG values so that they should be measuredexperimentally a

ording to the new res
attering parametrisation. A0, A+ arethe isospin amplitudes for the two de
ays; isospin symmetry and ∆I = 1/2rule predi
ts (see Appendix A):

A+

A0
= 2The 
enters of the Dalitz plot s(0,+)

0 are de�ned as:
s0
0 =

1

3

3∑

i=1

si =
1

3
(M2

K+ + 2m2
π0 +m2

π+ )
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ay
s+
0 =

1

3

3∑

i=1

si =
1

3
(M2

K+ + 3m2
π+ )It should be noted that terms su
h as (s2 − s

(0,+)
0 ) or (s1 − s

(0,+)
0 ) 
annot existin the expansions be
ause of the identity of π0π0 or π+π+; in fa
t, terms linearin s1, s2 
an appear only with the same slope 
oe�
ient j:

j(0,+) [ ( s1 − s
(0,+)
0 ) + ( s2 − s

(0,+)
0 ) ] = −j(0,+) ( s3 − s

(0,+)
0 )that 
an be absorbed in the linear slopes g(0,+).The PDG tables (Ref. [13℄) also in
lude terms proportional to ( s(1,2) − s

(0,+)
0 )2,but their 
oe�
ients are small and 
ompatible with zero.The ππ → ππ s
attering amplitude

〈πdπc |T | πbπa〉 ≡ iMij(s, t, u)

(i, j) = (00, 00), (+0. + 0), (+−, 00) ≡ x, (+−,+−), (++,++), is a 
omplexquantity, but in the low energy regime, near the threshold s = 4m2
π+ (u = t ∼

0), just its real part may be 
onsidered (opti
al theorem) and any dependen
eon the t, u variables 
an be negle
ted. The s
attering lengths are then de�nedas the 
oe�
ients in the power expansion of the T-matrix 〈I, I ′3 |T | I, I3〉 in therelative momentum k, so that (Ref. [8℄):ReMij(s) ≡
8mπ+

π
aij(s) (3.7)and aij(s) 
omes from the isospin de
omposition of the amplitudes:

aij(s) =







a00(s) =
a0(s) + 2a2(s)

3

a+0(s) =
a2(s)

2

ax(s) =
a0(s) − a2(s)

3

a+−(s) =
2a0(s) + a2(s)

6
a++(s) = a2(s)

(3.8)
a0

I=0,2(s) =







a0(s) = a0 · [ 1 + r0
(s− sth.)

4m2
π+

]

a2(s) = a2 · [ 1 + r2
(s− sth.)

4m2
π+

]
(3.9)where r0 = 1.25 ± 0.04, r2 = 1.81 ± 0.05 are the e�e
tive ranges 
al
ulated inRef. [31℄ and sth. = 4m2

π+ . The s
attering lengths a0 and a2 are de�ned so that
aij(sth.) is the value it would be in the limit of exa
t isospin symmetry.



3.2 General strategy of the ai expansion 233.2 General strategy of the ai expansionIn this se
tion we illustrate the Cabibbo-Isidori method for 
al
ulating the
K → 3π amplitudes when the ππ �nal state intera
tion is turned on. For
K+ → π+π0π0 de
ay, we perform expli
it 
al
ulations of 1-loop and 2-loopsdiagrams by using the Cutkosky rules (Appendix B). Moreover, we give asystemati
 way to expand the matrix element in powers of s
attering lengths
ai (or equivalently, in powers of velo
ities vi).3.2.1 1-loop diagramsThe 1-loop diagrams have only one res
attering vertex, so they are of ai order(�g.3.2); these diagrams 
an be 
al
ulated exa
tly giving a 
ontribute of aiorder to both real and imaginary part of the amplitude.

K+

π+
π0

π− π0

π+

K+

π0
π0

π0 π0

π+

K+

π+
π+

π0 π0

π0Figure 3.2: The re-s
attering diagrams generating the imaginary part at the ai orderThe ππ → ππ res
attering verti
es are des
ribed by Eq. (3.7) (we worknear the threshold), while the K → 3π tree amplitudes are parametrized byEq. (3.5)- (3.6). Following Cabibbo-Isidori, we 
ompute the dis
ontinuities ofthe 1-loop diagrams a
ross their respe
tive bran
h 
uts by using the Cutkoskyrules. As we need the dis
ontinuity asso
iated with the s = (mπa + mπb)2thresholds (a, b = ±, 0), we have to 
ut the two internal lines (propagators)and put them on shell. As an example, we 
al
ulated in detail the diagramwith the π+π− → π0π0 
harge-ex
hange rea
tion (Fig. 3.3). In the π0π0 C.M.frame, we obtain:Dis
 (s3) =

∫
d3p1

2E1

d3p2

2E2
δ4(p1 + p1 − q1 + q2) i R

+((p1 + q3))
2 · i 8

π
ax((q1 + q2))

2where we have used the property that R+ depends only on (PK − Pπ−)2.
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ay
K

+

π
0

π
0

π
+

π
+

π
−iR

+

i
8

πax

Figure 3.3: The 1-loop res
attering diagram with the π+π− → π0π0 
harge-ex
hangerea
tion. The verti
es pres
riptions and the 2π 
ut are also shown in the �gureAt this point, we assume that the slope parameters, that one would �ndexperimentally with this new parametrisation, should not di�ers appre
iablyfrom the old PDG slopes. From PDG we obtain h̃+ ∼ 0.0004 so that we 
annegle
t the term ∝ (s3 − s+
0 )2 in R+ and with a good a

ura
y we have:Dis
 (s3) = −4 ax(s3)R

+(〈s3〉) v±(s3)where:
〈si〉 =

3s+
0 − si

2The part of the amplitude that 
an be 
al
ulated by Cutkosky rules is:
iMCut.

+00 =
1

2
Dis
 (s3)Then, the diagram of Fig. 3.3 has value:

M�g.3.3
+00 =







K(s3) + i · 2 ax(s3)R
+(〈s3〉) v±(s3) s3 > 4m2

π+

K(s3) − 2 ax(s3)R
+(〈s3〉) v±(s3) s3 < 4m2

π+

(3.10)
K(s3) ∝ ai is the real analyti
 part ofM�g.3.3

+00 and it 
an be expanded in powersof s3. This term is in
luded in R0 (through the slope parameters), so that we
an put K(s3) = 0.Finally, we have the result:
M�g.3.3

+00 = ImB (ai)
+00

= 2 ax(s3)R
+(〈s3〉) (3.11)The 
harge-ex
hange diagram 
ontribute only to imaginary part of B+00. Theremaining 1-loop diagrams 
an be 
omputed in the same way. We note that



3.2 General strategy of the ai expansion 25the pions running inside the loop are (π0π0) and (π+π0) (Fig. 3.2) then thesediagrams 
ontribute only to ImA+00:
(ImA (ai)

+00)π0π0 = a00(s3)R
0(s3) v00(s3)

(ImA (ai)
+00)π+π0 = ImA(1)

+00 + ImA(2)
+00 ≡ ImA(1)

+00) + (s1 ↔ s2)where: ImA(1)
+00 = 2a+0(s1) v+0(s1)R

0(〈s1〉 − ∆1)

∆i =
(m2

π+ −m2
π0)(m2

K −m2
π0)

2si3.2.2 2-loops diagramsThere are two topologi
ally distin
t 2-loops diagrams: one-
hannel and two
hannel re-s
attering graphs. These diagrams give a a2
i 
ontribution to M+00(two re-s
attering verti
es). In Fig. 3.4 all the diagrams giving B(a2

i
)

+00 terms(∝ v±) are shown:
K

+

π
+

π
0

π
+

π
+

π
−

π
+

K
+

π
+

π
0

π
+

π
−

π
+

π
−

K
+

π
0

π
0

π
+

π
−

π
+

π
0

π
0

π
0π

0

K
+

π
0

π
0

π
−

π
+

π
+

π
0

π
0

K
+

π
−

π
+

π
0

π
0

π
+

π
0

π
0

Figure 3.4: The 2-loops diagrams that 
ontribute to ReB+00 at the a2
i order: onlythese diagrams have the 
usp fa
tor v±As in the 1-loop 
ase, we illustrate the method with a detailed example
al
ulating the diagram in Fig. 3.5. The dis
ontinuity asso
iated with the

s3 = 4m2
π+ threshold is given by the 
ut shown in Fig. 3.5.



26 ππ s
attering and K+ → π+π0π0 de
ayWe have:
iMCut.

+00 =
1

2

∫
d3p1

2E1

d3p2

2E2
δ4(p1+p1−q1+q2) i (M1 loop

++− )π+π−((p1+q3)
2)·i 8

π
ax((q1+q2)

2)

i (M1loop
++−)π+π−

8

π ax

π0(q1)

π0(q2)

K+

π+
π+(q3)

π−

K+

π+

π− π−(p1)

π+(p2)Figure 3.5: The 2-loops diagrams that 
ontribute to ReB+00 at the a2
i order: onlythese diagrams have the 
usp fa
tor v±

(M1 loop
++− )π+π− follows from 1-loop analysis:

(M1 loop
++− )π+π− = i 2a+−(s1) v±(s1)R

+(〈s1〉) +K ′(s1)

+ (s1 ↔ s2)where K ′(s1) is polynomial in s1 (remember that in this 
ase π− is the oddpion). Then we �nd:
M�g.3.5

+00 = −4 ax(s3) a+−(〈s3〉) v±(〈s3〉)R+(〈〈s3〉〉) v±(s3)

+ i 2ax(s3) v±(s3)K
′(〈s3〉) +K ′′(s3) (3.12)with K ′′(s3) another polynomial and

〈〈si〉〉 =
3s+

0 + si

4In the diagrams as the type in Fig. 3.5, an angular integral su
h as:
1

2

∫

d(
os θ) (M1 loop
++− )π+π−((p1 + q3)

2)always appears. Following Cabibbo-Isidori, we make a further approximation,repla
ing the integral with (M1 loop
++− )π+π−(〈s3〉). The se
ond term on the right-hand side of Eq. (3.12) is imaginary and ∝ v±(s3) so that it 
an added withImB (ai)

+00 (Eq. (3.11)) to obtain:
2ax(s3) v±(s3) [R+(〈s3〉) +K ′(〈s3〉) ]
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ause ofK ′(s3) andK ′′(s3) have a polynomial form, we 
an setK ′ = K ′′ = 0.A

ording to this pres
ription, the 2-loops diagrams 
ontribute only to the realpart of the amplitude. The other diagrams in Fig. 3.4 
an be treated in thesame manner, so we �nd:ReB (a2
i
)

+00 = −2 ax(s3) [ v00(s3)a00(s3)R
+(〈s3〉) + R0(s3) ax(s3) v00(s3)

+ a++(〈s3〉) v±(〈s3〉)R+(〈s3〉) + 2 a+−(〈s3〉) v±(〈s3〉)R+(〈〈s3〉〉)
+ ax(〈s3〉) v00(〈s3〉)R0(〈s3〉) ]As anti
ipated, the diagrams in Fig. 3.6 give a real 
ontribution, δReA+00 ∝

vi(s) that 
annot be in
luded in R0 and R+ (square-root behaviour at the π0π0,
π+π0 thresholds):

δReA (a2
i
)

+00 = −4 a00 (s3) a+0(〈s3〉)R+(〈〈s3〉〉) v+0(〈s3〉) v00(s3)

−2 a+0(s1) [ 2 a+0(〈s1〉) v+0(〈s1〉)R0(〈〈s1〉〉)
+a00(〈s1〉) v00(〈s1〉)R0(〈s1〉)
+2 ax(〈s1〉) v±(〈s1〉)R+(〈〈s1〉〉) + (s1 ↔ s2) ]
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+
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+
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+
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+
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+
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+
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+

π
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π
+

π
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π
0

π
+

π
0

π
0Figure 3.6: The 2-loops diagrams 
ontributing to δReA+00 ∝ vi(s)



28 ππ s
attering and K+ → π+π0π0 de
ayWe report also the a2
i 
orre
tions to the real part of M++− that will beused in 3-loops diagrams (Fig. 3.7, 3.8, 3.9):

δ(ReD(1)
++−)

(a2
i
)

F ig. 3.7 = −4ax(s1) a+0(〈s1〉) v±(〈s1〉)R0(〈〈s1〉〉) (3.13)
δ(Re C++−)

(a2
i
)

F ig. 3.8 = −a++(s3) v±(s3) [ 2ax(〈s3〉) v±(〈s3〉)R0(〈s3〉)
+ 4a+−(〈s3〉) v±(〈s3〉)R+(〈〈s3〉〉) ] (3.14)

δ(Re C++−)
(a2

i
)

F ig. 3.9 = −2a++(s1) v±(s1) [ v±(〈s1〉)R+(〈s1〉)
+ 2a+−(〈s1〉) v±(〈s1〉)R+(〈〈s1〉〉)
+ ax(〈s1〉) v00(〈s1〉)R0(〈s1〉) ] + (s1 ↔ s2) (3.15)

K
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+

π
+

π
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π
0

π
0

π
0

π
−Figure 3.7: The 2-loops diagram that 
ontribute to (δReD(1)

++−)(a
2
i
)
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+
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+
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+
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−

π
+

π
+
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−

K
+

π
0

π
+

π
−

π
+

π
+
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+Figure 3.8: The 2-loops diagram that 
ontribute to (δRe C++−)(a

2
i
)
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K
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+

π
+

π
+
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+

π
−

π
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π
0

π
+

π
+

π
−

π
+

π
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K
+

π
+

π
+

π
+

π
−

π
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π
−

π
−

π
−π

−Figure 3.9: The 2-loops diagram that 
ontribute to (δRe C++−)(a
2
i
)At this point, we are able to give the general strategy to expand |M+00|2to a given power in ai. In fa
t, we have seen that 1-loop diagrams 
ontributeto the imaginary part of the amplitude while 2-loops give real terms. Then, we
an assert a priori that 3-loops diagrams 
an 
ontribute only to the imaginarypart. Making use of Eq. (3.3), we 
an �nd at whi
h order we have to expand

B+00 and ImA+00 to obtain |M+00|2 to a given approximation: for example,if we want |M+00|2 at O(a2
i ), we need ImA+00 at the ai order and B+00 upto a2

i . But we know from the previous dis
ussion that (ImB+00)
a2

i does notexist and then the only a2
i term we need is (ReB+00)

a2
i . In table 3.1 are shownthe approximations needed for ImA+00 and B+00 to obtain |M+00|2 at O(a2

i )(left) and at O(a3
i ) (right). The latter approximation requires the evaluationof 3-loops diagrams that will be 
al
ulated in the next 
hapter.

|M+00|2 Powers neededat O(a2
i ) ai a2

i a3
iImA+00 •ImB+00 • -ReB+00 - •(a) The approximation needed for

A+00 and B+00 to obtain |M+00|2 at
O(a2

i )

|M+00|2 Powers neededat O(a3
i ) ai a2

i a3
iImA+00 • -ImB+00 • - •ReB+00 - • -(b) The approximation needed for

A+00 and B+00 to obtain |M+00|2 at
O(a3

i )Table 3.1: Approximations for |M+00|2: the dot (•) indi
ates that the term is neededand exists; the line (−) denotes that the term is needed but is zero.



30 ππ s
attering and K+ → π+π0π0 de
ayThe √
s3 ≡ Mπ0π0 distribution, plotted using the O(a2

i ) approximation, isshown in Fig. 3.10.
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3.3 ππ res
attering in K0
L → 3π0 313.3 ππ res
attering in K0

L → 3π0Similarly to the K+ → π+π0π0 system, the de
omposition of the amplitude
M000 for the K0

L → 3π0 de
ay is:
M000 = A000 +

3∑

i=1

B(i)
000v±(si) [ θ(si − 4m2

π+) + i θ(4m2
π+ − si) ]The tree level amplitudes R0

L and R+
L for K0

L → 3π0 and K0
L → π+π−π0 de
aysrespe
tively, have polynomial form and are parametrized as:ReA000(s1, s2, s3) ≡ R0

L(s1, s2, s3) = A0
L [ 1 +

h

2
·

3∑

i

(si − s0
0L

)2

3m4
π+

]

R+
L (s3) = A+

L [ 1 + g+
L

( s3 − s+
0L

)

2m2
π+

+ h̃+
L

( s3 − s+
0L

)2

2m4
π+

]

s+
0L
, s+

0L
are the 
enters of the Dalitz plots de�ned as:

s0
0L

=
1

3

3∑

i=1

si =
1

3
(M2

K0 + 3m2
π0 +m2

π+ )

s+
0L

=
1

3

3∑

i=1

si =
1

3
(M2

K0 + 2m2
π+ +m2

π0 )The parameters h and g+
L , h̃

+
L are the slopes of K0

L → 3π0 and K0
L → π+π−π0de
ays, respe
tively. A0

L and A+
L are the isospin amplitudes. Exa
t isospinsymmetry predi
ts the ratio (see Appendix A):
A+

L

A0
L

=
1

3The 
al
ulation of the diagrams at 1-loop order (Fig. 3.11) follows the samesteps given by in the K+ de
ay and it gives:ImB(i)
000 = 2ax(si)R

+
L (si)ImA000 =

3∑

i=1

a00(si)R
0
L(si, 〈si〉, 〈si〉) v00(si)Moreover, the 2-loop diagrams give (�g . 3.12 and 3.15):ReB(i)

000 = −2 ax(si) v00(si) [R0
L(si, 〈si〉, 〈si〉) ax(si) + a00(si)R

+
L (si) ]

− 8 ax(si) a+0(〈si〉)R+
L(〈〈si〉〉) v+0(〈si〉)
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aywhere 〈si〉 =
3s0

0L
− si

2
and 〈〈si〉〉 =

3s0
0L

+ si

4
.The v-expansion of |M000|2 at O(ai) is then:

|M000(s1, s2, s3)|2 = R0
L(s1, s2, s3)

2 − 2R0
L(s1, s2, s3) ·

· [
3∑

i=1

ImBi
000 v±(si) θ(4m

2
π+ − si) ] + O(a2

i )(3.16)In this approximation |M000|2 di�ers from (R0
L)2 when si < 4m2

π+ for some i.
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π
+

π
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π
− π

0

π
0

K
0
L

π
0

π
0

π
0 π

0

π
0Figure 3.11: 1-loop res
attering diagrams: (left) the 
harged ex
hange is the only1-loop diagram 
ontributing to |M000|2 at O(ai); (right) the neutral ex
hange diagramThe next-to-leading order is obtained by adding also 2-loops diagrams:

|M000(s1, s2, s3)|2 = R0
L(s1, s2, s3)

2 + (ImA000)
2 + [

3∑

i=1

ImB(i)
000 v±(si) θ(4m

2
π+ − si) ]2

+ [
3∑

i=1

ImBi
000 v±(si) θ(si − 4m2

π+) ]2

− 2R0
L(s1, s2, s3) · [

3∑

i=1

ImB(i)
000 v±(si) θ(4m

2
π+ − si) ]

+

3∑

i=1

2 [R0
L(s1, s2, s3)ReB(i)

000 + ImA000 ImB(i)
000 ] ·

· v±(si) θ(si − 4m2
π+) + O(a3

i ) (3.17)In Fig. 3.14 is 
ompared the de
ay rate ratio dΓai 6=0

dM
π0π0

/ dΓai=0

dM
π0π0

for the K0
L → 3π0and K+ → π+π0π0 systems: the 
usp e�e
t in the K0

L system is stronglysuppressed with respe
t to K+ → π+π0π0 de
ay.
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hannel res
attering diagrams that 
ontribute toReBi
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Figure 3.15: dΓai 6=0

dM
π0π0

/ dΓai=0

dM
π0π0

using the O(ai) (red) and the O(a2
i ) (green) approxi-mation for |M000|2The 
usp has a di�erent importan
e in the two systems be
ause of di�er-en
es in their Clebs
h-Gordan 
oe�
ients (Appendix A): let M+00, M++−and M000, M+−0 the amplitudes for K+ → π+π0π0, K+ → π+π+π− and

K0
L → 3π0, K0

L → π+π−π0 respe
tively; at the leading order (Ref. [7℄), thePDG to Cabibbo rate ratio is:
|M+00|2

|M(0)
+00|2







1 s3 > 4m2
π±

1 − 4 ax v± · M
(0)
++−

M(0)
+00

≡ 1 − 4 ax v± · R+00 s3 < 4m2
π±

(3.18)
|M000|2

|M(0)
000|2







1 s3 > 4m2
π±

1 − 4 ax v± · M
(0)
+−0

M(0)
000

≡ 1 − 4 ax v± · R000 s3 < 4m2
π±

(3.19)
M(0) = old PDG parametrization, v± = π+π−relative velo
ity in their C.M.
R give the 
usp size for the two de
ays at the leading order and it is dominatedby the CG 
oe�
ients in the PDG amplitudes (Eq. (3.5), (3.6)). Thus, in
K0

L → 3π0 the threshold e�e
t is redu
ed by CG 
oe�
ients alone to 1/6 withrespe
t to K+ de
ays. More pre
isely, by 
al
ulating R+00 and R000 at thethreshold and by using the PDG slope values, we have:
R+00

R000
∼ 13



3.3 ππ res
attering in K0
L → 3π0 35i.e. the 
usp �visibility� is about 13 times higher in K+ → π+π0π0 de
ays thenin K0

L → 3π0 de
ays. As a 
onsequen
e, the 
usp is not visible in the datadistribution. However, in the data to predi
tion ratio there is an eviden
e fora 
hange of slope near the expe
ted 
usp point (Fig. 3.16):

Figure 3.16: Ratio data predi
tion of the M2
π0π0 distribution. The point wherethe ratio 
hanges slope is indi
ated by the arrow: this is at the expe
ted 
usp point

M2
π0π0 = 4m2

π± (taken from Ref. [32℄)
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Chapter 43-loops diagramsIn this 
hapter we give a detailed 
al
ulation of 3-loops diagrams. These dia-grams 
ontribute only to ImA+00 and ImB+00 atO(a3
i ) (there is no 
ontributionto the real part be
ause of the rede�nition of R0 and R+). The aim of this
al
ulation is to expand |M+00|2 up to a3

i terms: a

ording to table 3.1, wesee that (ImB+00)
(a3

i
) is the only term needed, then we have to isolate all thediagrams giving this 
ontribution.4.1 Expli
it 
al
ulationsThere are four topologi
ally distin
t 3-loops diagrams (Fig. 4.1), obtained byadding a res
attering vertex at the 2-loops diagrams in all possible ways:

a) b)

c)
d)

Figure 4.1: The 3-loops topologies
37
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• Type a)
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Figure 4.2: The 3-loops diagrams of type a) that give a 
ontribution to ImB (a3)
+00These diagrams are obtained from the graphs in Fig. 3.4 (upper row) byadding a vertex in a same res
attering 
hannel (Fig. 4.2):

(ImB+00)type a) =
π

4
v± (s3)ReAx · (ReD(1)

++−)a2
i (s3) +

π

8
v00(s3)ReA00 ·

· (ReB+00)
a2

i (s3)

= −2 ax(s3) · [ 4 ax(s3) a+0(〈s3〉) v0+(〈s3〉)R0(〈〈s3〉〉) ]

−2 a00(s3) v00(s3) ax(s3) · [ a++(〈s3〉) v±(〈s3〉)R+(〈s3〉)
+2 a+−(〈s3〉) v±(〈s3〉)R+(〈〈s3〉〉)
+ax(〈s3〉) v00(〈s3〉) · R+(〈s3〉) ]where we used the results given in Eq. (3.13).

• Type b)These diagrams arise from those on the lower row in Fig. 3.4 when we inserta vertex in a di�erent 
hannel (�g.4.3). In this 
ase, the loop integration (anangular average over the angle between the 
ut pioni
 
ouple) is not trivial.As in the 2-loops 
ase, we adopt a simpli�
ation. We begin 
al
ulating someof 2-loops graphs of the K+ → π+π+π− de
ay, ne
essary to evaluate the typeb) diagrams (Fig. 4.4). Their sum, denoted as A+(s1, s2, s3), gives:
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A+(s1, s2, s3) = − a2

++(s3) v
2
±(s3)R

+(s3) − { 4 a2
+−(s1) v

2
±(s1)R

+(〈s1〉)
−2 v2

00(s1) v
2
±(s1) · [ a2

x(s1)R
+(〈s1〉) + a+−(s1) ax(s1)R

0(s1) )

−v2
00(s1) a00(s1) ax(s1)R

0(s1)] + (s1 ↔ s2)}
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Figure 4.4: The res
attering diagrams of K+ → π+π+π− de
ay o

urring in the
al
ulus of the type b) diagramsType b) diagrams are evaluated by 
utting the last vertex, multiplying
2 ax(s3)·v±(s3) by A+(s1, s2, s3) and integrating over the 
ut π+π− phase spa
e.The integration 
an be approximated repla
ing the integral by
A+(〈s3〉, 〈s3〉, 〈s3〉).



40 3-loops diagramsFinally, we have:
(ImB+00)type b) = − 2 ax(s3) · [ 4 a2

±(〈s3〉) v2
±(〈s3〉)R+(〈〈s3〉〉)

+a2
++(〈s3〉) v2

±(〈s3〉)R+(〈s3〉)
+2 v±(〈s3〉) v00(〈s3〉) · ( a±(〈s3〉) ax(〈s3〉)R0(〈s3〉)
+a2

x(〈s3〉)R+(〈〈s3〉〉) ) + ax(〈s3〉) a00(〈s3〉) v2
00(〈s3〉)R0(〈s3〉) ]

• Type c)
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) 
ontributing to ImB (a3)

+00Type 
) graphs have all the res
attering verti
es in the same s3 
hannel.The 
al
ulus is straightforward and it gives:
(ImB+00)type 
) = − 2 ax(s3) · [ 2 ax(s3) a00(s3) v

2
00(s3)R

0(s3)

+a2
00(s3) v

2
00(s3)R

+(〈s3〉)
+4 a2

±(s3) v
2
±(s3)R

+(〈s3〉) ]
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• Type d )
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Figure 4.6: The 3-loops diagrams of type d) 
ontributing to ImB (a3)
+00In type d) diagrams we have three res
attering verti
es in three di�erent
hannels. As in 2-loops type b) graphs, we simplify the average over the 
oupleangle by making the substitution si ↔ 〈si〉:

(ImB+00)type d) = 2 ax(s3) · [ δRe C a2

++−(〈s3〉)π+π− + δRe C a2

++−(〈s3〉)π+π+

+ReD(1) a2

++− (〈s3〉) v00(〈s3〉) ]

= − 2 ax(s3) { 2 a±(〈s3〉) v±(〈s3〉) · [ a++(〈〈s3〉〉) v±(〈〈s3〉〉) ·
·R+(〈〈s3〉〉) + 2 a±(〈〈s3〉〉) · v±(〈〈s3〉〉)R+(〈〈〈s3〉〉〉)
+ax(〈〈s3〉〉) v00(〈〈s3〉〉)R0(〈〈s3〉〉) ]

+ a++(〈s3〉) v±(〈s3〉) · [ 2 ax(〈〈s3〉〉) v00(〈〈s3〉〉)R0(〈〈s3〉〉)
+4 a±(〈〈s3〉〉) v±(〈〈s3〉〉)R+(〈〈〈s3〉〉〉) ]

+4 ax(〈s3〉) a+0(〈〈s3〉〉) v+0(〈〈s3〉〉)R0(〈〈〈s3〉〉〉) }where:
〈〈〈si〉〉〉 ≡

3 s+
0 + si

8Again, we made use of Eq. (3.13)-(3.15) for (δRe C a2

++−)π+π−, (δRe C a2

++−)π+π+and ReD(1) a2

++−.



42 3-loops diagramsFinally, we have ImB+00 at a3
i order:ImB a3

+00 = (ImB+00) a) + (ImB+00) b) + (ImB+00) 
) + (ImB+00) d)
= −2 ax(s3) · [ 4 ax(s3) a+0(〈s3〉) v0+(〈s3〉)R0(〈〈s3〉〉) ]

−2 a00(s3) v00(s3) ax(s3) · [ a++(〈s3〉) v±(〈s3〉)R+(〈s3〉)
+2 a+−(〈s3〉) v±(〈s3〉)R+(〈〈s3〉〉) + ax(〈s3〉) v00(〈s3〉)R+(〈s3〉) ]

− 2 ax(s3) · [ 4 a2
±(〈s3〉) v2

±(〈s3〉)R+(〈〈s3〉〉) + a2
++(〈s3〉) v2

±(〈s3〉) ·
·R+(〈s3〉) + 2 v±(〈s3〉) v00(〈s3〉) · ( a±(〈s3〉) ax(〈s3〉)R0(〈s3〉)
+a2

x(〈s3〉)R+(〈〈s3〉〉) ) + ax(〈s3〉) a00(〈s3〉) v2
00(〈s3〉)R0(〈s3〉) ]

− 2 ax(s3) · [ 2 ax(s3) a00(s3) v
2
00(s3) · R0(s3)

+a2
00(s3) v

2
00(s3)R

+(〈s3〉) + 4 a2
±(s3) v

2
±(s3)R

+(〈s3〉) ]

− 2 ax { 2 a±(〈s3〉) v±(〈s3〉) · [ a++(〈〈s3〉〉) v±(〈〈s3〉〉)R+(〈〈s3〉〉)
+ 2 a±(〈〈s3〉〉) · v±(〈〈s3〉〉)R+(〈〈s3〉〉) + ax(〈〈s3〉〉) v00(〈〈s3〉〉) ·
·R0(〈〈s3〉〉) ] + a++(〈s3〉) v±(〈s3〉) · [ 2 ax(〈〈s3〉〉) v00(〈〈s3〉〉) ·
·R0(〈〈s3〉〉) + 4 a±(〈〈s3〉〉) v±(〈〈s3〉〉)R+(〈〈〈s3〉〉〉) ]

+ 4 ax(〈s3〉) a+0(〈〈s3〉〉) v+0(〈〈s3〉〉)R0(〈〈〈s3〉〉〉) } (4.1)The e�e
ts of the ImB a3

+00 
orre
tion to the amplitude are shown in Fig. 4.7and 4.8.
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44 3-loops diagrams4.2 Estimation of the theoreti
al error due tothe ai expansionThe Cabibbo-Isidori proposal was to give a systemati
 expansion of |M+00|2 inas
ending powers of ai in order to extra
t the s
attering lengths and the slopeparameters by a �tting pro
edure. In this model, the theoreti
al error a�i
tsthe s
attering lengths and slopes and it's due to the dis
arding of a3
i and higherterms in |M+00|2. Moreover, the radiative 
orre
tions and isospin-breakinge�e
ts that we did not investigated, are also sour
es of un
ertainty. The theo-reti
al un
ertainty should be evaluated by �tting a0 and a2 and 
omparing the
entral values obtained with and without the 
orre
tion. Nevertheless, we 
angive an estimation of the theoreti
al error by adjusting a0, a2 and the slopesin ∆

(a2
i
)

cusp by a some per
ent with respe
t to the quoted PDG values in order toreprodu
e the ∆
(a3

i
)

cusp fun
tion. Cabibbo-Isidori proposed a naive 5% error onthe s
attering lengths but we expe
t that a smaller 
hange on the parameters
ould simulate the O(a3
i ) approximation.In the following, we varied the slope parameters g0, h̃0 and the s
atteringlengths (they are also the �tted quantities extra
ted in the analysis of Ref. [10℄):any other parameter (for example the slope parameters of K+ → π+π+π− de-
ay) does not produ
e any appre
iable di�eren
e when varied: some di�eren
esappear only for very large 
hanges (20% or more) but they 
annot be imputedto a theoreti
al error (Fig. 4.9). The value of the parameters used in ∆

(a3
i
)

cusp aretaken from Ref. [13, 31℄ (table 4.1):Parameter Value
a0 0.221 ± 0.005

a2 −0.044 ± 0.001

r0 1.25 ± 0.04

r2 1.81 ± 0.05

g0 0.626 ± 0.007

h̃0 −0.046 ± 0.01

g+ −0.2154 ± 0.0035

h̃+ 0.0004 ± 0.004Table 4.1: The values for the slope parameters and the s
attering lengths are takenfrom PDG and Ref. [31℄



4.2 Estimation of the theoreti
al error due to the ai expansion 45The parameters h̃0, h̃+ are related to the PDG quadrati
 slope values h0,
h+ by 1:

h̃0 = h0 − (g0/2)2 h̃+ = h+ − (g+/2)2 (4.2)
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Figure 4.9: The �gures show ∆
(a2

i
)

cusp with g+ = −0.270 (blue), 
ompared with ∆
(a2

i
)

cusp(red) and ∆
(a3

i
)

cusp (green), both plotted with values of table 4.1. A 
hange of 25% in g+does not produ
e any appre
iable di�eren
e from the red 
urve. The lower �gure isan enlargement of the upper plot near the 
usp zone
1In fa
t, the PDG amplitude is √

1 + g(+,0)
(s3 − s0)

m2
π±

+ h(+,0)
(s3 − s0)

2

m4
π±

+ .... Expandingthe square root up to the quadrati
 terms, we obtain Eq. (4.2)



46 3-loops diagramsChanging a0 and a2 by ± 5% from the value reported in table 4.1, we foundthat ∆
(a2

i
)

cusp �ts the ∆
(a3

i
)

cusp 
urve quite well inside the 
usp zone but it di�ers inthe remaining region (Fig. 4.10). Varying g0 by the same amount, we obtaineda good mat
hing both below and above the 
usp (Fig. 4.12).
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Figure 4.10: The �gure shows ∆
(a2

i
)

cusp when we have set a0 = 0.210 (blue, upper plot)and a2 = −0.046 (blue, lower plot), 
ompared with ∆
(a2

i
)

cusp (red) and ∆
(a3

i
)

cusp (green).Changing the s
attering lengths by 5% we found a good mat
hing below the 
usp buta notable di�eren
e above the threshold.
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Figure 4.11: This �gure is an enlargement of Fig. 4.10 in the zone below the 
usp.We note that a 
hange of 5% in a0 does not yield to a perfe
t agreement with ∆
(a3

i
)

cusp(green points)
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Figure 4.12: The �gure shows ∆
(a2

i
)

cusp where we have set g0 = 0.670 (instead of
g0 = 0.626) (blue). In this 
ase the agreement with ∆

(a3
i
)

cusp (green) is equally goodbelow and above the 
usp; in parti
ular these 
urves mat
h together above the 
usp
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Figure 4.13: This �gure is an enlargement of Fig. 4.12 in the zone below the 
usp.The agreement with ∆
(a3

i
)

cusp (green) is better than shown in Fig. 4.10 also below the
usp
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Figure 4.14: This �gure shows ∆
(a2

i
)

cusp with g0 and h̃0 shifted by 5% (blue). Theagreement with ∆
(a3

i
)

cusp (green) is slightly better than shown in Fig. 4.12.
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Figure 4.15: This �gure shows ∆
(a2

i
)

cusp with a0 shifted by 2% (blue) with respe
t tovalues in table 4.1. The blue 
urve �ts ∆
(a3

i
)

cusp (green) as in Fig. 4.14, where a0 wasnot 
hanged, but it slightly deviates from that above the thresholdFrom Fig. 4.9 - 4.14, it's 
lear that the 5% naive estimation on the theo-reti
al error given by Cabibbo-Isidori was pessimisti
 and it 
an be reasonablyredu
ed. In fa
t the error 
ommitted negle
ting the a3 and higher terms, trans-lates in a theoreti
al un
ertainty on the slope parameters h̃0 and g0 (5%) buton the 
ontrary, it does not give an appre
iable error on the s
attering lengths.In Fig. 4.15 it's shown ∆
(a2

i
)

cusp when a0 is shifted by 2% (a2 does not produ
eany appre
iable e�e
t): we observe that ∆
(a2

i
)

cusp 
ontinues to �t the ∆
(a3

i
)

cusp 
urvebelow the 
usp but this is not reprodu
ed with the same pre
ision above thethreshold. In this zone, ∆
(a2

i
)

cusp begins to deviate slightly from ∆
(a3

i
)

cusp and a fur-ther 
hange of the s
attering lengths values (for example 3−4%) does not givea reasonable mat
hing. In order to 
orre
t this di�eren
e, we have to 
hangethe slope parameters by 20% or more, a very large tuning for a small 
orre
tionof a3
i size.From this analysis we 
on
lude that the theoreti
al error on ai, 
ommittedwhen the a3

i and higher terms are dis
arded from |M+00|2, does not ex
eed the
2% level. E�e
ts 
oming from these terms 
an be simply absorbed in shift of
5% on the K+ → π+π0π0 slope parameters h̃0 and g0.
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Chapter 5Summary and 
on
lusionWe have presented a 3-loops 
al
ulation based on the Cabibbo-Isidori approa
hto the ππ res
attering in K+ → π+π0π0 de
ays, the �nal state intera
tion re-sponsible for the 
usp e�e
t visible in the experimental π0π0 invariant massdistribution (Ref. [10℄ and [9℄). This method gives the de
ay matrix element
M+00 as a power series in the pion S-wave s
attering lengths a0 and a2, sup-posed to be small a

ording to the ChPT predi
tion: a0 = 0.220 ± 0.005,
a2 = −0.0444 ± 0.0010 (in mπ+ units). In this way the s
attering lengths andthe slope parameters appear as free parameters to be extra
ted by studyingthe π0π0 spe
trum. The aim of this work was to expand |M+00|2 up to O(a3

i )using the 3-loops diagrams and give an estimate for the theoreti
al error onthe s
attering lengths, redu
ing the 5% error quoted by Cabibbo-Isidori.As a �rst step, we have expli
ited the term proportional to the π+π− ve-lo
ity, de
omposing the amplitude as M+00 ≡ A+00 + B+00 · v±(s3), whereImA +00 and B +00 are the non-analyti
 terms arising when two or more pionsres
atter in a diagram (they are both regular at the s3 = 4m2
π+ threshold).Squaring M+00, we have noted that the only missing term relevant at a3

i or-der is ImB a3

+00. We have listed all the topologi
ally distin
t 3-loops diagramsobtained by adding a res
attering vertex to the 2-loops graphs (in all possibleways) and we have 
olle
ted those giving a 
ontribution to ImB +00. Finally,for ea
h of these graphs we have 
omputed the imaginary parts of B +00 byusing the Cutkosky rules. This a3
i 
orre
tion a
ts only below the threshold:above the 
usp |M+00|2 at O(a3

i ) is equal to |M+00|2 at O(a2
i ).The theoreti
al error on the s
attering lengths was estimated by tuning a0,

a2 and the slope parameters in the Mπ0π0 distribution at O(a2
i ) as long as this
urve did not mat
h with that at O(a3

i ). We have found that a small shiftof 5% in the s
attering lengths (from the predi
ted value) produ
es a good51



52 Summary and 
on
lusionagreement with the O(a3
i ) distribution below the 
usp but it di�ers far fromthe threshold. On the 
ontrary, by 
hanging only the K+ → π+π0π0 slopeparameters by a 5%, we have obtained a good mat
hing both below and abovethe 
usp zone. This result 
on�rms that the 5% error on the s
attering lengthswas pessimisti
: the theoreti
al error 
ommitted negle
ting the a3

i and higherterms 
an be in prin
iple reabsorbed in a shift on the slope parameters. Fromthis analysis we have 
on
luded that the error does not ex
eed the 2% level. Aposteriori 
he
ks about the size of this error 
ould be obtained by a 
omplete�t of the data with and without the a3
i 
orre
tion 
omputed here.



Part IIA 
usp-like stru
ture in the π0π0invariant mass from K0
L → 3π0de
ay in the NA48 experiment
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Chapter 6Experimental resultsIn this 
hapter we review the known methods for the extra
tion of the 
harge-ex
hange s
attering length ax = (a0 − a2)/3 and the slope parameter h. More-over we list the re
ent experiments that have measured these quantities.6.1 Measurements of a0 − a26.1.1 a0 − a2 from K+ → π+π−e+ν de
ays (Ke4)The �rst, naive explanation, that is it possible to measure ππ s
attering insu
h a kaon de
ay pro
ess is that the pions undergo �nal-state intera
tions(Fig. 6.1) and they are the only strongly intera
ting parti
les in the �nal state,therefore they ought to be sensitive to this intera
tion.
π

+

π

K
+

π
π
−

e
+

ν

Figure 6.1: ππ s
attering in Ke4 de
ay
55



56 Experimental resultsThe de
ay
K+ (p) → π+ (p1) π

− (p2) e
+(pe) ν(pν) (6.1)
an most 
onveniently be treated by using three referen
e frames, as illustratedin Fig. 6.2: (1) the K+ rest system (ΣK), (2) the π+π− rest system (Σππ) and(3) the e+ν rest system (Σeν). The kinemati
s of the Ke4 de
ay are thenfully des
ribed by �ve independent 1 variables, introdu
ed by Cabibbo andMaksymowi
z (Ref. [33℄):1. sπ = M2

π0π0 the invariant mass squared of the dipion;2. se = M2
eν the invariant mass squared of the dilepton;3. θπ the angle of the π+ in Σππ with respe
t to the dire
tion of �ight of thedipion in ΣK ;4. θe the angle of the e+ in Σeν with respe
t to the dire
tion of �ight of thedilepton in ΣK ;5. φ, the angle between the plane formed by the two pions and the 
orre-sponding plane formed by the two leptons.

Figure 6.2: Kinemati
 quantities used in the analysis of Ke4 de
ayIt is useful for the following dis
ussion to introdu
e the 
ombinations P , Qand L of the momentum four ve
tors p1, p2, pe and pν de�ned in Eq. (6.1) andtwo s
alar produ
ts derived from them
P = p1 + p2, Q = p1 − p2, L = pe + pν

Q2 = 4m2
π − sπ, P · L =

1

2
(M2

K − se − sπ)1For a pro
ess involving N parti
les (initial + �nal), the number of independent variablesis 3N − 10.



6.1 Measurements of a0 − a2 57The de
ay matrix element is
MKe4 =

GF√
2
V ∗

us ū(pν) γµ(1 − γ5) v(pe+) (V µ − Aµ)where V ∗
us is the CKM matrix element for the s→ u transition.The form of ve
tor 
urrent V µ and the axial 
urrent Aµ is di
tated by Lorentzinvarian
e:

V µ =
1

M3
K

(HǫµνρσPνQρLσ)

Aµ =
1

MK
(FP µ +GQµ +RLµ)The form fa
tors F,G,R,H so de�ned are adimensional and fun
tions of theCabibbo-Maksymowi
z variables. The de
ay rate follows from the matrixelement and negle
ting terms proportional to m2/se (for more details seeRef. [34℄). A parametrisation for the form fa
tors, introdu
ed by Amorós andBijnens (Ref. [35℄) may be used, whi
h is based on a partial wave expansion inthe variable θπ:

F = ( fs + f ′
sq

2 + f ′′
s q

4 + fe(se/4m
2
π) ) eiδ0

0(sπ) + f̃p cosθπ e
iδ1

1(sπ)

G = ( gp + g′pq
2 + ge(se/4m

2
π) ) eiδ1

1(sπ)

H = ( hp + h′pq
2 ) eiδ1

1(sπ)where q is the pion momentum in Σππ. It yields 10 new dimensionless formfa
tor parameters fs, f
′
s, f

′′
s , fe, f̃p, gp, g

′
p, ge, hp and h′p whi
h do not dependon any kinemati
 variables, plus two phase ππ s
attering phase shifts δI=0

ℓ=0 and
δI=1
ℓ=1 (sπ-dependent); the phase shifts enter in the rate only in the 
ombination
δ = δ0

0 − δ1
1, so that the physi
al quantities that 
an be �tted are the formfa
tors parameters and δ. The kinemati
 dependen
e of δ(sπ) was proposed byS
henk (Ref. [36℄):

tan(δI
ℓ ) =

√

1 − 4m2
π

sπ
q2 ℓ {AI

ℓ +BI
ℓ q

2 + ...} × 4m2
π − sI

ℓ

sπ − sI
ℓThe parameters AI

ℓ and BI
ℓ , et
. 
an be expressed as a fun
tion of only twoparameters or subtra
tion 
onstants, whi
h are identi�ed as the I = 0 and I =2 S-wave s
attering lengths a0 and a2. For example, the �rst two 
oe�
ientsof this expression for the I = ℓ = 0 
ase read as follows:

A0
0 = a0

B0
0 = 0.2395 + 0.9237 ∆a0 − 3.352 ∆a2 + 0.2817 (∆a0)

2

+ 6.335 (∆a2)
2 + 6.074 ∆a0 ∆a2 + ...



58 Experimental resultswhere ∆a0 = a0 − 0.220 and ∆a2 = a2 + 0.0444. Although Ke4 de
ay allowsonly I = 0 and I = 1 
ontributions, the use of the 
rossing relations brings ina modest dependen
e on the I = 2 s
attering length. It was pointed out byMorgan, Shaw (Ref. [29℄) and Colangelo, Gasser and Leutwyler (Ref. [11℄, [28℄)that the possible values of a2 and a0 are restri
ted to a band in the (a0, a2)plane, the so-
alled universal band (Chapter 1); the 
entral 
urve of this bandis given by 2:
a2 = −0.0849 + 0.232 a0 − 0.0865 a2

0 [± 0.0088 ]

a2 and a0 are then related as:
∆a2 = 0.236 ∆a0 − 0.61 (∆a0)

2 − 9.9 (∆a0)
3 (6.2)Therefore, theoreti
al arguments suggest that the 
harge-ex
hange s
atteringlength ax = (a0 − a2)/3 
an be extra
ted from the Ke4 de
ays.Sin
e the low Ke4 bran
hing ratio (∼ 10−5), it was not until 1977, whenthe Geneva-Sa
lay experiment (Ref. [37℄) gathered about 30,000 events, that ameasurement was made of a0 to 20% a

ura
y. New data and a new analysis be-
ome available with the Experiment 865 (E865) at the Brookhaven AlternatingGradient Syn
hrotron that 
olle
ted 400,000 Ke4 events (Ref. [38℄). Re
ently,a new measurement was performed by NA48/2 
ollaboration (Ref. [39℄) basedon a partial sample of more than 670,000 de
ays. The available experimentalresults of E865 and NA4/2 are summarized in table 6.1:Experiment 2-p �t U.B. (1-p �t)

a0 a2 a0 a2 (from Eq. (6.2))E865 [38℄ 0.203 ± 0.033 −0.055 ± 0.023 0.216 ± 0.014 −0.0454 ± 0.003NA48/2 [39℄ 0.233 ± 0.017 −0.047 ± 0.012 0.256 ± 0.019 −0.0312 ± 0.013Table 6.1: The E865 and the NA48/2 results for the a0 and a2 s
attering lengths,when they were �oated in the �t (2-parameter �t) and when a2 was 
onstrained byEq. (6.2) (1-parameter �t)
2We remember that we are using mπ± as unit of energy for the s
attering lengths.



6.1 Measurements of a0 − a2 596.1.2 a0 − a2 from π0π0 de
ay of the pioni
 atom π+π−The idea of obtaining the 
harge-ex
hange 
ombination ax from studying the
π+π− bound state (pionium), denoted as A2π, was proposed by Nemenov in1985 (Ref. [40℄). The main 
hara
teristi
s of su
h atom are (Ref. [41℄): bindingenergy 1.9 KeV; JPC(1S) = 0++; Bhor radius rB = 387 fm. The dominantde
ay mode for pionium is A2π → π0π0; this 
hannel largely ex
eeds γγ :

Γγγ

Γπ0π0

∼ 4 · 10−3The de
ay width is then dominated by the strong rea
tion π+π− → π0π0(Fig. 6.3):
π

0

π
+

π
−

π
0

π

π

Figure 6.3: ππ s
attering in the A2π → π0π0 system: wavy lines are photons bindingthe π+π− 
ouple; the blobs are the strong intera
tion verti
esApplying Chiral Perturbation theory methods Gasser et al. (Ref. [42℄)have taken into a

ount higher order 
orre
tions with respe
t to the leadingand next-to-leading order terms (Ref. [43℄) and obtained the 1s state lifetimegiven by:
Γπ0π0 =

16π

9
α3p

∗
n=1

mπ+

(a0 − a2)
2|Ψn=1(0)|2 (1 + δΓ)where Ψn=1(0) is the hydrogen-like wave fun
tion for π+π− at r = 0,

p∗n=1 =
√

m2
π −m2

π0 − 1/4 (m2
π α

2)

α is the �ne stru
ture 
onstant and δΓ = (5.8 ± 1.2) · 10−2 is a parameter thatarise from higher terms 
orre
tions. Combined with the theoreti
al values for
a0 and a2 (Ref. [31℄), 1s lifetime is predi
ted to be:

τ1s = (2.9 ± 0.1) · 10−15 secIt should be noted that a a0 − a2 measurement from pionium de
ay providesonly a determination of |a0 − a2|.



60 Experimental resultsThe DIRAC (DImeson Relativisti
 Atomi
 Complex) experiment at CERNis devoted to the study of the pionium lifetime, in parti
ular to extra
t the
|a0 − a2| 
harge-ex
hange s
attering length with a 5% pre
ision. Under theexperimental 
onditions of the DIRAC experiment, a 24(20) GeV proton beam
ollides with a nu
lear target. The proton-target nu
lei intera
tions may 
reatepions through dire
t produ
tion and through de
ays of mesons generated byprimary intera
tion. The 
harged pions, when their relative distan
e is of theorder of few fm, 
an bind together via Coulomb attra
tion to form the pioni
atom A2π in the same nu
lear target. On
e 
reated, an A2π may evolve inthree di�erent ways by intera
ting with the ele
tri
 �eld of the target nu
lei: itmay annihilate in 2π0 by strong intera
tion, be (de-)ex
ited to a higher (lower)n-state or break up in π+π− (ionization); the latter intera
tions are purelyele
tromagneti
. The probabilities of annihilation (Panh), (de-)ex
itation (Pds
)and breakup (Pbreak) 
onstitute a �
omplete set" of transformations for theatom, whose evolution at any time is governed by:

Panh + Pbreak + Pds
 = 1When a break-up o

urs a π+π− pair of opposite 
harge and opposite momen-tum is produ
ed having very small opening angle (atomi
 pairs). The aim ofDIRAC experiment was to measure the probability of pionium breakup by de-te
ting these atomi
 pairs with an high resolution double arm magneti
 spe
-trometer. By exploiting the �
ompleteness" relationship above, the breakupprobability 
an be linked to pionium lifetime for a parti
ular 
hoi
e of target.The results for the 1s pionium lifetime and a0−a2 from about 6530 disso
iated
A2π atoms, are (Ref. [41℄):

τ1s = ( 2.91+0.49
−0.62 ) · 10−15 sec

|a0 − a2| = 0.264+0.033
−0.020in agreement with the other experiments and with theoreti
al predi
tions.



6.2 Measurements of h 616.1.3 a0 − a2 from K+ → π+π0π0The Cabibbo 
usp-e�e
t (Ref. [7,8℄) was observed for the �rst time in 2005 bythe NA48/2 
ollaboration studying the π0π0 invariant mass spe
trum from apartial sample of about 2.7 · 107 events (Ref. [9℄, [10℄). This method for theextra
tion of the a0 − a2 s
attering length was theoreti
ally dis
ussed in partI so that we give only the experimental result:
a0 − a2 = 0.268 ± 0.010stat. ± 0.004syst. ± 0.013ext.

a2 = −0.041 ± 0.022stat ± 0.014syst.This result is in good agreement with the Universal Band 
onstraint (Eq. (6.2))in fa
t if one link a0 to a2 using the 
orrelation provided by U.B., the s
atteringlengths be
ome:
a0 = 0.220 ± 0.006stat. ± 0.004syst. ± 0.011ext.

a0 − a2 = 0.264 ± 0.006stat. ± 0.004syst. ± 0.013ext.in good agreement with ChPT predi
tion. The measurements of a0 − a2 thatwe have des
ribed in this 
hapter, are shown for 
omparison in Fig. 6.4.6.2 Measurements of hA
tually, only two measurements of the quadrati
 slope parameter h exist: the�rst analysis of the K0
L → 3π0 quadrati
 
oe�
ient was 
arried out in 1992by the Experiment 731 (E731) at Fermilab (Ref. [44℄) that 
olle
ted ∼ 5 · 106events and more re
ently by NA48 
ollaboration (Ref. [12℄) in 2001 with a highstatisti
 of ∼ 14.7 · 106 de
ays. These experiments used the parametrizationof Eq. (1.1) that is a Taylor expansion about the 
enter of the Dalitz plot(Ref. [3℄): res
attering e�e
ts were not 
onsidered until Cabibbo in 2004 (Ref.[7℄). In both experiments the slope parameter was measured by performinga �t on the R distribution (the distan
e from the 
enter of the Dalitz plot)
orre
ted for dete
tor a

eptan
e e�e
t (Fig. 6.6). The results quoted by thetwo experiments and the PDG average are:

hE731 = (−3.3 ± 1.1stat. ± 0.5syst.) · 10−3

hNA48 = (−6.1 ± 0.9stat. ± 0.5syst.) · 10−3

hPDG = (−5.0 ± 1.4) · 10−3
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Figure 6.4: The a0 − a2 experimental results des
ribed in this 
hapter are superim-posed in this plot.

Figure 6.5: Comparison of the theoreti
al predi
tions of the s
attering lengths andtheir measurements on the (a0, a2) plane (taken from Ref. [45℄).
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Figure 6.6: The R distribution (the distan
e from the 
enter of the Dalitz plot)for E731 (upper �gure) and NA48 (lower �gure), taken from Ref. [44℄ and Ref. [12℄respe
tively. In both �gures the histogram is the data and the dashed line representsthe simulated events. The �t of the slope parameter was performed in both dataand MC distributions; in order to eliminate the e�e
ts of the a

eptan
e, the valueextra
ted by data had to be 
orre
ted so that: h = hdata − hMC
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Chapter 7NA48 experimentThe NA48 is an experiment, installed a the CERN SPS a

elerator, whi
htook data from year 1997 until 2001 aiming at a substantial improvement inthe a

ura
y on the double ratio:
R =

BR(KL → π0π0)

BR(KS → π0π0)
/
BR(KL → π+π−)

BR(KS → π+π−)a quantity dire
tly 
orrelated to CP symmetry violation.NA48 makes use of a double KL, KS beam in order to have a simultaneous
olle
tion of the four 
ategories of events entering in the double ratio (Fig. 7.1);the quasi 
ollinearity of the KL, KS provided by the experiment, allows tominimize systemati
 di�eren
es.In this 
hapter we give a general des
ription of the KL beam and the dete
torsused for the present analysis.7.1 K0
L beamThe SPS delivers a 450 GeV protons beam in 2.5 pulses and a 
y
le time of 14.4s. The primary high �ux proton beam (∼ 1.5×1012 protons per pulse) impingeson the �rst KL beam target, with an in
ident angle of 2.4 mrad relative to the

KL beam axis. The 
harged 
omponent of the outgoing parti
les produ
edis swept away by a bending magnet. The remaining neutral parti
les passthrough a system of 
ollimators. At the exit of the �nal 
ollimator, pla
edat 126 m downstream the KL target, the �du
ial de
ay region begins and, atthat point, only a small fra
tion of the most energeti
 long-lived 
omponentsurvives. 65



66 NA48 experiment

Figure 7.1: Sket
h of the KL and KS beams: the two simultaneous and almost
ollinear kaon beamlines 
onverge in the same 
enter at the 
entral dete
tor longitu-dinal position.
7.2 Liquid Krypton ele
tromagneti
 
alorime-ter (LKr)A liquid krypton 
alorimeter (LKr) is used to measure gamma energy, posi-tion and time and it is used to re
onstru
t π0 → γγ de
ays. It is an almosthomogeneous ionization 
hamber with an a
tive volume of ∼ 10m3 of liquidkrypton, segmented transversally into 13248 2 cm× 2 cm proje
tive 
ells by asystem of Cu-Be ribbon ele
trodes. The 
alorimeter is 27 X0 thi
k 1 and theenergy resolution has been measured to be:

σ(E)

E
=

0.09

E(GeV)

⊕ 0.032√
E(GeV)

⊕ 0.0042 (7.1)
1For krypton: X0 = 4.7 cm
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e resolution for single ele
tromagneti
 shower 
an be parametrisedas
σx = σy =

0.42√
E(GeV)

⊕ 0.06 cm (7.2)for ea
h transverse 
oordinate x, y.A neutral hodos
ope 
onsisting of a plane of s
intillating �bers is installedin the LKr 
alorimeter at a depth of ∼ 9.5X0. It is divides into four quad-rants, ea
h 
onsisting of eight bundles of verti
al �bers opti
ally 
onne
ted tophotomultiplier tubes.

Figure 7.2: The ele
trode stru
ture of the LKr 
alorimeter.
7.3 Neutral triggerIn order to handle large amount of data at high rate, a fast trigger responsehas to be taken in at most 200 ns, to de
ide if an event has to be re
orded ornot. The trigger for 3π0 de
ays operates on the sums of signals from groupsof 2 × 8 
ells of the 
alorimeter, in both horizontal and verti
al orientation.The signals are digitized and summed into 64 
olumns and 64 rows providingthe two proje
tion of the deposited energy. The trigger system 
omputes theenergy sum (m0 =

∑64
i Ei), the �rst and se
ond moments of the energy (m1,x =

∑64
i xiEi, m2,x =

∑64
i x2

i Ei and the same for y proje
tion) every 25ns. Then,the moments are 
ombined to provide de
ay vertex, 
enter of gravity of the



68 NA48 experimentenergy distribution and proper de
ay time for the 
andidate kaons. A looseneutral trigger was obtained applying 
uts on energy and lifetime of the kaonand on 
enter of gravity. The e�
ien
y of the neutral trigger was estimatedwith an independent trigger using the hodos
ope installed in the LKr. Thee�
ien
y of the trigger has been measured for K0
L → 2π0 sample to be

ǫ > 99.5%. In this work the same e�
ien
y for K0
L → 3π0 has not beenmeasured, we just 
he
k qualitatively the e�
ien
y to be �at over the K0

L →
3π0 Dalitz plot.

Figure 7.3: Layout of the neutral hodos
ope.



Chapter 8
K0
L → 3π0 event re
onstru
tion anda

eptan
e 
orre
tionIn this 
hapter we des
ribe the sele
tion 
riteria we have applied on the photons
oming from K0

L → 3π0 → 6γ de
ays and how the geometri
al and kinemati
alde
ay variables used in the present analysis have been re
onstru
ted from thedata. Finally, we list further requirements we have imposed on these quantities.After the re
onstru
tion pro
edure, we have about 1.2 · 108 events passing allthe requirements.8.1 Sele
tion 
riteria for the photonsThe main sele
tion on the data requires 6 LKr 
lusters satisfying the following
onditions:
• the non linearity of the 
alorimeter at low energies is prevented, requiringthe energy of ea
h 
luster has to be greater than 3 GeV; 
lusters havingenergies greater than 100 GeV are also reje
ted.
• in order 
ontain the ele
tromagneti
 showers well inside the physi
aledges of the 
alorimeter, the x, y 
luster 
oordinates satisfy: |x|, |y| <
Roct. = 116 
m, |x| + |y| <

√
2Roct., |x| < 63, 2 
m& |y| < 84, 7 
m,

|x| < 52, 2 
m& |y| < 94, 7 
m and (|x| − 63, 2)2 + (|y| − 94, 7)2 < 121 
m(o
tagonal perimeter).
• the photons 
ould be lost inside the beam-pipe (∅8 
m) pla
ed at the
entre of the 
alorimeter, so that the distan
e from the 
luster and the
entre of setup has to be greater than 15 
m (Fig. 8.1)69
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• the distan
e between all 
luster pairs has to be greater than 10 
m inorder to avoid overlapping of the 
lusters 
aused by the ele
tromagneti
showers
• to avoid energy losses in the LKr, the distan
e from the 
luster to the
losest dead 
alorimeter 
ell is required to be greater than 2 
m
• the radial position of the 
enter-of-gravity

COG =

√

(
∑6

i=1Eixi )2 + (
∑6

i=1Eiyi )2

∑6
i=1Eiwhere Ei, xi and yi are the energies and the positions of the six sele
ted
lusters, has to be less than 10 
m to reje
t ba
kgroundThe best photon pairing is done using a kinemati
al �t: for ea
h 
ombina-tion of all 15 possible photon pairings and assuming the neutral kaon 
omingfrom the K0

L target and a K → 3π0 → 6γ de
ay, the 
luster energies Ei areadjusted so that E ′

i → Ei + δi minimize:
χ2

fit =

6∑

i=1

( δi )
2

σ(Ei)2where σ(Ei) is the energy resolution. The �t �nds improved values E ′

i ofthe measured quantities whi
h satisfy the 3 π0 mass 
onstraints. The degreesof freedom involved in the �t are: d.o.f. = 6 (energies for event) - 3 (mass
onstraints) = 3. The best pairing was obtained by taking the 
ombinationgiving the minimum χ2
fit. The 
orresponding 
ut applied is χ2

fit < 15. Fromnow on the 
orre
t pairing is assumed to be (1, 2), (3, 4) and (5, 6).
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Figure 8.1: The photon illumination on the LKr 
alorimeter. The dead 
ells andthe o
tagonal shape of the 
alorimeter are shown in the �gure8.2 Data re
onstru
tion and further requirementsUsing the 
oordinates (xi, yi ) at the 
alorimeter and the energies (Ei) of the6 photons, all the physi
al variables of interest for K0
L → 3π0 → 6γ de
ays arere
onstru
ted.

• The de
ay vertex Zvertex: is the longitudinal distan
e of the de
ay vertexfrom a referen
e point taken as the Z position of the K0
S target. First,the distan
e of the de
ay vertex D from the 
alorimeter is re
onstru
tedby using the kinemati
al 
onstraint

MK0
L

=

√
√
√
√(

6∑

i=1

Ei )2 − (

6∑

i=1

−→
P i )2 =

√
√
√
√

6∑

i=1

6∑

j>i

2EiEj ( 1 − 
os (θij))and making the small angles approximation 1 − 
os (θij) ∼ θ2
ij/2 =

(rij/D)2/2:
D =

√
∑6

i

∑6
j>i EiEj r

2
ij

MK0
L
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eptan
e 
orre
tionwhere rij is the distan
e between the i, j 
lusters on the LKr plane.Finally,

Zvertex = ZLKr −

√
∑6

i=1

∑6
i>j EiEj[ (xi − xj )2 + (yi − yj )2 ]

MK0
Lwhere ZLKr is the longitudinal position of the LKr 
alorimeter. No 
utsare applied on the re
onstru
ted de
ay vertex.

• The invariant masses M (1)

π0π0, M (2)

π0π0, M (3)

π0π0 : for ea
h event, the three
π0π0 invariant masses are re
onstru
ted by the same method used forthe Zvertex. For example, if a π0π0 
ouple is labelled by the pairing (1, 2)and (3, 4), the de
ay distan
e to the LKr is 
al
ulated as the average ofthe de
ay verti
es of the two π0:

D =
1

2mπ0

(
√

E1E2 r
2
12 +

√

E3E4 r
2
34 )The invariant mass of the 
ouple is then:

M
(1)

π0π0 =

√
∑4

i=1

∑4
i>j EiEj [ (xi − xj )2 + (yi − yj )2 ]

DIn Fig.8.2,M2
π0π0(Gen.) versus M2

π0π0(Gen.)−M2
π0π0(Rec.) is shown. In order toestimate the M2

π0π0 resolution, we 
reated proje
tions onto the M2
π0π0(Gen.)−

M2
π0π0(Rec.) axis, in M2

π0π0(Gen.)-sli
es; the resolution for a given sli
e is ther.m.s. obtained by �tting the proje
ted distribution with a Gaussian. Theresolution is the best at small M2
π0π0 in parti
ular, near the 
usp point theresolution is σ4m2

π±
= 1.3 · 10−4GeV 2.
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Figure 8.2: The histogram shows M2
π0π0(Gen.) versus M2

π0π0(Gen.) − M2
π0π0(Rec.)(sorted at random)

Figure 8.3: M2
π0π0 resolution versus generated M2

π0π0 . This plot represent the widthof the sigar-shaped previous plot as fun
tion of M2
π0π0 . The 
usp point is indi
atedby the arrow.
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• Kaon energy EK : The kaon energy is the sum of the energies of 6 photonspassing all the requirements:
EK =

6∑

i=1

Ei
γThe 
ut applied on the kaon energy is: 70GeV < EK < 170GeV

• The de
ay proper time τ : the proper time τ , measured in unit of K0
Smean life (cτK0

S
= 2.676 
m), is re
onstru
ted using the de
ay vertex andthe momentum of the kaon:

τ

τK0
S

=
(Zvertex − ZAKS)

τK0
S
γβ

=
(Zvertex − ZAKS) ·MK0

L

τK0
S
PKwhere, by 
onvention, the de
ay vertex is referred to the AKS position(ZAKS is the longitudinal distan
e of the AKS to the K0

S target). Therequirement on the proper time is: τ/τK0
S
> 0.8 + 0.06 · EK . This 
utmakes the a

eptan
e more �at over the Dalitz plot.

Figure 8.4: The data on the Dalitz plane (s3 ,
|s1 − s2|√

3
). The binning of axes is
hosen so that a pixel has size 1σ×1σ (the plot is deformed due to the di�erent s
aleof two axes)



8.3 Ba
kground reje
tion 758.3 Ba
kground reje
tion8.3.1 Combinatorial ba
kgroundDue to energy resolution the pairing of photons into neutral pions may bewrong in a 
ertain fra
tion of 
ases whi
h have been estimated by Monte Carloto be at per mille level. A good event 
ontains 6 ele
tromagneti
 showers in the
alorimeter so that there are 15 di�erent ways of pairing them. For ea
h pairingour kinemati
al �t returns a χ2 value. The best pairing is de�ned to be the oneasso
iated to the lowest χ2 value. We have de�ned a new variable ∆χ2 as thedi�eren
e between the se
ond best and the best χ2. As shown in Fig. 8.5, ∆χ2exhibits an ex
ess of events at low values. These events are reje
ted be
ausethey are ambiguous from the pairing point of view. The 
orresponding 
utapplied is ∆χ2 < 20. This 
ut reje
ts a small fra
tion of events whi
h is asmall fra
tion with respe
t to our full statisti
s of 1.2 · 108.

Figure 8.5: ∆ χ2 distribution. The ambiguous pairings are at low values. In orderto reje
t these pairings we have applied the 
ut ∆ χ2 < 20
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onstru
tion and a

eptan
e 
orre
tion8.3.2 π0 Dalitz de
ayThe π0 is known to de
ay into a single photon plus a 
ouple of ele
trons

π0 → e+e−γ (Dalitz de
ay) with a bran
hing ratio B.R. = 1.2% (Ref. [13℄).Therefore, our 3π0 �nal state may produ
e ele
tron with a probability of 3%whi
h is not totally negligible. It would be easy to reje
t them with a 
hargetra
k re
onstru
tion but unfortunately in year 2000 the NA48 spe
trometerwas removed from the experiment be
ause it was in repair 1. A new te
hniqueto reje
t the pairs by exploiting the non zero value of the spe
trometer mag-neti
 �eld has been applied. First, we re
all that the invariant dilepton massdistribution me+e− for the Dalitz de
ay is given by the Kroll-Wada formula(Ref. [46℄):
dΓ

dx
=

α

3π
Γπ0γγ

(1 − x)3

x

√

1 − r

x

(

2 +
r

x

)where x =
m2

e+e−

m2
π

and r = 4m2
e

m2
π

. A

ording to this formula, the Dalitz pair isemitted nearly 
ollinear with a very tiny opening angle. The pairs are deviatedtrasversally by the spe
trometer magneti
 �eld that provide for a nominal ki
kmomentum of about 2 Pki
k = 0.240MeV (Fig. 8.6). The distan
e between theimpa
t points of the two ele
trons on the LKr plane is ∆y ∼ 0 and ∆x =

Pki
kD (
1

E
e−

+ 1
E

e+

).
e+

e−

Dalitz pair

Magnetic Field Calorimeter (LKr)

z

x

D

PSfrag repla
ements
∆x

Figure 8.6: Dalitz de
ay geometry. The e+e− 
ouple is emitted nearly 
ollinear sothat a Dalitz de
ay event is identi�ed on the LKr plane by a small relative longitudinaldistan
e ∆y ∼ 0 and a trasversal distan
e ∆x = Pki
kD (
1

E
e−

+ 1
E

e+

).1During winter 99-2000 the Kevlar window insulating the drift 
hamber system fromoutside broke.2Although the spe
trometer was in repair, the 
orresponding magneti
 �eld was on.



8.3 Ba
kground reje
tion 77The dilepton system a
quires a �fake� invariant mass due to Pki
k (see se
.8.2):
m2,LKr

e+e− =
Ee−Ee+

D2
· r2

e+e−and the e+e− distan
e on the LKr is:
r2
e+e− ≃ (∆x)2 =

[(

x+
Pki
k
Ee+

D

)

−
(

x− Pki
k
Ee−

D

)]2

= P 2ki
kD2

(
1

Ee−
+

1

Ee+

)2so that
Pki
k =

mLKr
e+e−

√

2 +
Ee+

Ee−
+
Ee−

Ee+

(8.1)In Fig. 8.8 it is shown the Pki
k distribution before the event sele
tion, for thoseevents having at least two 
lusters at ∆y < 4 
m. This distribution exhibitsan ex
ess of events around Pki
k = 0.268MeV 
orresponding mainly to Dalitzpairs.

PSfrag repla
ements
Figure 8.7: The Pki
k distribution before applying the event sele
tion. The ex
ess ofevents near Pki
k = 0.268MeV is due to the Dalitz de
ays.
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orre
tionHowever, the ba
kground due to the Dalitz de
ays is strongly suppressedby the sele
tion 
riteria we have applied to the data, as shown in Fig. 8.8:

PSfrag repla
ements
Figure 8.8: The Pki
k distribution after the event sele
tion. The Dalitz de
ays arereje
ted by applying the sele
tion 
riteria.



8.4 MC to data 
omparison 798.4 MC to data 
omparisonA geometri
al Monte Carlo is used to reprodu
e the K0
L de
ay in NA48 ex-periment. In order to estimate the dete
tor a

eptan
e about 4.5 · 108 MCevents are generated that pass all sele
tion 
riteria required for the data withno res
attering and h = 0 i.e., pure phase spa
e. The kaon momentum isgenerated by using an empiri
al probability distribution for the momentumspe
trum:

S(PK) = N · exp(−a · PK) · P b
Kwhere a = 1/30.45 and b = 1.671 are the slopes parameters extra
ted from theexperimental spe
trum and N is the normalization fa
tor. The longitudinalposition of the de
ay vertex Zvertex is 
reated in a similar way by using theexponential de
ay law and the generated PK :

P (Z) = N · exp(−Z/Z0)where Z0 = τK0
L
· PK/MK0

L
and c τK0

L
= 1554 
m. The K0

L → 3π0 → 6γde
ays are simulated by 
hoosing randomly the angles that de�ne the de
aytra
ks and the 3π0 energies, a

ording to the Mπ0π0 distribution given by thephase spa
e and kinemati
al 
onstraints. Then, the generated photons arepropagated to 
alorimeter. The e�e
t of 
alorimeter resolution is simulated bysmearing the photon energies and positions for the dete
tor resolutions σ(E)and σx. In the simulation a parametrisation of the photon energy non-Gaussiantails is 
ontained. So far, Monte Carlo does not simulate the π0 Dalitz de
ay
π0 → e+e−γ. However, we reje
ted this ba
kground from data and we appliedthe same 
uts also in the simulation. The histograms of the most importantkinemati
al variables, used to 
he
k the quality of the Monte Carlo simulation,are shown in Fig. 8.13-8.12 (all plots are normalized to the same area).
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Figure 8.9: Data - MC 
omparison: (Upper plot) χ2
fit given by the kinemati
al �t.(Lower plot) 
enter-of-gravity (COG): the dis
repan
y between data and MC is dueto the fa
t that the beam divergen
e is to be �ne-tuned in MC.
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Figure 8.10: Data - MC 
omparison for the energies: (Upper plot) the energies ofthe 6 gammas are plotted for ea
h event; (Lower plot) K0
L energy distribution. Theagreement between data and MC is good in both histograms
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Figure 8.11: Data - MC 
omparison for the illumination on the 
alorimeter plane:(Upper plot) illumination proje
tion on the x-axis; (Lower plot) illumination proje
-tion on the y-axis
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Figure 8.12: Data - MC 
omparison: (Upper plot) distan
e of the de
ay vertex
Zvertex to LKr; (Lower plot) invariant mass M2

π0π0 sorted at random
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Figure 8.13: Data - MC 
omparison for the kaon proper time τ/τKS
. The negativevalues are due to the 
hoi
e of AKS position as referen
e point for the de
ay vertex

8.5 Dete
tor a

eptan
eData have to be 
orre
ted for dete
tor a

eptan
e. The a

eptan
e, plotted onthe (s3 ,
|s1−s2|√

3
) plane, was estimated as follows (Fig. 8.14) :A

eptan
e =

Dalitz plot RECDalitz plot GENThe dete
tor e�
ien
y for the K0
L → 3π0 de
ay in
reases from the 
entre to theexternal perimeter of the Dalitz plot, varying between 2.8% (at the 
entre) and4.0% (at the edge). Moreover the a

eptan
e has, with good a

ura
y, a radialsymmetry ( i.e. is independent from the angle θ = arctan( |s1−s2|√

3·s3
)). The a

ep-tan
e and the resolution modify the physi
al event distribution on the Dalitzplane (�g.8.2). Their e�e
ts have to be 
orre
ted for in order to extra
t physi-
al informations from experimental data. We de�ne the a

eptan
e-resolutionmatrix (pixel-spread-fun
tion) as:

A(ij),(kl) =
NMC

ij→kl

NMC
ij

(8.2)
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e 85where NMC
ij are the MC events generated at pixel (i, j) and NMC

ij→kl the eventsgenerated at (i, j) and re
onstru
ted at (k, l).
A(ij),(kl) represents the probability for an event generated at pixel (i, j) to bere
onstru
ted at pixel (k, l). The error δA(ij),(kl) is evaluated a

ording tobinomial varian
e:

δA(ij),(kl) =

√

A(ij),(kl)(1 − A(ij),(kl))

NMC
ij

(8.3)In order to handle with the pixel-spread-fun
tion, we �tted the Dalitz plot byusing a redu
ed binning with respe
t to Fig. 8.4. Then we 
hose to �t pixelswith size 5 σ × 5 σ.

Figure 8.14: Dete
tor a

eptan
e using a geometri
al MC: with a good a

ura
y, thea

eptan
e has a radial symmetry.
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Chapter 9Fitting methods and parametersevaluation
9.1 Fit of the matrix element |M000(x, y)|2The density fun
tion on the Dalitz plane for the K0

L → 3π0 de
ays is the matrixelement squared:
ρ(x, y) ∝ |M000(x, y, a0 − a2, a2, h)|2where, as usual, x = s3, y = |s1 − s2|/

√
3 are the two independent variables ofthe Dalitz plot (Fig. 8.4). The theoreti
al models used for M000 are reportedin part I, Eq. (3.16)-(3.17). The �t has 4 free parameters: a0 − a2, a2, h andan irrelevant overall normalization λ. In the limit of exa
t isospin symmetry,all s
attering lengths 
ombinations 
an be expressed as linear fun
tions of a0−

a2 and a2 (Eq. (3.8-3.9)). However, we know that the 
usp e�e
t is quiteinsensitive to a2 so that it was �xed at the value of Ref. [10℄.In order to perform the 2-dimensional �t, we have to 
orre
t the theoreti
alrate for the dete
tor a

eptan
e and resolution (pixel migration) both 
odedin the pixel-spread-fun
tion A(i,j)(k,l), the probability for an event generated atpixel (i, j) to be re
onstru
ted at (k, l). The 
onvolution of ρ(x, y) with thepixel-spread-fun
tion gives the Dalitz plot density 
orre
ted for the dete
tora

eptan
e and pixel migration:
ρ pred.

ij ≡ ρ pred.(xi, yj) =
∑

k,l

ρ(xk, yl) · A(kl),(ij)where xi, yj are evaluated at the 
enter of the pixel (i, j).87



88 Fitting methods and parameters evaluationThe χ2 to minimize is then:
χ2 =

∑

i,j

(Ndata
ij − λ · ρ pred.

ij )2

(σdataij )2 + (λ σpred.ij )2
(9.1)where the sum is extended to a determined �t region and λ is an irrelevantnumber a

ounting for the overall normalization. The un
ertainties σdataij and

σpred.ij are estimated as follows:
(σdataij )2 = Ndata

ij (9.2)
(σpred.ij )2 =

∑

k,l

ρ 2
kl · δ A2

(kl),(ij) (9.3)where δA(kl),(ij) is the error on the pixel-spread-fun
tion given by Eq. (8.3).9.1.1 External parametersWe report the external parameters and their values used in the CI model andemployed in the �t (table 9.1):Parameters ValueE�e
tive ranges: r0 1.25 ± 0.04 [31℄
r2 1.81 ± 0.05 [31℄

K0
L → π+π−π0 slopes: linear: g+

L 0.678 ± 0.008 [13℄quadrati
: h+
L 0.076 ± 0.006 [13℄Isospin amplitudes ratio: A+

L/A
0
L 0.342 ± 0.002Table 9.1: The values of the external parameters involved in the CI model. The valueobtained for A+

L/A0
L is dis
ussed belowIn the limit of exa
t isospin symmetry (mπ0 = mπ+) and assuming ∆I =

1/2 rule, the predi
ted value for A+
L/A

0
L should be 1/3 (Appendix A); theexperimental value of the isospin amplitudes ratio is obtained by taking intoa

ount the di�eren
es in phase-spa
e volumes due to the mass splitting andthe di�eren
es in slopes. We have 
omputed the ratio:

ΓPDG(K0
L → π+π−π0)

ΓPDG(K0
L → 3π0)

= 3! · |A
+
L |2 ·

∫
|M+−0(s1, s2, s3)|2 dφ(3)

+

|A0
L|2 ·

∫
|M000(s1, s2, s3)|2 dφ(3)

0



9.1 Fit of the matrix element |M000(x, y)|2 89where we have used the PDG slope values and the PDG parametrisation for
M+−0 and M000, negle
ting the small res
attering terms; moreover we haveexpli
ited the 3! 
oming from the 3π0 permutations. M+−0 and M000 arenormalised su
h that at the 
enter of the Dalitz plot M
enter

+−0 = M
enter
000 = 1.From

ΓPDG(K0
L → π+π−π0)

ΓPDG(K0
L → 3π0)

=
(12.56 ± 0.05)%

(19.56 ± 0.14)%
= 0.642 ± 0.005we have obtained:

A+
L

A0
L

=

√

0.642BR × 1.100 ph.sp.

3!
= 0.342 ± 0.002These parameters are sour
es of the external error that will be estimated inthe following.



90 Fitting methods and parameters evaluation9.2 Fit using the leading order: a �rst result ofthe CI modelThe matrix element at the leading order is given by Eq. (3.16) and it requires3 free parameters: the s
attering lengths 
ombination a0 − a2, the quadrati
slope h and the normalisation fa
tor λ (Fig. 9.1). The �t results using the PDGparametrisation and the leading order are shown in table 9.2- 9.3, respe
tively:PDG parametrisation
h χ2/d.o.f

(×10−3)

−7.5 ± 0.2(stat) 2243.5/2037 ∼ 1.10Table 9.2: The value for h using the PDG parametrisationLeading order
a0 − a2 h χ2/d.o.f Correlation(mπ+ unit) (×10−3) a0 − a2/h

0.227 ± 0.017(stat) −6.3 ± 0.2(stat) 2068.2/2036 ∼ 1.02 40%Table 9.3: The values for a0 − a2 and h using the leading orderWe have ex
luded 5 bins below the Dalitz plot boundary be
ause we haveeviden
e that the Monte Carlo simulation of these bins is 
riti
al. The badvalue of the χ2 obtained arises mainly from the regionMπ0π0 < 2mπ± as shownin Fig. 9.2. In view of the re
ent better understanding of the �nal stateres
attering pro
ess, the PDG parametrisation has be
ame obsolete. Whenthe naif PDG parametrisation is repla
ed with a more sophisti
ated formulataking into a

ount �nal state res
attering at leading order, the χ2 turns tobe quite better. At leading order the s
attering lengths 
ombination a0 − a2 isbelow the expe
ted value and is not 
onsistent with the NA48/2 measurementon K+ (Ref. [10℄). Moreover, the value of h is de�nitely non zero and inagreement with previous experiments (Chapter 6).We have presented this analysis at the leading order to demonstrate thatthe same Cabibbo-Isidori res
attering model, implemented with su

ess in the
K+ → π+π0π0 de
ays, 
an explain the sudden 
hange of slope in the π0π0invariant mass distribution near M2

π0π0 = 4m2
π± visible in the K0

L system.



9.2 Fit using the leading order: a �rst result of the CI model 91A better data-�t agreement 
ould in prin
iple be a
hieved by using thenext-to-leading order approximation. The �t using this more 
omplete modelwill be dis
ussed in the following se
tions.

Figure 9.1: The Dalitz plot at the leading order drawn with the values of s
atteringlengths and slope taken from Ref. [10, 13℄. The sudden 
hange in 
olor is due to the
usp e�e
t.
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Figure 9.2: Upper �gure: ∆ = (Data − Fit )/Data versus M2
π0π0 using thePDG parametrisation: the 
usp e�e
t is 
learly visible at the expe
ted point (the
usp point M2

π0π0 = 4m2
π± is indi
ated by the red arrow). Lower �gure: ∆ =

(Data − Fit )/Data versus M2
π0π0 at the leading approximation: the sudden 
hangein slope below the 
usp is damped by res
attering terms



9.3 Fit using the next-to-leading order 939.3 Fit using the next-to-leading orderThe next-to-leading approximation for the matrix element taking into a

ountthe 2-loops 
ontributions is reported in Eq. (3.17). Table 9.4 shows the �tresult when a0 − a2 and h are free parameters (a2 is �xed at the value ofRef. [31℄): Next-to-leading order
a0 − a2 h χ2/d.o.f Correlation(mπ+ unit) (×10−3) a0 − a2/h

0.180 ± 0.012(stat) −3.5 ± 0.5(stat) 2078.5/2036 ∼ 1.02 90%Table 9.4: The values for a0 − a2 and h using the next-to-leading. A this order, theparameters a0 − a2 and h are strongly 
orrelatedThis strong 
orrelation found is quite una

eptable and suggests a redun-dan
y in the number of free parameters. The slope h is a phenomenologi
alparameter inspired by the old PDG parametrisation of the amplitude and ithas no 
lear physi
al meaning 1. In fa
t, we are 
on�dent that the old nonzero values for h, found by previous measurements, were in reality an artefa
t.Previous h values are indeed a reabsorbtion of the res
attering pro
ess. If we�x the s
attering lengths a0 − a2 and a2 at the values of Ref. [10℄) and wetake the res
attering model for granted, we 
an do the exer
ise to �t h just inorder to 
he
k if h parameter has an intrinsi
 meaning beyond the res
atteringpro
ess. The result of this �t is shown in table 9.5:Next-to-leading order (a0 − a2 �xed)
h χ2/d.o.f

(×10−3)

+0.23 ± 0.22(stat) 2133.7/2037 ∼ 1.05Table 9.5: The value for h �xing a0−a2 on the whole Dalitz plot. It should be notedthat the value of h is 
ompatible with zero1In the past there were several attempts to estimate h. These predi
tions were obtainedby Sawyer and Wali (Ref. [6℄ and Appendix A), Kambor et al. (Ref. [47℄) and D'Ambrosioet al. (Ref. [48℄) negle
ting res
attering e�e
ts and their results range from h = 0 ÷ 10−3.From the present analysis room from h seems to be left only at 10−4 level.



94 Fitting methods and parameters evaluationThis result is 
learly 
ompatible with zero. This 
on�rms that the parame-ter h is unne
essary in the parametrisation of the amplitude and it will be setto zero in the following.If the slope parameter h is �xed at zero, as the previous result suggests, thes
attering lengths 
ombination is the only physi
al parameter in the �t. Thevalue that we found for a0 − a2 is shown in table 9.6:Next-to-leading order (h = 0 �xed)
a0 − a2 χ2/d.o.f(mπ+ unit)

0.249 ± 0.004(stat) 2120.6/2037 ∼ 1.04Table 9.6: The value for a0 − a2 �xing h = 0 on the whole Dalitz plot.In Fig. 9.3 it is shown theM2
π0π0 distribution to MC phase spa
e ratio usingthe PDG predi
tion and the best �t result, respe
tively. In the next se
tion weestimate the external error and we quote the �nal results obtained for a0 − a2.
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Figure 9.3: Proje
ted Dalitz distribution (on s3 axis)/MC (phase spa
e): the bla
k
ross are data; the red 
urve is the 2-loop predi
tion with the PDG value h = −5.0 ·
10−3 and the NA48/2 value a0 − a2 ; the blue 
urve is drawn with the best �t value
a0 − a2 = 0.249 and h = 0.
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ertainties and �nal resultsThe 
entral value for a0−a2 that we quote is given in the previous se
tion when
h is set at zero throughout the Dalitz plot. The external errors on a0 − a2,obtained by varying the parameters a

ording to table 9.1, are listed in table9.7: External parameters un
ertainty on a0 − a2(mπ+ unit)

a2 (−0.044) ± 0.001

g+
L (0.678) ± 0.002

h+
L (0.076) ± 0.001

r0 (1.25), r2 (1.81) ± 0.002, < 0.001

A+
L/A

0
L (0.342) ± 0.001(sub-total) ± 0.004Table 9.7: External errors on a0 − a2: the external un
ertainty was estimated byvarying one external parameter at time. The sub-total means that the listed errorsare summed in quadratureThe �nal result for the physi
al parameter a0−a2 extra
ted from the K0

L →
3π0 Dalitz plot is:

mπ+(a0 − a2) = 0.249 ± 0.004(stat) ± 0.004(ext) ± 0.013(th.) (9.4)
χ2/n.d.f = 2120.6/2037 ∼ 1.04where we in
luded the 5% theoreti
al error estimated by Cabibbo-Isidori (Ref.[8℄). The result is 
onsistent with the NA48/2 value at the level of 1σ.



Chapter 10Summary and 
on
lusionsWe studied the K0
L → 3π0 Dalitz plot density des
ribed by the Cabibbo-Isidorimodel a

ounting for ππ res
attering e�e
ts in the �nal states. This modelallows to extra
t the s
attering lengths 
ombination a0 − a2 and the slopeparameter h.We re
onstru
ted about 1.2·108 K0

L → 3π0 events 
olle
ted by NA48 exper-iment, taking into a

ount the ba
kground due to photons pairing and Dalitzde
ays π0 → e+e−γ. Moreover we used a geometri
al Monte Carlo to estimatethe dete
tor a

eptan
e and resolution.The �t was �rst performed �tting both h and a0 − a2 on the whole Dalitzplot using the next-to-leading order; the strong 
orrelation between parameters(about 90%) suggested that the slope h was unne
essary for parametrising theamplitude. In fa
t by �xing a0 − a2 at the NA48/2 value we found:
h = (+0.23 ± 0.20) · 10−3that is 
learly 
onsistent with zero. The result for a0−a2 without the parameter

h was then:
mπ+(a0 − a2) = 0.249 ± 0.004(stat) ± 0.004(ext) ± 0.013(th.)

χ2/n.d.f = 2120.6/2037 ∼ 1.04This is the main result of this analysis and it agrees with the NA48/2 value atthe level of 1σ.
97



98 Summary and 
on
lusionsThe same 
orrelation between parameters has been obtained with a totallydi�erent set-up by KTeV experiment 
ollaboration at Fermilab that published,in June 2008, a similar study of the K0
L → 3π0 de
ay Dalitz plot density, basedon a sample of about 68 million events and des
ribed by the same res
atteringmodel (Ref. [49℄). The KTeV results are:

• Fit for h with �xed a0 − a2:
hKTeV = (+0.59 ± 0.20stat. ± 0.48syst. ± 1.06ext.) · 10−3

χ2/n.d.f = 2805.3/2765 ∼ 1.01

• Fit for h and a0 − a2:
hKTeV = (−2.09 ± 0.62stat. ± 0.72syst. ± 0.28ext.) · 10−3

mπ+(a0 − a2)KTeV = 0.215 ± 0.014stat. ± 0.025syst. ± 0.006ext.

χ2/n.d.f = 2805.3/2765 ∼ 1.01The 
orrelation between parameters obtained by KTeV is even larger (about
94%). However, both analyses give for h a result 
onsistent with zero thatdisagrees with the pre-res
attering PDG value. In Fig.10.1-10.2 we list allavailable experimental results for a0 − a2 and h respe
tively, in
luding thevalues obtained by KTeV and the present analysis.From this analysis we demonstrate that the 
usp e�e
t in the K0

L → 3π0de
ay allows to extra
t the s
attering length a0 − a2 with a good a

ura
yalthough the size of the 
usp in the K0
L system is suppressed by a fa
tor 13with respe
t to the K+ → π+π0π0 de
ay. This work is still preliminary butit en
ourages a subsequent detailed study of the systemati
s that we have notinvestigate in this thesis.
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Figure 10.1: Experimental results for a0−a2. We see that our value is 
onsistent withthe ChPT predi
tion and the other experimental results. In parti
ular, the di�eren
ebetween our result and KTeV value should be noted

Figure 10.2: Experimental results for h. Our result refers to the value of h obtainedby �xing a0 − a2 (the error bar in this 
ase is only due to the statisti
al error)
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Appendix AIsotopi
 relations for K → 3πde
ays and ∆I = 1/2 ruleWe denote a pion as πi, i = 1, 2, 3 and the respe
tive �nal state as |πi, mi〉,where mi = ±, 0 indi
ates the isospin z-
omponent. It's ne
essary to 
lassifythe possible 3π states by their total isotopi
 spin; in general, three pions mayform a state with I = 0, 1, 2 and 3:
3 ⊗ 3 ⊗ 3 = 1

︸︷︷︸I=0 ⊕3 ⊕ 3 ⊕ 3
︸ ︷︷ ︸I=1 ⊕5 ⊕ 5

︸ ︷︷ ︸I=2 ⊕ 7
︸︷︷︸I=3The states of total isospin |I, m〉 are obtained by making a repeated use of theClebs
h-Gordan 
oe�
ients:

|I12, m12〉 =
∑

m1,m2

CI12, I1, I2
m12, m1, m2

× |π1, m1〉 |π2, m2〉 (A.1)
|I, m〉 =

∑

I12

∑

m3,m12

CI, I3, I12
m, m3, m12

× |π3, m3〉 |I12, m12〉 (A.2)where m = m1 + m2 + m3. The states with I = 0 and I = 3 are 
ompletelyanti-symmetri
 and symmetri
, respe
tively. Two states with I = 2 have mixedsymmetry. One of the three states with I = 1 is symmetri
 while the remainingtwo have mixed symmetry. In order to exploit the Bose symmetry, the spa
ewave fun
tions are also needed. As pointed out by Okubo et al. (Ref. [2℄)and Gell-Mann and Rosenfeld (Ref. [50℄), we 
an make the assumption thatthe spa
e wave fun
tion is approximately symmetri
 (the pions are emitted inS-wave due to the de
ay low-energy release Q = MK − 3mπ) also justi�ed bythe experimental results (K → 3π Dalitz plot is nearly symmetri
).101



102 Isotopi
 relations for K → 3π de
ays and ∆I = 1/2 ruleA more a

urate treatment was given by Barton et al. (Ref. [4℄) where thespa
e dependen
e on si variables was assumed at most linear. By assumingthe spa
e wave fun
tions to be 
ompletely symmetri
, Bose prin
iple rules outthe states with I = 0 and I = 1, 2 (with mixed symmetry) but nothing 
an besaid for the remaining states I = 1, 3.In general, the intera
tion hamiltonian that give rise to K → 3π will be anadmixture of ∆I = 1
2
, 3

2
, 5

2
, 7

2
and 
an be written as:

H = H1/2 +H3/2 +H5/2 +H7/2where Hn/2 behaves like a I = n/2 quantity under isotopi
 rotation. However,be
ause of the state is a mixing of I = 1, 3, the hamiltonian 
ontains noadmixtures of ∆I = 3
2
, 5

2
but only ∆I = 1

2
, 7

2
terms.If the isotopi
 sele
tion rule ∆I = 1

2
holds and we 
an negle
t any dependen
eon si, from Eq. (A.2), we �nd:

|M++−|2
|M+00|2

= 4 (A.3)
|M+−0|2
|M000|2

=
2

3
(A.4)This is the ∆I = 1

2
rule predi
tion for the rate ratios. We obtain the isospinamplitudes A+/A0 = 2 and A+

L/A
0
L = 1/3 by taking the square root (theseamplitudes are de�ned to 
ontain also the Bose fa
tor as shown in Chapter9). The observed bran
hing ratio taken from PDG are 
omparable with thesepredi
tions 1:

ΓPDG(K+ → π+π+π−)

ΓPDG(K+ → π+π0π0)
=

(5.590 ± 0.031)%

(1.757 ± 0.024)%
= 3.182 ± 0.047

ΓPDG(K0
L → π+π−π0)

ΓPDG(K0
L → 3π0)

=
(12.56 ± 0.05)%

(19.56 ± 0.14)%
= 0.642 ± 0.005On the 
ontrary, if H is assumed to be pure ∆I = 3

2
we would predi
t (Ref. [4℄)

A+/A0 = 8 in expli
it 
ontradi
tion with the experiments. Furthermore, if alinear kinemati
al dependen
e on si variables is 
onsidered, some relations onthe size of the (linear) slopes 
an be derived ( (Ref. [3℄, [4℄). For example, thefollowing relations are predi
ted (see Chapter 3 for notation):1These ratio should be 
orre
ted for the spa
e-spa
e volumes due to di�eren
es in masson kaons and pions and for kinemati
al fa
tors that we have dis
arded in �rst approximation.
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2g+ = −g0

h = 0
ompared with the PDG values:
g0 = 0.626 ± 0.007

g+ = −0.2154 ± 0.0035

h = (−5.0 ± 1.4) · 10−3The rate relations (Eq. (A.3), A.4) for K → 3π de
ays 
an be derived moreeasily by using the isotopi
 ve
tors a, b, c to represent the isospin amplitudes ofthe �rst, se
ond and third pions, respe
tively (Ref. [5℄, [51℄). Charge amplitudesare de�ned as:
a = (a+, a0, a−)We 
an always de
ompose a generi
 amplitude as sum of a produ
ts of theform:

M =
∑

MI MP MFwhere MI 
arries the isotopi
 spin dependen
e, MJP 
arries the spin J and theparity P and MF the remaining momentum-energy dependen
e (form fa
tor).To 
onstru
t MI , we 
ombine the three isospin ve
tors to form irredu
iblequantities (states) under a isotopi
 rotation; for example, for I = 0 and I = 1we have:
• Case I = 0

MI = (a × b) · c = ǫijk ai bj ck

• Case I = 1

MI = a (b · c)In 
ase I = 0, the Bose statisti
 di
tates the form fa
tor to be a 
ompletelyanti-symmetri
 fun
tion of the si variables, while in 
ase I = 1, a fun
tionsymmetri
 in a 
ouple of pions. Be
ause we are interested in the ∆I = 1
2transition (I=1), we obtain:

M = a (b · c)A+ b (c · a)B + c (a · b)C (A.5)



104 Isotopi
 relations for K → 3π de
ays and ∆I = 1/2 rulethat is symmetri
 in the three pions; A, B, C are symmetri
 in the pions (2,3),(1,3) and (1,2), respe
tively. Then we have:
|M++−|2
|M+00|2

=
|A+B|2
|C|2

|M++−|2
|M+00|2

=
2(|A|2 + |B|2 + |C|2)

|A+ B + C|2Be
ause of the Q value is low, the fun
tions A, B, C are substantially 
onstantand equal to one another so that we �nd again the rate relations of Eq. (A.3),A.4.



Appendix BUnitarity and analyti
ity of theS-matrixThe unitarity 
ondition for the S-matrix reads:
S S† = S† S = 1 (B.1)The T -matrix is de�ned as:

S − 1 ≡ + i Tso that Eq. (B.1) be
omes:
−i(T − T † ) = T † TInserting a 
omplete set of states |n〉, we obtain:

M ( i→ f ) − M∗ ( f → i ) =
∑

n

iM∗ ( f → n )M ( i→ n ) (B.2)where M( i → f ) = 〈f |T |i〉 and ∑ denotes a sum and an integral over allintermediate states that are allowed by 
onservation of the total energy, mo-mentum and other possible sele
tion rules; for i = f we obtain the opti
altheorem. Above the energy threshold for inelasti
 s
attering a new term mustbe added to right-hand side of Eq. (B.2) so as to in
lude the extra intermedi-ate states. This implies a 
hange in the left-side and suggests that the elasti
s
attering matrix-element has a singularity at ea
h energy 
orresponding to athreshold for a new allowed physi
al pro
ess (�normal-threshold singularities�).For example, for two parti
les → two parti
les s
attering, the thresholds arebran
h-points of the amplitude in the 
omplex energy-squared plane s = E2
tot(Etot = 
entre of mass energy) (Ref. [52℄); then, in order to make the ampli-tude single-valued on a Riemann surfa
e, we must draw 
uts atta
hed to thesebran
h points (Fig. B.1). 105
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ity of the S-matrix
4m2

9m2

16m2

s-plane

Figure B.1: Bran
h 
uts in the s-plane for the s
attering amplitude involving identi-
al spinless parti
les. The 
uts arise from normal thresholds s = 4m2, 9m2, 16m2, ...that 
orrespond to the energies at whi
h produ
tion of extra parti
les is possible.The dis
ontinuity at a given threshold sthreshold is the di�eren
e of the am-plitude 
rossing the 
ut: 1Dis
 (M)th. = M(s+ i ǫ) −M(s− i ǫ)where ǫ is an in�nitesimal quantity and s > sthreshold is real and lies on the 
ut.It 
an be shown that M(s− i ǫ) = M∗ ( f → i ), ∀s (�hermitian analyti
ity�)so that the unitarity 
ondition Eq. (B.2) evaluates dis
ontinuities (Ref. [52℄):Dis
 (M ( i→ f )) =
∑

n

iM∗ ( f → n )M ( i→ n ) (B.3)In general, the amplitude M is given as a perturbative expansion in terms ofFeynman diagrams. A

ording to Eq. (B.3), the dis
ontinuity of a diagramasso
iated with a given threshold 
an be evaluated by stripping o� all the inter-nal virtual parti
les (propagators) representing the new allowed intermediatestate |n〉 and putting them on shell: the diagram will result dis
onne
ted in twopie
es as requested by Eq. (B.3) (Fig. B.2). Finally, the total dis
ontinuityDis
 (M)th. is obtained by summing all the diagrams 
ut in this way. Theseare the Cutkosky rules (Ref. [30℄). 2
1In general, the amplitude is fun
tion of other variables (i.e. s, t, u); we are 
onsidering

M as fun
tion of s keeping t �xed.2So far, we have dis
ussed only the singularities that 
an be dedu
ed from unitarity(normal-threshold singularities); however, in a diagram other singularities, asso
iated witha given set of propagators, may o

ur.
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p2 p4

p3
p1

M(i → n) M∗(f → n)Figure B.2: Cutkosky rules



108 Unitarity and analyti
ity of the S-matrix



Bibliography[1℄ R. H. Dalitz, Phil. Mag. 44, 1068 (1953); Pro
. Phys. So
. (London) A69,527 (1956); Rev. Mod. Phys. 31, 823 (1959)[2℄ S. Okubo, R. E. Marshak, and E. C. G. Sudarshan, Phys. Rev. Lett. 2,12 (1959)[3℄ S. Weinberg, Phys. Rev. Lett. 4 87 (1960)[4℄ G. Barton, C. Ka
ser, and S. P. Rosen, Phys. Rev. 130, 783 (1963)[5℄ C. Zema
h, Phys. Rev. 133 B1201 (1964)[6℄ R. Sawyer and K. Wali, Nuovo Cimento 17, 938 (1960); Phys. Rev. 119,1429 (1960)[7℄ N. Cabibbo, Phys. Rev. Lett. 93, 121801 (2004)[8℄ N. Cabibbo and G. Isidori, JHEP 503, 21 (2005)[9℄ S. Giudi
i, hep-ex/0505032[10℄ J. Batley et al., Phys. Lett. B 633, 177 (2006)[11℄ G. Colangelo, J. Gasser, and H. Leutwyler, Nu
l. Phys. B603, 125 (2001)[12℄ A. Lai et al., Phys. Lett. B 515, 261 (2001)[13℄ Parti
le Data Group, Journal of Physi
s 33, 1 (2006)[14℄ S. Weinberg, Physi
a A96, 327 (1979)[15℄ A. V. Manohar, arXiv:hep-ph/9606222[16℄ B. Kubis, arXiv:hep-ph/0703274[17℄ G. E
ker, arXiv:hep-ph/9608226109



110 BIBLIOGRAPHY[18℄ G. 't Hooft, Phys. Rev. Lett. 37, 8 (1976); C.G. Callan, R.F. Dashen andD.J. Gross, Phys. Lett. 36B, 334 (1976)[19℄ C. Vafa, E. Witten, Nu
l. Phys. B 234, 173 (1984)[20℄ S. Weinberg, Quantum Theory of Fields vol. 2, Cambridge UniversityPress (1995)[21℄ S. Coleman, J. Wess and B. Zumino, Phys. Rev. 177, 2239 (1969); C.GCallan, S. Coleman, J. Wess and B. Zumino, Phys. Rev. 177, 2247 (1969)[22℄ M. Gell-Mann, R. J. Oakes and B. Renner, Phys. Rev. 175, 2195 (1968)[23℄ M.L. Goldberger, K.M Watson, Collision Theory, John Wiley & sons(1964)[24℄ S. Weinberg, Phys. Rev. Lett. 17, 616 (1966)[25℄ J. Gasser and H. Leutwyler, Annals Phys. 158, 142 (1984)[26℄ J. Gasser and H. Leutwyler, Nu
l. Phys. B250, 465 (1985)[27℄ J. Bijnens, G. Colangelo, G. E
ker, J. Gasser and M. E. Sainio, Phys.Lett. B 374, 210 (1996)[28℄ G. Colangelo, J. Gasser, and H. Leutwyler, Phys. Rev. Lett. 86, 5008(2001)[29℄ D. Morgan, and G. Shaw, Nu
l. Phys. B10, 261 (1969)[30℄ R. E. Cutkosky, J. Math. Phys. 1, 429 (1960)[31℄ G. Colangelo, J. Gasser and H. Leutwyler, Phys. Lett. B 488, 261 (2000);Nu
l. Phys. B603, 125 (2001)[32℄ S. Giudi
i, Talk at Heavy Quarks and Leptons - Melbourne, June2008[33℄ N. Cabibbo and A. Maksymowi
z, Phys. Rev. 137, B438 (1965)[34℄ A. Pais, and S.B. Treiman, Phys. Rev. 168, 1858 (1968)[35℄ G. Amorós, and J. Bijnens, J. Phys. G25, 1607 (1999)[36℄ A. S
henk, Nu
l. Phys. B363, 97 (1991)[37℄ L. Rosselet et al., Phys. Rev. D 15, 574 (1977)



BIBLIOGRAPHY 111[38℄ S. Pislak et al., Phys. Rev. D 67, 072004 (2003)[39℄ J.R. Batley et al., Eur. Phys. J. C 54, 411 (2008)[40℄ L.L. Nemenov, Yad. Fiz. 41, 980 (1985)[41℄ B. Adeva et al. (DIRAC Collaboration), Phys. Lett. B 619, 50 (2005)[42℄ J. Gasser, V. E. Lyubovitskij, A. Rusetsky and A. Gall, Phys. Rev. D 64,016008 (2001)[43℄ T. R. Palfrey and J. L. Uretsky, Phys. Rev. 121, 1798 (1961)[44℄ S. Somalwar et al., Phys. Rev. Lett. 68 2580 (1992)[45℄ G. Colangelo, arXiv: hep-ph/0710.3050[46℄ N. M. Kroll and W. Wada, Phys. Rev. 98, 1355 (1955)[47℄ J. Kambor, J. F. Donoghue, B. R. Holstein, J. Missimerand D. Wyler,Phys. Rev. Lett. 68, 1818 (1992)[48℄ G. D'Ambrosio, G. Isidori, A. Pugliese and N. Paver, arXiv: hep-ph/9403235[49℄ KTeV 
ollaboration, Phys. Rev. D78 032009, (2008); arXiv: hep-ex/0806.3535[50℄ M. Gell-Mann, A. H. Rosenfeld, Annual Review of Nu
lear S
ien
e 7 464(1957)[51℄ L. B. Okun, Leptons and quarks, North Holland (1982)[52℄ R. J. Eden, P. V. Landsho�, D. I. Olive and J. C. Polkinghorne, TheAnalyti
 S-matrix, Cambridge Press (1966)


